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❉✐❡ ✈♦r❧✐❡❣❡♥❞❡ ❆r❜❡✐t ❜❡s❝❤ä❢t✐❣t s✐❝❤ ♠✐t ❋✉♥❦t✐♦♥❡♥rä✉♠❡♥ ✈♦♠ ❇❡s♦✈✲ ✉♥❞ ❚r✐❡❜❡❧✲
▲✐③♦r❦✐♥✲❚②♣✱ ❜❡③❡✐❝❤♥❡t ♠✐t Bsp,q(R
n) ✉♥❞ F sp,q(R
n)✱ ✇❡❧❝❤❡ ❛✉❝❤ ♠✐t ●❡✇✐❝❤t❡♥ ❛✉s✲
❣❡st❛tt❡t s❡✐♥ ❦ö♥♥❡♥✳ ❉✐❡s❡ ❘ä✉♠❡ ❡r❧❛✉❜❡♥ ❡✐♥❡ ❡✐♥❤❡✐t❧✐❝❤❡ ❇❡❤❛♥❞❧✉♥❣ ✈✐❡❧❡r s❝❤♦♥
❜❡❦❛♥♥t❡r ❋✉♥❦t✐♦♥❡♥rä✉♠❡✱ ✇✐❡ ❍ö❧❞❡r✲❩②❣♠✉♥❞✲❘ä✉♠❡✱ ❙♦❜♦❧❡✈✲❘ä✉♠❡✱ ❙❧♦❜♦❞❡❝❦✐❥✲
❘ä✉♠❡✱ ❇❡ss❡❧✲P♦t❡♥t✐❛❧✲❘ä✉♠❡ ❛♥❞ ❍❛r❞②✲❘ä✉♠❡✳ ■♥ ❞❡♥ ❧❡t③t❡♥ ❏❛❤r③❡❤♥t❡♥ ❤❛❜❡♥
❞✐❡s❡ ❙❦❛❧❡♥ ✐❤r❡ ◆üt③❧✐❝❤❦❡✐t ❜❡✇✐❡s❡♥✳ ❊s ❣✐❜t ❍✉♥❞❡rt❡ ✈♦♥ ✇✐ss❡♥s❝❤❛❢t❧✐❝❤❡♥ ❱❡rö❢✲
❢❡♥t❧✐❝❤✉♥❣❡♥ ✉♥❞ ❡t❧✐❝❤❡ ❇ü❝❤❡r✱ ✇❡❧❝❤❡ ❞✐❡s❡ ❙❦❛❧❡♥ ✐♥ ✈❡rs❝❤✐❡❞❡♥st❡r ❲❡✐s❡ ♥✉t③❡♥✳ ❙♦
s♣✐❡❧❡♥ s✐❡ ③✉♠ ❇❡✐s♣✐❡❧ ❡✐♥❡ ✇✐❝❤t✐❣❡ ❘♦❧❧❡ ✐♥ ❞❡r ▲ös✉♥❣st❤❡♦r✐❡ ✈♦♥ ♣❛rt✐❡❧❧❡♥ ❉✐✛❡r❡♥✲
t✐❛❧❣❧❡✐❝❤✉♥❣❡♥✱ ❞❡r ■♥t❡r♣♦❧❛t✐♦♥st❤❡♦r✐❡✱ ❞❡r ❆♣♣r♦①✐♠❛t✐♦♥st❤❡♦r✐❡✱ ❞❡r ❍❛r♠♦♥✐s❝❤❡♥
❆♥❛❧②s✐s ♦❞❡r ❞❡r ❙♣❡❦tr❛❧t❤❡♦r✐❡✱ ✉♠ ♥✉r ❡✐♥✐❣❡ ③✉ ♥❡♥♥❡♥✳ ❋ür ❡✐♥❡ ✉♠❢❛ss❡♥❞❡ ❉❛r✲
st❡❧❧✉♥❣ ③✉ ❞✐❡s❡♥ ❘ä✉♠❡♥ ✈❡r❦♥ü♣❢t ♠✐t ❤✐st♦r✐s❝❤❡♥ ❇❡♠❡r❦✉♥❣❡♥ ✈❡r✇❡✐s❡♥ ✇✐r ❛✉❢ ❞✐❡
❘❡✐❤❡ ✈♦♥ ❇ü❝❤❡r♥ ✈♦♥ ❍✳ ❚r✐❡❜❡❧✱ ❬❚r✐✽✸❪✱ ❬❚r✐✾✷❪✱ ❬❚r✐✵✻❪✳
■♥ ❞❡r ▲ös✉♥❣st❤❡♦r✐❡ ✈♦♥ ❡❧❧✐♣t✐s❝❤❡♥ ♣❛rt✐❡❧❧❡♥ ❉✐✛❡r❡♥t✐❛❧❣❧❡✐❝❤✉♥❣❡♥ ❢ür ✐rr❡❣✉❧ä✲
r❡ ●❡❜✐❡t❡ ❜❡♥öt✐❣t ♠❛♥ ●❡✇✐❝❤t❡✱ ✇❡❧❝❤❡ ❧♦❦❛❧❡ ❙✐♥❣✉❧❛r✐tät❡♥ ❛✉❢✇❡✐s❡♥ ❦ö♥♥❡♥✳ ❋ür
❊①✐st❡♥③✲ ✉♥❞ ❊✐♥❞❡✉t✐❣❦❡✐ts❛✉ss❛❣❡♥ ✈♦♥ ▲ös✉♥❣❡♥ ❢ü❤rt ❞✐❡s ③✉ ❣❡✇✐❝❤t❡t❡♥ ❙♦❜♦❧❡✈✲
❘ä✉♠❡♥ ❜③✇✳ ❛❧❧❣❡♠❡✐♥❡r ✭❣❡✇✐❝❤t❡t❡♥✮ ❇❡s♦✈✲❘ä✉♠❡♥ Bsp,q(R
n, w) ✉♥❞ ❚r✐❡❜❡❧✲▲✐③♦r❦✐♥✲
❘ä✉♠❡♥ F sp,q(R
n, w)✱ ✇♦❜❡✐ ✐♥ ❞❡r ❉❡✜♥✐t✐♦♥ ❞❡r ❘ä✉♠❡ ❞❡r ❦❧❛ss✐s❝❤❡ ▲❡❜❡s❣✉❡✲❘❛✉♠
Lp(R
n) ❞✉r❝❤ ❡✐♥❡♥ ❣❡✇✐❝❤t❡t❡♥ ▲❡❜❡s❣✉❡✲❘❛✉♠ Lp(w) = Lp(Rn, w) ❡rs❡t③t ✇✐r❞✳ ❍✐❡r❜❡✐
✐st w ❡✐♥❡ ❢❛st ü❜❡r❛❧❧ ♣♦s✐t✐✈❡ ✉♥❞ ❧♦❦❛❧ ✐♥t❡❣r✐❡r❜❛r❡ ❋✉♥❦t✐♦♥ ❛✉❢ Rn✳ Ü❜❧✐❝❤❡r✇❡✐s❡ s✐♥❞
❞✐❡s❡ ●❡✇✐❝❤t❡ ✈♦♠ ▼✉❝❦❡♥❤♦✉♣t✲❚②♣✳ ❲✐r ✉♥t❡rs✉❝❤❡♥ ✐♥ ❞✐❡s❡r ❆r❜❡✐t ❡✐♥❡ ❱❡r❛❧❧❣❡✲
♠❡✐♥❡r✉♥❣✱ ❞✐❡ s♦❣❡♥❛♥♥t❡♥ ❱❡r❞♦♣♣❧✉♥❣s❣❡✇✐❝❤t❡✳ ■♥s❜❡s♦♥❞❡r❡ ❦♦♥③❡♥tr✐❡r❡♥ ✇✐r ✉♥s
❛✉❢ ❛t♦♠❛r❡ ❉❛rst❡❧❧✉♥❣❡♥✱ ❲❛✈❡❧❡t✲❈❤❛r❛❦t❡r✐s✐❡r✉♥❣❡♥✱ ✭❦♦♠♣❛❦t❡✮ ❊✐♥❜❡tt✉♥❣❡♥ ✉♥❞
❊♥✈❡❧♦♣❡s ❢ür ❞✐❡s❡ ❘ä✉♠❡✳
❑❛♣✐t❡❧ ✶ ❜❡s❝❤ä❢t✐❣t s✐❝❤ ♠✐t ❞❡♥ ❣r✉♥❞❧❡❣❡♥❞❡♥ ❇❡❣r✐✛❡♥✱ ❉❡✜♥✐t✐♦♥❡♥ ✉♥❞ ❊✐❣❡♥✲
s❝❤❛❢t❡♥ ❞❡r ✈♦♥ ✉♥s ❜❡tr❛❝❤t❡t❡♥ ●❡✇✐❝❤t❡ ✉♥❞ ❋✉♥❦t✐♦♥❡♥rä✉♠❡✳ ❲✐r st❛rt❡♥ ③✉♥ä❝❤st
♠✐t ❞❡♥ ▼✉❝❦❡♥❤♦✉♣t✲●❡✇✐❝❤t❡♥✳ ❊✐♥❡ ❧♦❦❛❧ ✐♥t❡❣r✐❡r❜❛r❡ ✉♥❞ ❢❛st ü❜❡r❛❧❧ ♣♦s✐t✐✈❡ ❋✉♥❦✲
t✐♦♥ w ❣❡❤ört ③✉r ▼✉❝❦❡♥❤♦✉♣t ❑❧❛ss❡ Ap✱ 1 < p < ∞✱ ❢❛❧❧s ❡✐♥❡ ❑♦♥st❛♥t❡ 0 < A < ∞
❡①✐st✐❡rt✱ s♦ ❞❛ss ❢ür ❛❧❧❡ ❑✉❣❡❧♥ B ❢♦❧❣❡♥❞❡s ❣✐❧t(
1
|B|
∫
B
w(x) dx
)
·
(
1
|B|
∫
B
w(x)−p
′/p dx
)p/p′
≤ A,
✇♦❜❡✐ 1
p
+ 1
p′
= 1 ✉♥❞ |B| ❜❡③❡✐❝❤♥❡ ❞❛s ▲❡❜❡s❣✉❡♠❛ß ✈♦♥ B✳ ❉✐❡s❡ ●❡✇✐❝❤t❡ ✇✉r❞❡♥
✶✵ ❩✉s❛♠♠❡♥❢❛ss✉♥❣
❡✐♥❣❡❢ü❤rt ✈♦♥ ❇✳ ▼✉❝❦❡♥❤♦✉♣t ✐♥ ❬▼✉❝✼✷❛❪✳ ❋ür ❡✐♥❡♥ ✉♠❢❛ss❡♥❞❡♥ Ü❜❡r❜❧✐❝❦ ✈❡r✲
✇❡✐s❡♥ ✇✐r ❜❡✐s♣✐❡❧s✇❡✐s❡ ❛✉❢ ❞✐❡ ❇ü❝❤❡r ❊✳ ▼✳ ❙t❡✐♥ ❬❙t❡✾✸❪ ♦❞❡r ❏✳ ❉✉♦❛♥❞✐❦♦❡t①❡❛
❬❉✉♦✵✶❪✳ ❊✐♥❡ ♥❛tür❧✐❝❤❡ ❊r✇❡✐t❡r✉♥❣ ❞✐❡s❡r ●❡✇✐❝❤t❡ ❜✐❧❞❡♥ ❞✐❡ s♦❣❡♥❛♥♥t❡♥ ❱❡r❞♦♣♣✲
❧✉♥❣s❣❡✇✐❝❤t❡
w(B(x, 2r)) ≤ 2βw(B(x, r)), ✇♦❜❡✐ w(Ω) =
∫
Ω
w(y) dy, Ω ⊂ Rn.
❉❡r ❋♦❦✉s ❞❡r ❆r❜❡✐t ❧✐❡❣t ❛✉❢ ✈❡r❞♦♣♣❧✉♥❣s❣❡✇✐❝❤t❡t❡♥ ❋✉♥❦t✐♦♥❡♥rä✉♠❡♥ ❞❡s ❇❡s♦✈✲
❚r✐❡❜❡❧✲▲✐③♦r❦✐♥ ❚②♣s✳ ❙❡✐ 0 < p < ∞✱ 0 < q ≤ ∞✱ s ∈ R✱ {ϕj}∞j=0 ❡✐♥❡ ❣❧❛tt❡ ❞②❛❞✐s❝❤❡
❩❡r❧❡❣✉♥❣ ❞❡r ❊✐♥s ✉♥❞ w ❡✐♥ ❱❡r❞♦♣♣❧✉♥❣s❣❡✇✐❝❤t✳ ❉❛♥♥ ✐st ❞❡r ❣❡✇✐❝❤t❡t❡ ❇❡s♦✈✲❘❛✉♠
Bsp,q(w) = B
s
p,q(R
n, w) ❣❡❣❡❜❡♥ ❞✉r❝❤
Bsp,q(w) =
{
f ∈ S ′(Rn) :
( ∞∑
j=0
2jsq
∥∥F−1(ϕjFf)|Lp(w)∥∥q)1/q <∞
}
,
✇♦❜❡✐ F ✉♥❞ F−1 ❞✐❡ ❋♦✉r✐❡rtr❛♥s❢♦r♠❛t✐♦♥ ❜③✇✳ ✐♥✈❡rs❡ ❋♦✉r✐❡rtr❛♥s❢♦r♠❛t✐♦♥ ❜❡③❡✐❝❤✲
♥❡♥✳ ❆♥❛❧♦❣ ❦❛♥♥ ♠❛♥ ❞✐❡ ❣❡✇✐❝❤t❡t❡♥ ❚r✐❡❜❡❧✲▲✐③♦r❦✐♥✲❘ä✉♠❡ F sp,q(w) = F
s
p,q(R
n, w)
❞❡✜♥✐❡r❡♥✱ ✐♥❞❡♠ ♠❛♥ ❞✐❡ ℓq✲◆♦r♠ ✉♥❞ ❞✐❡ ❣❡✇✐❝❤t❡t❡ Lp(w)✲◆♦r♠ ✈❡rt❛✉s❝❤t✳ ❉✐❡s❡
✈❡r❞♦♣♣❧✉♥❣s❣❡✇✐❝❤t❡t❡♥ ❋✉♥❦t✐♦♥❡♥rä✉♠❡ ✇✉r❞❡♥ ❡rst♠❛❧s ✈♦♥ ▼✳ ❇♦✇♥✐❦ ✐♥ s❡✐♥❡♠
P❛♣❡r ❬❇♦✇✵✺❪ ❡✐♥❣❡❢ü❤rt✱ ✇♦❜❡✐ ❡r ❞♦rt ✈♦r✇✐❡❣❡♥❞ ♠✐t ❤♦♠♦❣❡♥❡♥✱ ❛♥✐s♦tr♦♣❡♥ ❇❡s♦✈✲
❘ä✉♠❡♥ ♠✐t ❡r✇❡✐t❡rt❡r ❙tr❡❝❦✉♥❣s♠❛tr✐① ✉♥❞ ❛❧❧❣❡♠❡✐♥❡r❡♥ ❱❡r❞♦♣♣❧✉♥❣s♠❛ß❡♥ ❛r❜❡✐✲
t❡t❡✳ ❲✐r ❦♦♥♥t❡♥ ③❡✐❣❡♥✱ ❞❛ss ❞✐❡s❡ ❘ä✉♠❡ ❡❜❡♥❢❛❧❧s ❡✐♥✐❣❡ ❊✐❣❡♥s❝❤❛❢t❡♥ ❞❡r ✉♥❣❡✇✐❝❤✲
t❡t❡♥ Bsp,q ✉♥❞ F
s
p,q ❘ä✉♠❡ ❜❡s✐t③❡♥✳ ❙♦ ❣✐❧t ③✉♠ ❇❡✐s♣✐❡❧ ❛✉❝❤ ❤✐❡r ❞✐❡ ü❜❧✐❝❤❡ ❊✐♥❜❡tt✉♥❣
③✇✐s❝❤❡♥ ❞❡♠ ❙❝❤✇❛rt③✲❘❛✉♠ S(Rn) ✉♥❞ ❞❡ss❡♥ ❉✉❛❧r❛✉♠ S ′(Rn)✱
S(Rn) →֒ Bsp,q(Rn, w), F sp,q(Rn, w) →֒ S ′(Rn),
s✐❡❤❡ Pr♦♣♦s✐t✐♦♥ ✶✳✹✹✳ ❉✐❡s ✐st ❡✐♥❡ ✇✐❝❤t✐❣❡ ❊✐❣❡♥s❝❤❛❢t✱ ❞❛ s✐❡ ✉♥s ❞✐❡ ❲♦❤❧❞❡✜♥✐❡rt❤❡✐t
❞❡r ❞✉❛❧❡♥ P❛❛r✉♥❣ ✐♥ ❞❡r ❲❛✈❡❧❡t✲❈❤❛r❛❦t❡r✐s✐❡r✉♥❣ ✈♦♥ Bsp,q(w) ✉♥❞ F
s
p,q(w) s✐❝❤❡rt✱
✇❡❧❝❤❡ ❡❜❡♥❢❛❧❧s ❡✐♥ ❘❡s✉❧t❛t ❞✐❡s❡r ❆r❜❡✐t ✐st✳
■♥ ❞❡r ❚❤❡♦r✐❡ ❞❡r ❋✉♥❦t✐♦♥❡♥rä✉♠❡ ❤❛❜❡♥ s✐❝❤ ❛t♦♠❛r❡✱ s✉❜❛t♦♠❛r❡ ✉♥❞ ❲❛✈❡❧❡t✲
❩❡r❧❡❣✉♥❣❡♥ ❛❧s ❡✐♥ ♥üt③❧✐❝❤❡s ❲❡r❦③❡✉❣ ❤❡r❛✉s❣❡st❡❧❧t✳ ■♥ ❞✐❡s❡r ❆r❜❡✐t ❜❡s❝❤ä❢t✐❣❡♥ ✇✐r
✉♥s s♣❡③✐❡❧❧ ♠✐t ❛t♦♠❛r❡♥ ✉♥❞❲❛✈❡❧❡t✲❉❛rst❡❧❧✉♥❣❡♥✳ ❉✐❡ ●r✉♥❞✐❞❡❡ ❤✐❡r❜❡✐ ✐st ❞✐❡ ✒Ü❜❡r✲
s❡t③✉♥❣✏ ❞❡s ❋✉♥❦t✐♦♥❡♥r❛✉♠❡s ✐♥ ❡✐♥❡♥ ♣❛ss❡♥❞❡♥✱ äq✉✐✈❛❧❡♥t❡♥ ❋♦❧❣❡♥r❛✉♠✳ ■♠ ❋❛❧❧❡
❞❡r ❛t♦♠❛r❡♥ ❉❛rst❡❧❧✉♥❣ ③✉♠ ❇❡✐s♣✐❡❧ ③❡r❧❡❣t ♠❛♥ ❞✐❡ ❋✉♥❦t✐♦♥ f ✇✐❡ ❢♦❧❣t
f =
∑
j,m
λj,maj,m,
✇♦❜❡✐ ❞✐❡ ❋✉♥❦t✐♦♥❡♥ aj,m ✈♦rt❡✐❧❤❛❢t❡ ❊✐❣❡♥s❝❤❛❢t❡♥✱ ✇✐❡ ●❧❛tt❤❡✐t ✉♥❞ ❦♦♠♣❛❦t❡ ❚rä❣❡r✱
❜❡s✐t③❡♥✳ ❙ä♠t❧✐❝❤❡ ■♥❢♦r♠❛t✐♦♥ ✈♦♥ f st❡❝❦t ❞❛♥♥ ✐♥ ❞❡♥ ❑♦❡✣③✐❡♥t❡♥ λj,m✱ s♦ ❞❛ss ♠❛♥
❞✐❡ ❋r❛❣❡ f ∈ Bsp,q(w) ❛✉❢ ❞✐❡ ♠❡✐st ✇❡s❡♥t❧✐❝❤ ❡✐♥❢❛❝❤❡r❡ ❋r❛❣❡ λ = (λj,m)j,m ∈ b¯sp,q(w)
③✉rü❝❦❢ü❤r❡♥ ❦❛♥♥✱ ✇♦❜❡✐ ❞✐❡ ❋♦❧❣❡♥rä✉♠❡ b¯sp,q(w) ✈♦♠ ℓp✲❚②♣ s✐♥❞✳ ■♥ ❞✐❡ ❋♦r❞❡r✉♥❣❡♥ ❛♥
❩✉s❛♠♠❡♥❢❛ss✉♥❣ ✶✶
❞✐❡ ◗✉❛❧✐tät ❞❡r ❆t♦♠❡ ❣❡❤❡♥ ❤✐❡r❜❡✐ ♥✐❝❤t ♥✉r ❞✐❡ P❛r❛♠❡t❡r s, p, q ❞❡r ❘ä✉♠❡✱ s♦♥❞❡r♥
❛✉❝❤ ❞❛s ●❡✇✐❝❤t ❡✐♥✳
❉✐❡ ■❞❡❡ ❞❡r ❛t♦♠❛r❡♥ ❩❡r❧❡❣✉♥❣ ❢ür ❞✐❡ ✉♥❣❡✇✐❝❤t❡t❡♥ ❇❡s♦✈✲❚r✐❡❜❡❧✲▲✐③♦r❦✐♥✲❘ä✉♠❡
❣❡❤t ✐♠ ✇❡s❡♥t❧✐❝❤❡♥ ❛✉❢ ❞✐❡ ❆r❜❡✐t❡♥ ❬❋❏✽✺❪✱ ❬❋❏✾✵❪✱ ❬❋❏❲✾✶❪ ✈♦♥ ▼✳ ❋r❛③✐❡r ✉♥❞ ❇✳
❏❛✇❡rt❤ ③✉rü❝❦✳ ❋ür ❡✐♥❡♥ ❞❡t❛✐❧✐❡rt❡♥ Ü❜❡r❜❧✐❝❦ ü❜❡r ❞✐❡ ❦♦♠♣❧❡①❡ ❍✐st♦r✐❡ ❞❡r ❆t♦♠❡
✐♥ ✈❡rs❝❤✐❡❞❡♥❡♥ ❋✉♥❦t✐♦♥❡♥rä✉♠❡♥ ✈❡r✇❡✐s❡♥ ✇✐r ❛✉❢ ❬❚r✐✾✷✱ ❙❡❝t✐♦♥ ✶✳✾❪✳
❋ür ❞✐❡ ❛t♦♠❛r❡ ❉❛rst❡❧❧✉♥❣ ✐♥ ✈❡r❞♦♣♣❧✉♥❣s❣❡✇✐❝❤t❡t❡♥ Bsp,q(w) ✉♥❞ F
s
p,q(w) ❘ä✉♠❡♥
✈❡r✇❡✐s❡♥ ✇✐r ❛✉❢ ❞✐❡ P❛♣❡r ❬❇♦✇✵✺❪ ✉♥❞ ❬❇♦✇✵✼❪ ✈♦♥ ▼✳ ❇♦✇♥✐❦✱ s✐❡❤❡ ❛✉❝❤ ❆❜s❝❤♥✐tt
✷✳✷✳
◆❡❜❡♥ ❞❡♥ ❛t♦♠❛r❡♥ ❩❡r❧❡❣✉♥❣❡♥ ✐♥t❡r❡ss✐❡r❡♥ ✇✐r ✉♥s ✐♥ ❞✐❡s❡r ❆r❜❡✐t ❛✉❝❤ ❢ür
❲❛✈❡❧❡t✲❈❤❛r❛❦t❡r✐s✐❡r✉♥❣❡♥✳ ●❡♥❛✉❡r ❣❡s❛❣t ❜❡tr❛❝❤t❡♥ ✇✐r s♦❣❡♥❛♥♥t❡ ❉❛✉❜❡❝❤✐❡s ❲❛✲
✈❡❧❡ts ♠✐t ❦♦♠♣❛❦t❡♠ ❚rä❣❡r✳ ❋ür ❞✐❡ ❉❡✜♥✐t✐♦♥ ✉♥❞ ❡♥ts♣r❡❝❤❡♥❞❡ ◆♦t❛t✐♦♥❡♥ ✈❡r✇❡✐s❡♥
✇✐r ❛✉❢ ❆❜s❝❤♥✐tt ✷✳✶✳ ❉✐❡ ❙t❛♥❞❛r❞r❡❢❡r❡♥③❡♥ s✐♥❞ ❤✐❡r ❨✳ ▼❡②❡r ❬▼❡②✾✷❪✱ ■✳ ❉❛✉❜❡✲
❝❤✐❡s ❬❉❛✉✾✷❪ ✉♥❞ P✳ ❲♦❥t❛s③❝③②❦ ❬❲♦❥✾✼❪✳
❊✐♥❡ ❞❡r ✇❡s❡♥t❧✐❝❤❡♥ ❊✐❣❡♥s❝❤❛❢t❡♥ ✈♦♥ ❲❛✈❡❧❡ts ✐st✱ ❞❛ss s✐❡ ❛✉❝❤ ❛❧s ❆t♦♠❡ ❜❡✲
tr❛❝❤t❡t ✇❡r❞❡♥ ❦ö♥♥❡♥✳ ▼✐t ❛♥❞❡r❡♥ ❲♦rt❡♥✱ ❢❛❧❧s ✇✐r ❡✐♥❡ ❲❛✈❡❧❡t✲❈❤❛r❛❦t❡r✐s✐❡r✉♥❣
❤❛❜❡♥✱ ❦ö♥♥❡♥ ✇✐r ❞✐❡s❡ ❛✉❝❤ ✐♠♠❡r ❛❧s ❛t♦♠❛r❡ ❉❛rst❡❧❧✉♥❣ ❛✉✛❛ss❡♥✳ ■♥ ❞✐❡s❡r ❆r✲
❜❡✐t ❜❡s❝❤ä❢t✐❣❡♥ ✇✐r ✉♥s ♠✐t ❞❡r ✉♠❣❡❦❡❤rt❡♥ ❋r❛❣❡✱ ❞✳❤✳ ✉♥t❡r ✇❡❧❝❤❡♥ ✭❡✈t❧✳ ③✉sät③✲
❧✐❝❤❡♥✮ ❇❡❞✐♥❣✉♥❣❡♥ ❡r❤❛❧t❡♥ ✇✐r ❡✐♥❡♥ ❲❛✈❡❧❡t✲■s♦♠♦r♣❤✐s♠✉s✱ ✇❡♥♥ ✇✐r ❡✐♥❡ ❛t♦♠❛r❡
❉❛rst❡❧❧✉♥❣ ❤❛❜❡♥✳ ❍✐❡r③✉ ❢ü❤r❡♥ ✇✐r ❡✐♥ ❦♦♠♣❧❡tt ♥❡✉❡s ❑♦♥③❡♣t ❡✐♥✱ ❞✐❡ s♦❣❡♥❛♥♥t❡♥
κ✲❋♦❧❣❡♥rä✉♠❡✱ s✐❡❤❡ ❉❡✜♥✐t✐♦♥ ✷✳✶✼✳ ❉✐❡ ❉❡✜♥✐t✐♦♥ ✐st s❡❤r t❡❝❤♥✐s❝❤ ✉♥❞ ❡r❣✐❜t s✐❝❤ ❛✉s
❞❡♠ ❇❡✇❡✐s✳ ❉❛s ❍❛✉♣tr❡s✉❧t❛t s✐❡❤t ❤✐❡r ✇✐❡ ❢♦❧❣t ❛✉s✿
❙❡✐ A(Rn) ❡✐♥ (✐s♦tr♦♣❡r✱ ✐♥❤♦♠♦❣❡♥❡r) ❋✉♥❦t✐♦♥r❛✉♠✱ ✇❡❧❝❤❡r ❡✐♥❡ L✲❛t♦♠❛r❡ ❉❛r✲
st❡❧❧✉♥❣ ❜❡s✐t③t✿ f ∈ S ′(Rn) ❣❡❤ört ③✉ A(Rn) ❣❡♥❛✉ ❞❛♥♥✱ ✇❡♥♥ f ❞❛r❣❡st❡❧❧t ✇❡r❞❡♥ ❦❛♥♥
❛❧s
f =
∑
j∈N0
∑
m∈Zn
µj,m aj,m, µ ∈ a(Rn), ✭✶✮
♠✐t ✉♥❜❡❞✐♥❣t❡r ❑♦♥✈❡r❣❡♥③ ✐♥ S ′(Rn) ✉♥❞
‖f |A(Rn)‖ ∼ inf ‖µ |a(Rn)‖ ✭✷✮
✇♦❜❡✐ a(Rn) ❞❡r ③✉❣❡❤ör✐❣❡ ❋♦❧❣❡♥r❛✉♠ ✐st ✉♥❞ ❞✐❡ {aj,m} L✲❆t♦♠❡ s✐♥❞✳ ❉❛s ■♥✜♠✉♠
✐♥ ✭✷✮ ✇✐r❞ ü❜❡r ❛❧❧❡ ③✉❧äss✐❣❡♥ ❉❛rst❡❧❧✉♥❣❡♥ ✭✶✮ ❣❡❜✐❧❞❡t✳
❩✉sät③❧✐❝❤ s❡✐ a(Rn) ❡✐♥ κ✲❋♦❧❣❡♥r❛✉♠ ❣❡♠äß ❉❡✜♥✐t✐♦♥ ✷✳✶✼ ♠✐t 0 < κ < L ∈ N✳
❉❛♥♥ ❣✐❧t✱ ❞❛ss f ∈ S ′(Rn) ③✉ A(Rn) ❣❡❤ört ❣❡♥❛✉ ❞❛♥♥✱ ✇❡♥♥ f ♠✐t L✲❲❛✈❡❧❡ts ❞❛r❣❡✲
st❡❧❧t ✇❡r❞❡♥ ❦❛♥♥
f =
∑
m∈Zn
λmΨm +
∑
G∈G∗
∑
j∈N0
∑
m∈Zn
λj,Gm 2
−jn/2ΨjG,m, λ ∈ aw(Rn), ✭✸✮
♠✐t ✉♥❜❡❞✐♥❣t❡r ❑♦♥✈❡r❣❡♥③ ✐♥ S ′(Rn)✳ ❉✐❡ ❉❛rst❡❧❧✉♥❣ ✐♥ ✭✸✮ ✐st ❡✐♥❞❡✉t✐❣✱
λj,Gm = λ
j,G
m (f) = 2
jn/2
(
f,ΨjG,m
)
, λm = λm(f) = (f,Ψm),
✶✷ ❩✉s❛♠♠❡♥❢❛ss✉♥❣
m ∈ Zn✱ j ∈ N0✱ G ∈ G∗✱ ✉♥❞
I : f 7→ {λm(f), λj,Gm (f)}
✐st ❡✐♥❡ ✐s♦♠♦r♣❤❡ ❆❜❜✐❧❞✉♥❣ ✈♦♥ A(Rn) ❛✉❢ aw(Rn)✱ ✇♦❜❡✐ aw(Rn) ❞✐❡ ❲❛✈❡❧❡t✲❱❡rs✐♦♥
✈♦♥ a(Rn) ✐st✳
■♥ ❆❜s❝❤♥✐tt ✷✳✸✳✹ ③❡✐❣❡♥ ✇✐r✱ ❞❛ss ❞✐❡ ❜❡❦❛♥♥t❡♥ ❛t♦♠❛r❡♥ ❋♦❧❣❡♥rä✉♠❡ b¯sp,q ✉♥❞ f¯
s
p,q
❞❡r ✉♥❣❡✇✐❝❤t❡t❡♥ ❋✉♥❦t✐♦♥❡♥rä✉♠❡♥ Bsp,q(R
n) ✉♥❞ F sp,q(R
n) s♦❧❝❤❡ κ✲❋♦❧❣❡♥rä✉♠❡ s✐♥❞✳
❉✐❡ ③✉❣❡❤ör✐❣❡ ❲❛✈❡❧❡t✲❈❤❛r❛❦t❡r✐s✐❡r✉♥❣✱ ✇❡❧❝❤❡ ❛✉s ❞❡♠ ♦❜✐❣❡♥ ❚❤❡♦r❡♠ ❛❜❣❡❧❡✐t❡t
✇❡r❞❡♥ ❦❛♥♥✱ ❢ä❧❧t ❞❛♥♥ ♠✐t ❞❡♥ ❜❡r❡✐ts ❜❡❦❛♥♥t❡♥ ❘❡s✉❧t❡♥ ③✉s❛♠♠❡♥✱ s✐❡❤❡ ❑♦r♦❧❧❛r
✷✳✸✽✳ ■♠ ❋❛❧❧❡ ❞❡r ✈❡r❞♦♣♣❧✉♥❣s❣❡✇✐❝❤t❡t❡♥ ❛t♦♠❛r❡♥ ❋♦❧❣❡♥rä✉♠❡ ❤❛❜❡♥ ✇✐r ❢♦❧❣❡♥❞❡s
❘❡s✉❧t❛t✿
❙❡✐❡♥ 0 < p < ∞✱ 0 < q ≤ ∞✱ s ∈ R ✉♥❞ w ❡✐♥ ❱❡r❞♦♣♣❧✉♥❣s❣❡✇✐❝❤t ♠✐t ❱❡r❞♦♣♣❧✉♥❣s✲
❦♦♥st❛♥t❡ γ✳ ❉❛♥♥ ✐st b¯sp,q(w) ❡✐♥ κ✲❋♦❧❣❡♥r❛✉♠ ❢ür ❥❡❞❡s κ ♠✐t
κ > max
(
s+
n
p
,
nγ
p
− s
)
,
✉♥❞ f¯ sp,q(w) ✐st ❡✐♥ κ✲❋♦❧❣❡♥r❛✉♠ ❢ür ❥❡❞❡s κ ♠✐t
κ > max(s, γ σp,q + (γ − 1)n− s, nγ
p
− s).
❉✐❡ ③✉❣❡❤ör✐❣❡ ❲❛✈❡❧❡t✲❈❤❛r❛❦t❡r✐s✐❡r✉♥❣ ❦❛♥♥ ♠❛♥ ✐♥ ❆❜s❝❤♥✐tt ✷✳✹✱ ❑♦r♦❧❧❛r ✷✳✹✶✱ ♥❛❝❤✲
❧❡s❡♥✳ ❉✐❡ ❊r❣❡❜♥✐ss❡ ❛✉s ❑❛♣✐t❡❧ ✷ s✐♥❞ ✐♥ ❡✐♥❡r ❣❡♠❡✐♥s❛♠❡♥ ❆r❜❡✐t ❬❍❙❚✶✻❪ ♠✐t ❉✳ ❉✳
❍❛r♦s❦❡ ✉♥❞ ❍✳ ❚r✐❡❜❡❧ ③✉s❛♠♠❡♥❣❡❢❛sst✳
■♥ ❑❛♣✐t❡❧ ✸ ❞✐s❦✉t✐❡r❡♥ ✇✐r ♥♦t✇❡♥❞✐❣❡ ✉♥❞ ❤✐♥r❡✐❝❤❡♥❞❡ ❇❡❞✐♥❣✉♥❣❡♥ ❢ür st❡t✐❣❡ ✉♥❞
❦♦♠♣❛❦t❡ ❊✐♥❜❡tt✉♥❣❡♥ ✐♥ ✈❡r❞♦♣♣❧✉♥❣s❣❡✇✐❝❤t❡t❡♥ ❇❡s♦✈✲❘ä✉♠❡♥ Bsp,q(w)✳ ●r✉♥❞❧❛❣❡
❤✐❡r❢ür ✐st ❡✐♥❡ ❘❡✐❤❡ ✈♦♥ P❛♣❡r♥ ❬❍❙✵✽✱ ❍❙✶✶❛✱ ❍❙✶✶❜❪ ✈♦♥ ❉✳ ❉✳ ❍❛r♦s❦❡ ✉♥❞ ▲✳
❙❦r③②♣❝③❛❦✱ ✐♥ ❞❡♥❡♥ ❞✐❡s❡s Pr♦❜❧❡♠ ❢ür ▼✉❝❦❡♥❤♦✉♣t✲❣❡✇✐❝❤t❡t❡ ❋✉♥❦t✐♦♥❡♥rä✉♠❡
❜❡tr❛❝❤t❡t ✇✉r❞❡✳ ❲✐r ❦♦♥♥t❡♥ s♦✇♦❤❧ ❢ür st❡t✐❣❡ ❛❧s ❛✉❝❤ ❦♦♠♣❛❦t❡ ❊✐♥❜❡tt✉♥❣❡♥ s❝❤❛r✲
❢❡ ✉♥❞ s♦♠✐t ♦♣t✐♠❛❧❡ ❇❡❞✐♥❣✉♥❣❡♥ ③❡✐❣❡♥✱ s✐❡❤❡ ❚❤❡♦r❡♠ ✸✳✺✳ ❙♦ ❣✐❧t ③✉♠ ❇❡✐s♣✐❡❧ ✐♠
❋❛❧❧❡ ✈♦♥ st❡t✐❣❡♥ ❊✐♥❜❡tt✉♥❣❡♥✿
❙❡✐❡♥ −∞ < s2 ≤ s1 < ∞✱ 0 < p1, p2 ≤ ∞✱ 0 < q1, q2 ≤ ∞ ✉♥❞ w1, w2 ❱❡r❞♦♣♣❧✉♥❣s❣❡✲
✇✐❝❤t❡✳ ❉❛♥♥ ✐st ❞✐❡ ❊✐♥❜❡tt✉♥❣ Bs1p1,q1(w1) →֒ Bs2p2,q2(w2) st❡t✐❣ ❣❡♥❛✉ ❞❛♥♥✱ ✇❡♥♥{
2−j(s1−s2)
∥∥{w1(Qj,m)−1/p1w2(Qj,m)1/p2)}m |ℓp∗∥∥}j ∈ ℓq∗ ,
✇♦❜❡✐ p∗ ✉♥❞ q∗ ❣❡❣❡❜❡♥ s✐♥❞ ❞✉r❝❤
1
p∗
:=
(
1
p2
− 1
p1
)
+
,
1
q∗
:=
(
1
q2
− 1
q1
)
+
.
◆❡❜❡♥ ❞✐❡s❡♠ ❛❧❧❣❡♠❡✐♥❡♥ ❊✐♥❜❡tt✉♥❣sr❡s✉❧t❛t ❤❛❜❡♥ ✇✐r ♥♦❝❤ ❡✐♥✐❣❡ ❙♣❡③✐❛❧❢ä❧❧❡ ❜❡tr❛❝❤✲
t❡t✳ ❉✐❡s❡ ❦ö♥♥❡♥ ✐♥ ❆❜s❝❤♥✐tt ✸✳✸ ✉♥❞ ✸✳✹ ♥❛❝❤❣❡❧❡s❡♥ ✇❡r❞❡♥✳
❩✉s❛♠♠❡♥❢❛ss✉♥❣ ✶✸
❑❛♣✐t❡❧ ✹ ✇✐❞♠❡t s✐❝❤ ❞❡♠ ❙t✉❞✐✉♠ ❞❡r ●r♦✇t❤ ❊♥✈❡❧♦♣❡ ❋✉♥❦t✐♦♥❡♥✳ ❉❛s ❩✐❡❧ ✐st ❡s✱
❞❛s s✐♥❣✉❧är❡ ❱❡r❤❛❧t❡♥ ✈♦♥ ❋✉♥❦t✐♦♥❡♥ ❡✐♥❡s ❋✉♥❦t✐♦♥❡♥r❛✉♠❡s X ③✉ ❝❤❛r❛❦t❡r✐s✐❡r❡♥✳
❯♠ ✈❡rs❝❤✐❡❞❡♥❡ ❋✉♥❦t✐♦♥❡♥ ♠✐t ✉♥t❡rs❝❤✐❡❞❧✐❝❤❡♥ ❙✐♥❣✉❧❛r✐tät❡♥ ✈❡r❣❧❡✐❝❤❡♥ ③✉ ❦ö♥♥❡♥✱
❜❡♥✉t③t ♠❛♥ ❞✐❡ ♠♦♥♦t♦♥ ❢❛❧❧❡♥❞❡ ❯♠♦r❞♥✉♥❣ f ∗✱ ✇❡❧❝❤❡ ❞✐❡ ❙✐♥❣✉❧❛r✐tät❡♥ ✐♥ ❞❡♥ ◆✉❧❧✲
♣✉♥❦t ❜❡❢ör❞❡rt✳ ❉❛s ❱❡r❤❛❧t❡♥ ❞❡r ❙✐♥❣✉❧❛r✐tät❡♥ ❦❛♥♥ ♠❛♥ ♥✉♥ ♠✐t ❍✐❧❢❡ ❞❡r ●r♦✇t❤
❊♥✈❡❧♦♣❡ ❋✉♥❦t✐♦♥ EX
G
♠❡ss❡♥
EX
G
(t) := sup
f∈X,||f |X||≤1
f ∗(t), t > 0.
❉✐❡s❡s ❑♦♥③❡♣t ✇✉r❞❡ ✈♦♥ ❚r✐❡❜❡❧ ❡✐♥❣❡❢ü❤rt ✉♥❞ ✐♥ ❬❚r✐✵✶❪ ❜③✇✳ ❬❍❛r✵✷❪ ❡rst♠❛❧s st✉✲
❞✐❡rt✳ ❋ür ❞❡t❛✐❧✐❡rt❡ ■♥❢♦r♠❛t✐♦♥❡♥ ✈❡r✇❡✐s❡♥ ✇✐r ❛✉❢ ❞❛s ❇✉❝❤ ❬❍❛r✵✼❪ ✈♦♥ ❉✳ ❉✳ ❍❛✲
r♦s❦❡✳ ❉♦rt ✜♥❞❡t ♠❛♥ ✉♥t❡r ❛♥❞❡r❡♠ ❛✉❝❤ ❞✐❡ ❊r❣❡❜♥✐ss❡ ❢ür ❞✐❡ ❦❧❛sss✐s❝❤❡♥ ✭✉♥❣❡✲
✇✐❝❤t❡t❡♥✮ ❇❡s♦✈✲❚r✐❡❜❡❧✲▲✐③♦r❦✐♥✲❘ä✉♠❡ Bsp,q(R
n) ✉♥❞ F sp,q(R
n)✳ ❇❡r❡✐ts ✐♥ ❬❙❦❛✶✵❪ ❤❛✲
❜❡♥ ✇✐r ✉♥s ♠✐t ●r♦✇t❤ ❊♥✈❡❧♦♣❡ ❋✉♥❦t✐♦♥❡♥ ✐♥ ▼✉❝❦❡♥❤♦✉♣t✲❣❡✇✐❝❤t❡t❡♥ Bsp,q(w) ✉♥❞
F sp,q(w) ❘ä✉♠❡♥ ❜❡s❝❤ä❢t✐❣t✳ ❋ür ❡✐♥❡♥ ✉♠❢❛ss❡♥❞❡♥ Ü❜❡r❜❧✐❝❦ ü❜❡r ❞✐❡ ❊r❣❡❜♥✐ss❡ ✐♠
▼✉❝❦❡♥❤♦✉♣t✲❣❡✇✐❝❤t❡t❡♥ ❇❡s♦✈✲❚r✐❡❜❡❧✲▲✐③♦r❦✐♥✲❘ä✉♠❡♥ ✈❡r✇❡✐s❡♥ ✇✐r ❛✉❢ ❞❛s P❛♣❡r
❬❍❛r✶✵❪ ✈♦♥ ❉✳ ❉✳ ❍❛r♦s❦❡✳ ❯♥s❡r ❍❛✉♣tr❡s✉❧t❛t s✐❡❤t ❤✐❡r ✇✐❡ ❢♦❧❣t ❛✉s✿
❙❡✐❡♥ 0 < p <∞✱ 0 < q ≤ ∞✱ s ∈ R ✉♥❞ w ❡✐♥ ❱❡r❞♦♣♣❧✉♥❣s❣❡✇✐❝❤t✳ ❊s ❣❡❧t❡
max(
n
p
− n, 0) + n
p
(γ − 1) < s < n
p
γ ✉♥❞ inf
l∈Zn
w(Q0,l) ≥ cw > 0.
❉❛♥♥ ❡r❤❛❧t❡♥ ✇✐r ❢ür ❞✐❡ ❆❜s❝❤ät③✉♥❣ ✈♦♥ ♦❜❡♥
EBsp,q(w)
G
(t) ≤ c t− γp+ sn , t→ 0,
✉♥❞ ❢ür ❞✐❡ ❆❜s❝❤ät③✉♥❣ ✈♦♥ ✉♥t❡♥
EBsp,q(w)
G
(t) ≥ c t− 1p+ sn sup
x0∈Rn,t∼2−jn
(w(B(x0, 2−j))
|B(x0, 2−j)|
)−1/p
, t→ 0,
s✐❡❤❡ Pr♦♣♦s✐t✐♦♥ ✹✳✶✸ ✉♥❞ Pr♦♣♦s✐t✐♦♥ ✹✳✶✹✳

■♥tr♦❞✉❝t✐♦♥
❚❤✐s ✇♦r❦ ✐s ♠❛✐♥❧② ❝♦♥❝❡r♥❡❞ ✇✐t❤ ❢✉♥❝t✐♦♥ s♣❛❝❡s ♦❢ ❇❡s♦✈ ❛♥❞ ❚r✐❡❜❡❧✲▲✐③♦r❦✐♥ t②♣❡✱
❞❡♥♦t❡❞ ❜② Bsp,q(R
n) ❛♥❞ F sp,q(R
n)✱ ♣♦ss✐❜❧② ❝♦♥♥❡❝t❡❞ ✇✐t❤ s♦♠❡ ✇❡✐❣❤t ❢✉♥❝t✐♦♥s✳ ❚❤❡s❡
s♣❛❝❡s ❤❛✈❡ ❜❡❡♥ ✐♥✈❡st✐❣❛t❡❞ ❢♦r s❡✈❡r❛❧ ❞❡❝❛❞❡s ❛♥❞ t❤❡② ♣❧❛② ❛♥ ✐♠♣♦rt❛♥t r♦❧❡✱ ❢♦r
✐♥st❛♥❝❡✱ ✐♥ t❤❡ st✉❞② ♦❢ ♣❛rt✐❛❧ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s✱ ✐♥t❡r♣♦❧❛t✐♦♥ t❤❡♦r②✱ ❛♣♣r♦①✐♠❛t✐♦♥
t❤❡♦r②✱ ❤❛r♠♦♥✐❝ ❛♥❛❧②s✐s ❛♥❞ s♣❡❝tr❛❧ ♦♣❡r❛t♦r t❤❡♦r②✳ ❚❤❡② ❝♦♥st✐t✉t❡ ❛♥ ✐♥❞✐s♣❡♥s❛❜❧❡
♣❛rt ✐♥ ♠❛♥② r❡s❡❛r❝❤ ♣❛♣❡rs ❛♥❞ ❜♦♦❦s✳
■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡ t✇♦ s❝❛❧❡s ♦❢ ❇❡s♦✈ Bsp,q(R
n) ❛♥❞ ❚r✐❡❜❡❧✲▲✐③♦r❦✐♥ s♣❛❝❡s F sp,q(R
n)
❝♦✈❡r ♠❛♥② ✇❡❧❧✲❦♥♦✇♥ ❢✉♥❝t✐♦♥ s♣❛❝❡s s✉❝❤ ❛s ❍ö❧❞❡r✲❩②❣♠✉♥❞ s♣❛❝❡s✱ ✭❢r❛❝t✐♦♥❛❧✮ ❙♦✲
❜♦❧❡✈ s♣❛❝❡s✱ ❙❧♦❜♦❞❡❝❦✐❥ s♣❛❝❡s✱ ❇❡ss❡❧✲♣♦t❡♥t✐❛❧ s♣❛❝❡s ❛♥❞ ❍❛r❞② s♣❛❝❡s✳ ❋♦r ❛ ❞❡t❛✐❧❡❞
st✉❞② t♦❣❡t❤❡r ✇✐t❤ ❤✐st♦r✐❝❛❧ r❡♠❛r❦s ✇❡ r❡❢❡r t♦ t❤❡ ♠♦♥♦❣r❛♣❤s ♦❢ ❍✳ ❚r✐❡❜❡❧✱ ❬❚r✐✽✸❪✱
❬❚r✐✾✷❪✱ ❬❚r✐✵✻❪✳
■♥ t❤❡ t❤❡♦r② ♦❢ ❡❧❧✐♣t✐❝ ♣❛rt✐❛❧ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s ♦♥❡ ✉s❡s ✇❡✐❣❤t ❢✉♥❝t✐♦♥s ✐♥
s❡✈❡r❛❧ ♠♦❞❡❧s✱ ✇❤✐❝❤ ♠❛② ❤❛✈❡ ❧♦❝❛❧ s✐♥❣✉❧❛r✐t✐❡s✳
❋♦r ❡①❛♠♣❧❡ ♦♥❡ ❝♦♥s✐❞❡rs t❤❡ ❢♦❧❧♦✇✐♥❣ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥ ✇✐t❤ ✒❞✐st✉r❜❡❞✏ ❡❧❧✐♣t✐✲
❝✐t②
−
n∑
i=1
∂
∂xi
(
wi(x)
∂u
∂xi
)
+ w0(x)
∂u
∂xi
= f
✐♥ ❛ ❜♦✉♥❞❡❞ ❞♦♠❛✐♥ Ω ⊂ Rn✱ ✇✐t❤ ❤♦♠♦❣❡♥❡♦✉s ❉✐r✐❝❤❧❡t✲❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s u|∂Ω = 0✳
❍❡r❡ t❤❡ ❢✉♥❝t✐♦♥s wi(x) ♦❢ t②♣❡
wi(x) = (dist (x, ∂Ω))
εi , εi ∈ R,
❛r❡ ♦❢ ♣❛rt✐❝✉❧❛r ✐♥t❡r❡st✳ ❋♦r ❡①✐st❡♥❝❡ ❛♥❞ ✉♥✐q✉❡♥❡ss ♦❢ s♦❧✉t✐♦♥s ❛♥❞ r❡❣✉❧❛r✐t② q✉❡s✲
t✐♦♥s t❤✐s ❧❡❛❞s t♦ ✇❡✐❣❤t❡❞ ❙♦❜♦❧❡✈ s♣❛❝❡s W 21 (Ω, w)✱ w = (w0, . . . , wn)✱ ♦r ♠♦r❡ ❣❡♥❡✲
r❛❧ ✇❡✐❣❤t❡❞ ❇❡s♦✈ Bsp,q(R
n, w) ❛♥❞ ❚r✐❡❜❡❧✲▲✐③♦r❦✐♥ s♣❛❝❡s F sp,q(R
n, w)✱ r❡s♣❡❝t✐✈❡❧②✳ ❚❤❡
✇❡✐❣❤t ❢✉♥❝t✐♦♥ ✐s ✐♥ ❣❡♥❡r❛❧ ✉s✉❛❧❧② ❛ ▼✉❝❦❡♥❤♦✉♣t ✇❡✐❣❤t✳ ❲❡ ❝♦♥s✐❞❡r ✐♥ t❤✐s ✇♦r❦ t❤❡
♠♦r❡ ❣❡♥❡r❛❧ ❞♦✉❜❧✐♥❣ ✇❡✐❣❤ts✳
■♥ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡s❡ ✇❡✐❣❤t❡❞ s♣❛❝❡s t❤❡ ❝❧❛ss✐❝❛❧ ▲❡❜❡s❣✉❡ s♣❛❝❡ Lp(Rn) ✐s r❡✲
♣❧❛❝❡❞ ❜② t❤❡ ✇❡✐❣❤t❡❞ ▲❡❜❡s❣✉❡ s♣❛❝❡ Lp(w) = Lp(Rn, w)✱ ✇❤❡r❡ w ✐s ❤❡r❡ ❛ ❧♦❝❛❧❧②
✐♥t❡❣r❛❜❧❡ ❛♥❞ ♣♦s✐t✐✈❡ ❛✳❡✳ ❢✉♥❝t✐♦♥ ♦♥ Rn✳
■♥ ❈❤❛♣t❡r ✶ t❤❡ ❜❛s✐❝ ❝♦♥❝❡♣ts ❛♥❞ ❞❡✜♥✐t✐♦♥s r❡❧❛t❡❞ t♦ ✇❡✐❣❤ts ❛♥❞ ❢✉♥❝t✐♦♥ s♣❛❝❡s
❛r❡ ♣r♦✈✐❞❡❞✳ ❲❡ st❛rt ✇✐t❤ t❤❡ ✈❡r② ❢❛♠♦✉s ▼✉❝❦❡♥❤♦✉♣t ✇❡✐❣❤ts✳ ❆ ❧♦❝❛❧❧② ✐♥t❡❣r❛❜❧❡
✶✻ ■♥tr♦❞✉❝t✐♦♥
❛♥❞ ❛❧♠♦st ❡✈❡r②✇❤❡r❡ ♣♦s✐t✐✈❡ ❢✉♥❝t✐♦♥ w ❜❡❧♦♥❣s t♦ t❤❡ ❝❧❛ss Ap✱ 1 < p < ∞✱ ✐❢ t❤❡r❡
❡①✐sts ❛ ❝♦♥st❛♥t 0 < A <∞ s✉❝❤ t❤❛t ❢♦r ❛❧❧ ❜❛❧❧s B t❤❡ ❢♦❧❧♦✇✐♥❣ ✐♥❡q✉❛❧✐t② ❤♦❧❞s(
1
|B|
∫
B
w(x) dx
)
·
(
1
|B|
∫
B
w(x)−p
′/p dx
)p/p′
≤ A,
✇❤❡r❡ 1
p
+ 1
p′
= 1 ❛♥❞ |B| st❛♥❞s ❢♦r t❤❡ ▲❡❜❡s❣✉❡ ♠❡❛s✉r❡ ♦❢ B✳ ■t ✐s ✇❡❧❧✲❦♥♦✇♥ t❤❛t t❤✐s
✇❡✐❣❤t ❝❧❛ss ✐s ❝❧♦s❡❧② ❝♦♥♥❡❝t❡❞ ✇✐t❤ t❤❡ ❜♦✉♥❞❡❞♥❡ss ♦❢ t❤❡ ❍❛r❞②✲▲✐tt❧❡✇♦♦❞ ♠❛①✐♠❛❧
♦♣❡r❛t♦r M
(Mf)(x) = sup
B∋x
1
|B|
∫
B
|f(y)| dy, x ∈ Rn,
❢r♦♠ Lp(w) t♦ Lp(w)✳ ❚❤❡s❡ ✇❡✐❣❤ts ✇❡r❡ ✐♥tr♦❞✉❝❡❞ ❜② ❇✳ ▼✉❝❦❡♥❤♦✉♣t ✐♥ ❬▼✉❝✼✷❛❪✳
❋♦r ❛ ❝♦♠♣r❡❤❡♥s✐✈❡ tr❡❛t♠❡♥t ❛❜♦✉t ▼✉❝❦❡♥❤♦✉♣t ✇❡✐❣❤ts ✇❡ r❡❢❡r t♦ t❤❡ ♠♦♥♦❣r❛♣❤s
❜② ❊✳ ▼✳ ❙t❡✐♥ ❬❙t❡✾✸❪ ❛♥❞ ❏✳ ❉✉♦❛♥❞✐❦♦❡t①❡❛ ❬❉✉♦✵✶❪✳ ■♥ t❤✐s ❝♦♥t❡①t ✇❡ ❝♦❧❧❡❝t
s♦♠❡ ♣r♦♣❡rt✐❡s ♦❢ ▼✉❝❦❡♥❤♦✉♣t ✇❡✐❣❤ts✱ ✇❤✐❝❤ ♣❛rt✐❛❧❧② ✇✐❧❧ ❜❡ ✉s❡❞ ❧❛t❡r ♦♥✱ ✐♥❝❧✉❞✐♥❣
t❤❛t ❡✈❡r② ▼✉❝❦❡♥❤♦✉♣t ✇❡✐❣❤t s❛t✐s✜❡s t❤❡ ❞♦✉❜❧✐♥❣ ♣r♦♣❡rt②
w(B(x, 2r)) ≤ 2βw(B(x, r)), ✇❤❡r❡ w(Ω) =
∫
Ω
w(y) dy, Ω ⊂ Rn.
■♥ ❛❞❞✐t✐♦♥✱ ❜❛s❡❞ ♦♥ ❛ ♣❛♣❡r ❢r♦♠ ■✳ ❲✐❦✱ ❬❲✐❦✽✾❪✱ ✇❡ s❤♦✇ t❤❛t t❤❡r❡ ❡①✐sts ❛ ✇❡✐❣❤t
w✱ ✇❤✐❝❤ ❤❛s t❤❡ ❞♦✉❜❧✐♥❣ ♣r♦♣❡rt②✱ ❜✉t ❞♦❡s ♥♦t ❜❡❧♦♥❣ t♦ ❛♥② ▼✉❝❦❡♥❤♦✉♣t ❝❧❛ss Ap✳
❚❤✐s ❧❡❛❞s t♦ ❞♦✉❜❧✐♥❣ ✇❡✐❣❤ts✱ ✇❤✐❝❤ ♥❛t✉r❛❧❧② ❡①t❡♥❞ t❤❡ ▼✉❝❦❡♥❤♦✉♣t ✇❡✐❣❤ts✳ ❍❡r❡
✇❡ ❝♦❧❧❡❝t ❛❧s♦ s♦♠❡ ❜❛s✐❝ ♣r♦♣❡rt✐❡s✱ ❧✐❦❡
0 < w(Ω) <∞, ❢♦r ❛♥② Ω ⊂ Rn ✇✐t❤ 0 < |Ω| <∞
❛♥❞ ∫
Rn
w(y) dy =∞,
s❡❡ Pr♦♣♦s✐t✐♦♥ ✶✳✷✸ ❛♥❞ ✶✳✷✺✳
❚❤❡ ♠♦r❡ ❣❡♥❡r❛❧ ❞♦✉❜❧✐♥❣ ♠❡❛s✉r❡s ❤❛✈❡ ❛ r✐❝❤ ❤✐st♦r②✱ t♦♦❀ s❡❡ ❢♦r ❡①❛♠♣❧❡ ❬❱❑✽✼✱
▲❙✾✽✱ ❇●✵✵✱ ❙t❛✾✷❪✳ ■♥ t❤❡s❡ ♣❛♣❡rs ♦♥❡ ❛❧s♦ ❞❡❛❧s ✇✐t❤ ❛ ♠♦r❡ ❣❡♥❡r❛❧ s❡tt✐♥❣✳ ❲❡
❝♦♥s✐❞❡r ❤❡r❡ ❞♦✉❜❧✐♥❣ ♠❡❛s✉r❡s✱ ✇❤✐❝❤ ❛r❡ ❛❜s♦❧✉t❡❧② ❝♦♥t✐♥✉♦✉s ✇✐t❤ r❡s♣❡❝t t♦ t❤❡
▲❡❜❡s❣✉❡ ♠❡❛s✉r❡ ♦♥ Rn✱ ❛♥❞ t❤❡s❡ ❞♦✉❜❧✐♥❣ ✇❡✐❣❤ts ✐♥ ❝♦♥♥❡❝t✐♦♥ ✇✐t❤ t❤❡ ❛❧r❡❛❞②
♠❡♥t✐♦♥❡❞ ❇❡s♦✈✲❚r✐❡❜❡❧✲▲✐③♦r❦✐♥ s♣❛❝❡s✳
■♥ t❤❡ t❤❡♦r② ♦❢ ❢✉♥❝t✐♦♥ s♣❛❝❡s s❡✈❡r❛❧ ♦t❤❡r ❝❧❛ss❡s ♦❢ ✇❡✐❣❤t ❢✉♥❝t✐♦♥s ❛r❡ ❝♦♥s✐❞❡r❡❞✳
■♥ t❤❡ ❡♥❞ ♦❢ ❙❡❝t✐♦♥ ✶✳✷ ✇❡ ♠❡♥t✐♦♥ t✇♦ ❢✉rt❤❡r ✇❡✐❣❤t ❝❧❛ss❡s✱ ♦♥ t❤❡ ♦♥❡ ❤❛♥❞ t❤❡ s♦✲
❝❛❧❧❡❞ ❛❞♠✐ss✐❜❧❡ ✇❡✐❣❤ts✱ ✇❡ r❡❢❡r t♦ t❤❡ ❜♦♦❦ ♦❢ ❉✳ ❊✳ ❊❞♠✉♥❞s ❛♥❞ ❍✳ ❚r✐❡❜❡❧✱
❬❊❚✾✻❪ ❛♥❞ ♦♥ t❤❡ ♦t❤❡r ❤❛♥❞ t❤❡ s♦✲❝❛❧❧❡❞ ❧♦❝❛❧ ▼✉❝❦❡♥❤♦✉♣t ✇❡✐❣❤ts Alocp ✱ ✇❡ r❡❢❡r t♦
❱✳ ❙✳ ❘②❝❤❦♦✈ ❬❘②❝✵✶❪✱ ❚✳ ❙❝❤♦tt ❬❙❝❤✾✽❪ ❛♥❞ ❆✳ ❲♦❥❝✐❡❝❤♦✇s❦❛ ❬❲♦❥✶✷❛❪✳
❚❤❡ ❢♦❝✉s ✐♥ t❤✐s ✇♦r❦ ❧✐❡s ♦♥ ❞♦✉❜❧✐♥❣ ✇❡✐❣❤t❡❞ ❢✉♥❝t✐♦♥ s♣❛❝❡s ♦❢ ❇❡s♦✈✲❚r✐❡❜❡❧✲
▲✐③♦r❦✐♥ t②♣❡✳ ❚❤❡r❡❢♦r❡ ✇❡ ✐♥tr♦❞✉❝❡ ✐♥ ❙❡❝t✐♦♥ ✶✳✸ ❛t ✜rst t❤❡ ✉♥✇❡✐❣❤t❡❞ ❢✉♥❝t✐♦♥
s♣❛❝❡s ♦❢ ❇❡s♦✈ ❛♥❞ ❚r✐❡❜❡❧✲▲✐③♦r❦✐♥ t②♣❡ ❛♥❞ ❣✐✈❡ ❛ s❤♦rt ♦✈❡r✈✐❡✇ ❛❜♦✉t t❤❡s❡ s♣❛❝❡s✳
■♥tr♦❞✉❝t✐♦♥ ✶✼
❆❢t❡r✇❛r❞s ✇❡ ❡①t❡♥❞ t❤✐s ❜② t❤❡✐r ❞♦✉❜❧✐♥❣ ✇❡✐❣❤t❡❞ ❝♦✉♥t❡r♣❛rts✳ ▲❡t 0 < p < ∞✱
0 < q ≤ ∞✱ s ∈ R✱ {ϕj}∞j=0 ❛ s♠♦♦t❤ ❞②❛❞✐❝ r❡s♦❧✉t✐♦♥ ♦❢ ✉♥✐t② ❛♥❞ ❧❡t w ❜❡ ❛ ❞♦✉❜❧✐♥❣
✇❡✐❣❤t✳ ❚❤❡♥ t❤❡ ✇❡✐❣❤t❡❞ ❇❡s♦✈ s♣❛❝❡ Bsp,q(w) = B
s
p,q(R
n, w) ✐s ❣✐✈❡♥ ❜②
Bsp,q(w) =
{
f ∈ S ′(Rn) :
( ∞∑
j=0
2jsq
∥∥F−1(ϕjFf)|Lp(w)∥∥q)1/q <∞
}
,
✇❤❡r❡ F ❛♥❞ F−1 ❞❡♥♦t❡ t❤❡ ❋♦✉r✐❡r tr❛♥s❢♦r♠ ❛♥❞ t❤❡ ✐♥✈❡rs❡ ❋♦✉r✐❡r tr❛♥s❢♦r♠✱ r❡✲
s♣❡❝t✐✈❡❧②✳ ❚❤❡ ❞❡✜♥✐t✐♦♥ ❢♦r t❤❡ ✇❡✐❣❤t❡❞ ❚r✐❡❜❡❧✲▲✐③♦r❦✐♥ s♣❛❝❡s F sp,q(w) = F
s
p,q(R
n, w)
✐s s✐♠✐❧❛r✱ ♦♥❡ ❝❤❛♥❣❡s t❤❡ ♦r❞❡r ♦❢ t❤❡ ℓq✲♥♦r♠ ❛♥❞ t❤❡ ✇❡✐❣❤t❡❞ ▲❡❜❡s❣✉❡ s♣❛❝❡ Lp(w)✲
♥♦r♠✳ ❚❤❡s❡ ❞♦✉❜❧✐♥❣ ✇❡✐❣❤t❡❞ ❢✉♥❝t✐♦♥ s♣❛❝❡s ✇❡r❡ ✜rst ✐♥tr♦❞✉❝❡❞ ❜② ▼✳ ❇♦✇♥✐❦ ✐♥
t❤❡ ♣❛♣❡r ❬❇♦✇✵✺❪✳ ❚❤❡r❡ ❤❡ ♠❛✐♥❧② ❞❡❛❧t ✇✐t❤ ❤♦♠♦❣❡♥❡♦✉s✱ ❛♥✐s♦tr♦♣✐❝ ❇❡s♦✈ s♣❛❝❡s
✇✐t❤ ❡①♣❛♥s✐✈❡ ❞✐❧❛t✐♦♥ ♠❛tr✐❝❡s ❛♥❞ ♠♦r❡ ❣❡♥❡r❛❧ ❞♦✉❜❧✐♥❣ ♠❡❛s✉r❡s✳ ❲❡ s❤♦✇ t❤❛t s❡✲
✈❡r❛❧ ♣r♦♣❡rt✐❡s ❢r♦♠ t❤❡ ✉♥✇❡✐❣❤t❡❞ Bsp,q ❛♥❞ F
s
p,q s♣❛❝❡s r❡♠❛✐♥ tr✉❡✳ ❋♦r ❡①❛♠♣❧❡✱ t❤❡
s♣❛❝❡s ❛r❡ ❡♠❜❡❞❞❡❞ ❜❡t✇❡❡♥ t❤❡ ❙❝❤✇❛rt③ s♣❛❝❡ S(Rn) ❛♥❞ t❤❡ ❞✉❛❧ s♣❛❝❡ S ′(Rn)✱
S(Rn) →֒ Bsp,q(Rn, w), F sp,q(Rn, w) →֒ S ′(Rn),
s❡❡ Pr♦♣♦s✐t✐♦♥ ✶✳✹✹✳ ❚❤✐s ✐s ❛♥ ✐♠♣♦rt❛♥t ♣r♦♣❡rt② ❛♥❞ ❡♥s✉r❡s ✉s t❤❡ ✇❡❧❧✲❞❡✜♥❡❞♥❡ss
♦❢ t❤❡ ❞✉❛❧ ♣❛✐r✐♥❣ ✐♥ t❤❡ ✇❛✈❡❧❡t ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ❢♦r Bsp,q(w) ❛♥❞ F
s
p,q(w)✱ ✇❤✐❝❤ ✐s ♦♥❡
♦❢ t❤❡ ♠❛✐♥ ❣♦❛❧s ✐♥ t❤✐s t❤❡s✐s✳
■♥ t❤❡ t❤❡♦r② ♦❢ ❢✉♥❝t✐♦♥ s♣❛❝❡s ✐t ✐s ✉s❡❢✉❧ t♦ ❤❛✈❡ ✈❛r✐♦✉s r❡♣r❡s❡♥t❛t✐♦♥s ♦❢ ❛ ❢✉♥❝✲
t✐♦♥ f ❢r♦♠ t❤❡ ✉♥❞❡r❧②✐♥❣ ❢✉♥❝t✐♦♥ s♣❛❝❡✳ ■♥ t❤❡ ❧❛st ②❡❛rs ✐t t✉r♥❡❞ ♦✉t t❤❛t s♦✲❝❛❧❧❡❞
❛t♦♠✐❝✱ s✉❜✲❛t♦♠✐❝ ♦r ✇❛✈❡❧❡t ❞❡❝♦♠♣♦s✐t✐♦♥s ❛r❡ ✈❡r② ♣r♦♠✐s✐♥❣✳ ■♥ ♦✉r ✇♦r❦ ✇❡ ❛♠✲
♣❧✐❢② t❤❡ ❛t♦♠✐❝ ❛♥❞ ✇❛✈❡❧❡t r❡♣r❡s❡♥t❛t✐♦♥✳ ❚❤❡ ❜❛s✐❝ ✐❞❡❛ ❤❡r❡ ✐s t❤❡ ✒tr❛♥s❧❛t✐♦♥✏ ❢r♦♠
t❤❡ ❢✉♥❝t✐♦♥ s♣❛❝❡ t♦ ❛♣♣r♦♣r✐❛t❡ s❡q✉❡♥❝❡ s♣❛❝❡s✳ ❋♦r ❡①❛♠♣❧❡ ✐♥ t❤❡ ❝❛s❡ ♦❢ ❛♥ ❛t♦♠✐❝
r❡♣r❡s❡♥t❛t✐♦♥ ♦♥❡ ❞❡❝♦♠♣♦s❡s t❤❡ ❢✉♥❝t✐♦♥ f ✐♥t♦ s♣❡❝✐❛❧ ❜✉✐❧❞✐♥❣ ❜❧♦❝❦s
f =
∑
j,m
λj,maj,m,
✇❤❡r❡ t❤❡s❡ ❜✉✐❧❞✐♥❣ ❜❧♦❝❦s aj,m ❛r❡ ✒♥✐❝❡✏ ❢✉♥❝t✐♦♥s ✇✐t❤ ❝♦♥✈❡♥✐❡♥t ♣r♦♣❡rt✐❡s s✉❝❤ ❛s
s♠♦♦t❤♥❡ss ♦r ❝♦♠♣❛❝t s✉♣♣♦rts✳ ❚❤❡♥ ❛❧❧ t❤❡ ✐♥❢♦r♠❛t✐♦♥ ❛❜♦✉t f ❛r❡ ✐♥ t❤❡ ❝♦❡✣❝✐❡♥ts
λj,m✱ s✉❝❤ t❤❛t t❤❡ q✉❡st✐♦♥ ❛❜♦✉t f ∈ Bsp,q(w) ❝❛♥ ❜❡ r❡❞✉❝❡❞ t♦ t❤❡ q✉❡st✐♦♥ λ =
(λj,m)j,m ∈ b¯sp,q(w)✱ ✇❤❡r❡ t❤❡ s❡q✉❡♥❝❡ s♣❛❝❡s b¯sp,q(w) ❛r❡ ♦❢ ℓp✲t②♣❡✳ ❆❧❧ t❤❡ ♣❛r❛♠❡t❡rs
s, p, q ♦❢ t❤❡ ❢✉♥❝t✐♦♥ s♣❛❝❡ ❛s ✇❡❧❧ ❛s t❤❡ ✇❡✐❣❤t ❤❛✈❡ ✐♥✢✉❡♥❝❡ ♦♥ t❤❡ q✉❛❧✐t② ♦❢ t❤❡
❛t♦♠s✳
❚❤❡ ✐❞❡❛ ♦❢ t❤❡ ❛t♦♠✐❝ ❞❡❝♦♠♣♦s✐t✐♦♥ ❢r♦♠ t❤❡ Bsp,q(R
n) ❛♥❞ F sp,q(R
n) ❢✉♥❝t✐♦♥ s♣❛❝❡s
❣♦❡s ❡ss❡♥t✐❛❧❧② ❜❛❝❦ t♦ ▼✳ ❋r❛③✐❡r ❛♥❞ ❇✳ ❏❛✇❡rt❤ ✐♥ t❤❡✐r s❡r✐❡s ♦❢ ♣❛♣❡rs ❬❋❏✽✺❪✱
❬❋❏✾✵❪✱ ❬❋❏❲✾✶❪✳ ❋♦r ❛ ❞❡t❛✐❧❡❞ ♦✈❡r✈✐❡✇ ❛❜♦✉t t❤❡ ❝♦♠♣❧❡① ❤✐st♦r② ♦❢ ❛t♦♠s ✐♥ ✈❛r✐♦✉s
❢✉♥❝t✐♦♥ s♣❛❝❡s ✇❡ r❡❢❡r t♦ ❬❚r✐✾✷✱ ❙❡❝t✐♦♥ ✶✳✾❪✳
❚❤❡ ❛t♦♠✐❝ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ ♦✉r ❞♦✉❜❧✐♥❣ ✇❡✐❣❤t❡❞ Bsp,q(w) ❛♥❞ F
s
p,q(w) s♣❛❝❡s ❝❛♥
❜❡ ❢♦✉♥❞ ✐♥ t❤❡ ♣❛♣❡rs ❬❇♦✇✵✺❪ ❛♥❞ ❬❇♦✇✵✼❪ ❜② ▼✳ ❇♦✇♥✐❦✱ s❡❡ ❙❡❝t✐♦♥ ✷✳✷✳
✶✽ ■♥tr♦❞✉❝t✐♦♥
❆t♦♠s ❤❛✈❡ ♥✐❝❡ ♣r♦♣❡rt✐❡s✱ ❢♦r ❡①❛♠♣❧❡✱ s✉✣❝✐❡♥t❧② ❤✐❣❤ s♠♦♦t❤♥❡ss✱ ❝♦♠♣❛❝t s✉♣✲
♣♦rt ❛♥❞ ♠♦♠❡♥t ❝♦♥❞✐t✐♦♥s✳ ❚❤❡ ❞✐s❛❞✈❛♥t❛❣❡ ♦❢ t❤❡ ❛t♦♠s ✐s t❤❛t t❤❡ r❡♣r❡s❡♥t❛t✐♦♥ ✐s
♥♦t ✉♥✐q✉❡✱ ✐✳❡✳✱ ❢♦r ❛ ✜①❡❞ ❢✉♥❝t✐♦♥ f ♦♥❡ ❝❛♥ ✜♥❞ ❞✐✛❡r❡♥t ❞❡❝♦♠♣♦s✐t✐♦♥s
f =
∑
j,m
λj,maj,m.
❖♥ t❤❡ ♦t❤❡r s✐❞❡ ♦♥❡ ❤❛s ♠♦r❡ ❢r❡❡❞♦♠ ❛t t❤❡ ❝❤♦✐❝❡ ♦❢ t❤❡ ❢✉♥❝t✐♦♥s aj,m s✐♥❝❡ t❤❡
str✉❝t✉r❡ ✐s ♥♦t ❝♦♠♣❧❡t❡❧② ✜①❡❞✳ ❙♦♠❡t✐♠❡s t❤✐s ✐s ❛❞✈❛♥t❛❣❡♦✉s✱ ❢♦r ❡①❛♠♣❧❡✱ ✐❢ ♦♥❡
✇♦r❦s ✇✐t❤ tr❛❝❡s✱ ❜❡❝❛✉s❡ t❤❡r❡ ♦♥❡ ❞♦❡s ♥♦t ♥❡❡❞ t❤❡ ✐s♦♠♦r♣❤✐s♠ ❜❡t✇❡❡♥ t❤❡ ❢✉♥❝t✐♦♥
s♣❛❝❡ ❛♥❞ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ s❡q✉❡♥❝❡ s♣❛❝❡✳ ❇✉t ✐❢ ♦♥❡ ✐s ✐♥t❡r❡st❡❞ ✐♥ ❡♠❜❡❞❞✐♥❣s✱ ❛s
✇❡ ❞♦✱ t❤❡♥ ✐t ✐s ❜❡tt❡r t♦ ✇♦r❦ ✇✐t❤ ✇❛✈❡❧❡t ✐s♦♠♦r♣❤✐s♠s✳ ❋♦r ♦✉r ♣✉r♣♦s❡ ✇❡ ❝♦♥s✐❞❡r
❝♦♠♣❛❝t❧② s✉♣♣♦rt❡❞ ❉❛✉❜❡❝❤✐❡s ✇❛✈❡❧❡ts✳ ❋♦r t❤❡ ❞❡✜♥✐t✐♦♥ ❛♥❞ t❤❡ ♥♦t❛t✐♦♥ ✇❡ r❡❢❡r
t♦ ❙❡❝t✐♦♥ ✷✳✶ ❛♥❞ t❤❡ st❛♥❞❛r❞ r❡❢❡r❡♥❝❡s ❨✳ ▼❡②❡r ❬▼❡②✾✷❪✱ ■✳ ❉❛✉❜❡❝❤✐❡s ❬❉❛✉✾✷❪
❛♥❞ P✳ ❲♦❥t❛s③❝③②❦ ❬❲♦❥✾✼❪✳
❖♥❡ ♣r♦♣❡rt② ♦❢ ✇❛✈❡❧❡ts ✐s t❤❛t t❤❡② ❝❛♥ ❛❧✇❛②s ❜❡ ❝♦♥s✐❞❡r❡❞ ❛s ❛t♦♠s✳ ■♥ ♦t❤❡r ✇♦r❞s✱
✐❢ ✇❡ ❤❛✈❡ ❛ ✇❛✈❡❧❡t ❝❤❛r❛❝t❡r✐③❛t✐♦♥✱ t❤❡♥ ✇❡ ❤❛✈❡ ❛❧s♦ ❛♥ ❛t♦♠✐❝ r❡♣r❡s❡♥t❛t✐♦♥✳ ■♥ t❤✐s
t❤❡s✐s ✇❡ ❞✐s❝✉ss ✐♥ ❙❡❝t✐♦♥ ✷✳✸ t❤❡ ❝♦♥✈❡rs❡ q✉❡st✐♦♥✱ t❤❛t ✐s✱ ✉♥❞❡r ✇❤✐❝❤ ✭❛❞❞✐t✐♦♥❛❧✮
❝♦♥❞✐t✐♦♥s ✇❡ ♦❜t❛✐♥ ❛ ✇❛✈❡❧❡t ✐s♦♠♦r♣❤✐s♠✱ ✇❤❡♥ ✇❡ ❤❛✈❡ ❛♥ ❛t♦♠✐❝ r❡♣r❡s❡♥t❛t✐♦♥✳
❋♦r t❤✐s ✇❡ ✐♥tr♦❞✉❝❡ ❛ ❝♦♠♣❧❡t❡❧② ♥❡✇ ❝♦♥❝❡♣t✱ t❤❡ s♦✲❝❛❧❧❡❞ κ−s❡q✉❡♥❝❡ s♣❛❝❡s✱ ❝❢✳
❉❡✜♥✐t✐♦♥ ✷✳✶✼✳ ❚❤❡ ❞❡✜♥✐t✐♦♥ ✐s ✈❡r② t❡❝❤♥✐❝❛❧ ❛♥❞ t✉r♥s ♦✉t ❢r♦♠ t❤❡ ♣r♦♦❢✳ ❚❤❡ ♠❛✐♥
t❤❡♦r❡♠ ❤❡r❡ ✐s t❤❡ ❢♦❧❧♦✇✐♥❣✳
▲❡t A(Rn) ❜❡ ❛♥ (✐s♦tr♦♣✐❝✱ ✐♥❤♦♠♦❣❡♥❡♦✉s) ❢✉♥❝t✐♦♥ s♣❛❝❡ ✇❤✐❝❤ ❝❛♥ ❜❡ r❡♣r❡s❡♥t❡❞
❜② ❛♥ L✲❛t♦♠✐❝ r❡♣r❡s❡♥t❛t✐♦♥✿ f ∈ S ′(Rn) ❜❡❧♦♥❣s t♦ A(Rn) ✐❢✱ ❛♥❞ ♦♥❧② ✐❢✱ ✐t ❝❛♥ ❜❡
r❡♣r❡s❡♥t❡❞ ❛s
f =
∑
j∈N0
∑
m∈Zn
µj,m aj,m, µ ∈ a(Rn), ✭✹✮
✉♥❝♦♥❞✐t✐♦♥❛❧ ❝♦♥✈❡r❣❡♥❝❡ ❜❡✐♥❣ ✐♥ S ′(Rn) ✇✐t❤
‖f |A(Rn)‖ ∼ inf ‖µ |a(Rn)‖ ✭✺✮
✇❤❡r❡ a(Rn) ✐s ❛ ❝♦rr❡s♣♦♥❞✐♥❣ s❡q✉❡♥❝❡ s♣❛❝❡ ❛♥❞ {aj,m} ❛r❡ L✲❛t♦♠s✳ ❚❤❡ ✐♥✜♠✉♠ ✐♥
✭✺✮ ✐s t❛❦❡♥ ♦✈❡r ❛❧❧ ❛❞♠✐ss✐❜❧❡ r❡♣r❡s❡♥t❛t✐♦♥s ✭✹✮✳
❆❞❞✐t✐♦♥❛❧❧② a(Rn) ✐s ❛ κ✲s❡q✉❡♥❝❡ s♣❛❝❡ ❛❝❝♦r❞✐♥❣ t♦ ❉❡✜♥✐t✐♦♥ ✷✳✶✼ ✇✐t❤ 0 < κ < L ∈ N✳
❚❤❡♥ f ∈ S ′(Rn) ❜❡❧♦♥❣s t♦ A(Rn) ✐❢✱ ❛♥❞ ♦♥❧② ✐❢✱ ✐t ❝❛♥ ❜❡ r❡♣r❡s❡♥t❡❞ ✐♥ t❡r♠s ♦❢ L✲
✇❛✈❡❧❡ts ❛s
f =
∑
m∈Zn
λmΨm +
∑
G∈G∗
∑
j∈N0
∑
m∈Zn
λj,Gm 2
−jn/2ΨjG,m, λ ∈ aw(Rn), ✭✻✮
✉♥❝♦♥❞✐t✐♦♥❛❧ ❝♦♥✈❡r❣❡♥❝❡ ❜❡✐♥❣ ✐♥ S ′(Rn)✳ ❚❤❡ r❡♣r❡s❡♥t❛t✐♦♥ ✭✻✮ ✐s ✉♥✐q✉❡✱
λj,Gm = λ
j,G
m (f) = 2
jn/2
(
f,ΨjG,m
)
, λm = λm(f) = (f,Ψm),
■♥tr♦❞✉❝t✐♦♥ ✶✾
m ∈ Zn✱ j ∈ N0✱ G ∈ G∗✱ ❛♥❞
I : f 7→ {λm(f), λj,Gm (f)}
✐s ❛♥ ✐s♦♠♦r♣❤✐❝ ♠❛♣ ♦❢ A(Rn) ♦♥t♦ aw(Rn)✱ ✇❤❡r❡ aw(Rn) ✐s t❤❡ ✇❛✈❡❧❡t ✈❡rs✐♦♥ ♦❢
a(Rn)✳
■♥ ❙❡❝t✐♦♥ ✷✳✸✳✹ ✇❡ s❤♦✇ t❤❛t t❤❡ ✇❡❧❧✲❦♥♦✇♥ ❛t♦♠✐❝ s❡q✉❡♥❝❡ s♣❛❝❡s b¯sp,q ❛♥❞ f¯
s
p,q ❢r♦♠
t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ✉♥✇❡✐❣❤t❡❞ ❢✉♥❝t✐♦♥ s♣❛❝❡s Bsp,q(R
n) ❛♥❞ F sp,q(R
n) ❛r❡ s✉❝❤ κ✲s❡q✉❡♥❝❡
s♣❛❝❡s✳ ❚❤❡ r❡❧❛t❡❞ ✇❛✈❡❧❡t ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ❢r♦♠ t❤❡ t❤❡♦r❡♠ ❛❜♦✈❡ ❝♦✐♥❝✐❞❡s ✇✐t❤ ✇❡❧❧✲
❦♥♦✇♥ r❡s✉❧ts✱ s❡❡ ❈♦r♦❧❧❛r② ✷✳✸✽✳
■♥ t❤❡ ❝❛s❡ ♦❢ ❞♦✉❜❧✐♥❣ ✇❡✐❣❤ts ✇❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ♦✉t❝♦♠❡ ✉s✐♥❣ ♦✉r ♥❡✇ ❛♣♣r♦❛❝❤✿
▲❡t 0 < p <∞✱ 0 < q ≤ ∞✱ s ∈ R ❛♥❞ w ❜❡ ❛ ❞♦✉❜❧✐♥❣ ✇❡✐❣❤t ✇✐t❤ ❞♦✉❜❧✐♥❣ ❝♦♥st❛♥t
γ✳ ❚❤❡♥ b¯sp,q(w) ✐s ❛ κ✲s❡q✉❡♥❝❡ s♣❛❝❡ ❢♦r ❛♥② κ
κ > max
(
s+
n
p
,
nγ
p
− s
)
,
❛♥❞ f¯ sp,q(w) ✐s ❛ κ✲s❡q✉❡♥❝❡ s♣❛❝❡ ❢♦r ❛♥② κ
κ > max(s, γ σp,q + (γ − 1)n− s, nγ
p
− s).
❚❤❡ r❡❧❛t❡❞ ✇❛✈❡❧❡t ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ ❈♦r♦❧❧❛r② ✷✳✹✶✿
▲❡t 0 < p <∞✱ 0 < q ≤ ∞✱ s ∈ R ❛♥❞ w ❜❡ ❛ ❞♦✉❜❧✐♥❣ ✇❡✐❣❤t ✇✐t❤ ❞♦✉❜❧✐♥❣ ❝♦♥st❛♥t
γ✳ ❲❡ ❛ss✉♠❡
L > max
(
s+
n
p
,
n
p
cn γ − s
)
.
❚❤❡♥ f ∈ S ′(Rn) ❜❡❧♦♥❣s t♦ Bsp,q(w) ✐❢✱ ❛♥❞ ♦♥❧② ✐❢✱ ✐t ❝❛♥ ❜❡ r❡♣r❡s❡♥t❡❞ ✐♥ t❡r♠s ♦❢
L✲✇❛✈❡❧❡ts ❛s
f =
∑
m∈Zn
λmΨm +
∑
G∈G∗
∑
j∈N0
∑
m∈Zn
λj,Gm 2
−jn/2ΨjG,m, λ ∈ bsp,q(w), ✭✼✮
✉♥❝♦♥❞✐t✐♦♥❛❧ ❝♦♥✈❡r❣❡♥❝❡ ❜❡✐♥❣ ✐♥ S ′(Rn)✳ ❚❤❡ r❡♣r❡s❡♥t❛t✐♦♥ ✭✼✮ ✐s ✉♥✐q✉❡✱
λj,Gm = λ
j,G
m (f) = 2
jn/2
(
f,ΨjG,m
)
, λm = λm(f) = (f,Ψm),
m ∈ Zn✱ j ∈ N0✱ G ∈ G∗✱ ❛♥❞
I : f 7→ {λm(f), λj,Gm (f)}
✐s ❛♥ ✐s♦♠♦r♣❤✐❝ ♠❛♣ ♦❢ Bsp,q(w) ♦♥t♦ b
s
p,q(w)✳
❚❤❡ r❡s✉❧ts ❢r♦♠ ❈❤❛♣t❡r ✷ ❛r❡ ❝♦♥t❛✐♥❡❞ ✐♥ ❛ ❥♦✐♥t ♣❛♣❡r ✇✐t❤ ❉✳ ❉✳ ❍❛r♦s❦❡ ❛♥❞
❍✳ ❚r✐❡❜❡❧✱ ❬❍❙❚✶✻❪✳
■♥ ❈❤❛♣t❡r ✸ ✇❡ ❞✐s❝✉ss ♥❡❝❡ss❛r② ❛♥❞ s✉✣❝✐❡♥t ❝♦♥❞✐t✐♦♥s ❢♦r ❝♦♥t✐♥✉♦✉s ❛♥❞ ❝♦♠♣❛❝t
❡♠❜❡❞❞✐♥❣s ❢♦r ❞♦✉❜❧✐♥❣ ✇❡✐❣❤t❡❞ ❇❡s♦✈ s♣❛❝❡s Bsp,q(w)✳ ❍❡r❡ ✇❡ ❢♦❧❧♦✇ t❤❡ ❛♣♣r♦❛❝❤ ❢r♦♠
✷✵ ■♥tr♦❞✉❝t✐♦♥
t❤❡ s❡r✐❡s ♦❢ ♣❛♣❡rs ❬❍❙✵✽✱ ❍❙✶✶❛✱ ❍❙✶✶❜❪ ❜② ❉✳ ❉✳ ❍❛r♦s❦❡ ❛♥❞ ▲✳ ❙❦r③②♣❝③❛❦✱
✇❤❡r❡ ❢✉♥❝t✐♦♥ s♣❛❝❡s ✇✐t❤ ▼✉❝❦❡♥❤♦✉♣t ✇❡✐❣❤ts ✇❡r❡ ❝♦♥s✐❞❡r❡❞✳ ❲❡ ✉s❡ t❤❡ t❡❝❤♥✐q✉❡
♦❢ ✇❛✈❡❧❡t ❝❤❛r❛❝t❡r✐③❛t✐♦♥✱ ✇❤✐❝❤ ✇❡ ♣r♦✈❡❞ ✐♥ ❈❤❛♣t❡r ✷✳ ❚❤✐s ❛❧❧♦✇s ✉s t♦ tr❛♥s❢♦r♠ t❤❡
♣r♦❜❧❡♠ ❢r♦♠ t❤❡ ❢✉♥❝t✐♦♥ s♣❛❝❡s t♦ t❤❡ s✐♠♣❧❡r ❝♦♥t❡①t ♦❢ t❤❡ s❡q✉❡♥❝❡ s♣❛❝❡s✳ ▼♦r❡♦✈❡r
✇❡ ❛♣♣❧② ❛♥ ❛ss❡rt✐♦♥ ❢♦r ❣❡♥❡r❛❧ ✇❡✐❣❤t❡❞ s❡q✉❡♥❝❡ s♣❛❝❡s ✇❤✐❝❤ ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ t❤❡ ♣❛♣❡r
❬❑▲❙❙✵✻❜❪ ❜② ❚✳ ❑ü❤♥✱ ❍✳✲●✳ ▲❡♦♣♦❧❞✱ ❲✳ ❙✐❝❦❡❧ ❛♥❞ ▲✳ ❙❦r③②♣❝③❛❦✳ ❚❤❡r❡❢♦r❡
✇❡ ♦❜t❛✐♥ s❤❛r♣ ❛♥❞ ♦♣t✐♠❛❧ ❝♦♥❞✐t✐♦♥s ❢♦r ❝♦♥t✐♥✉♦✉s ❛s ✇❡❧❧ ❛s ❝♦♠♣❛❝t ❡♠❜❡❞❞✐♥❣s✱
❝❢✳ ❚❤❡♦r❡♠ ✸✳✺✳ ❋♦r ❡①❛♠♣❧❡ ✐♥ t❤❡ ❝❛s❡ ♦❢ ❝♦♥t✐♥✉♦✉s ❡♠❜❡❞❞✐♥❣s ✇❡ ❤❛✈❡✿
▲❡t −∞ < s2 ≤ s1 < ∞✱ 0 < p1, p2 ≤ ∞✱ 0 < q1, q2 ≤ ∞ ❛♥❞ ❧❡t w1, w2 ❜❡ ❞♦✉❜❧✐♥❣
✇❡✐❣❤ts✳ ❚❤❡ ❡♠❜❡❞❞✐♥❣ Bs1p1,q1(w1) →֒ Bs2p2,q2(w2) ✐s ❝♦♥t✐♥✉♦✉s ✐❢✱ ❛♥❞ ♦♥❧② ✐❢✱{
2−j(s1−s2)
∥∥{w1(Qj,m)−1/p1w2(Qj,m)1/p2)}m |ℓp∗∥∥}j ∈ ℓq∗ ,
✇❤❡r❡ p∗ ❛♥❞ q∗ ❛r❡ ❣✐✈❡♥ ❜②
1
p∗
:=
(
1
p2
− 1
p1
)
+
,
1
q∗
:=
(
1
q2
− 1
q1
)
+
.
❆❧t❤♦✉❣❤ t❤❡ ❝♦♥❞✐t✐♦♥s ❢♦r t❤❡ ❡♠❜❡❞❞✐♥❣s ✐♥ ❚❤❡♦r❡♠ ✸✳✺ ❛r❡ s❤❛r♣ ❛♥❞ ♦♣t✐♠❛❧✱ ✇❡
❞✐s❝✉ss ❧❛t❡r ✐♥ t❤✐s ❝❤❛♣t❡r t✇♦ s♣❡❝✐❛❧ ❝❛s❡s ♦❢ t❤✐s ❣❡♥❡r❛❧ ❡♠❜❡❞❞✐♥❣ r❡s✉❧t✱ s✐♥❝❡ t❤❡
❝♦♥❞✐t✐♦♥s ❛r❡ ✈❡r② t❡❝❤♥✐❝❛❧ ❛♥❞ ❞✐✣❝✉❧t t♦ ♣r♦✈❡✳ ❍❡r❡ ✇❡ ♦❜t❛✐♥✱ ❢♦r ✐♥st❛♥❝❡✱ r❡s✉❧ts
♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ t②♣❡✿
❚❤❡ ❡♠❜❡❞❞✐♥❣ Bs1p1,q1(w) →֒ Bs2p2,q2 ✐s ❝♦♥t✐♥✉♦✉s✱ ✐❢
✭❛✮ inf
l∈Zn
w(Q0,l) ≥ c > 0,
✭❜✮
δ > np1 (γ − 1), ✐❢ q∗ <∞,δ ≥ n
p1
(γ − 1), ✐❢ q∗ =∞,
✭❝✮ p1 ≤ p2,
✇❤❡r❡ t❤❡ ❞✐✛❡r❡♥❝❡ ♦❢ t❤❡ ❞✐✛❡r❡♥t✐❛❧ ❞✐♠❡♥s✐♦♥s δ ✐s ❣✐✈❡♥ ❜②
δ = s1 − n
p1
− s2 + n
p2
.
❲❡ r❡❢❡r t♦ ❙❡❝t✐♦♥ ✸✳✸ ❛♥❞ ❙❡❝t✐♦♥ ✸✳✹ ❢♦r ❢✉rt❤❡r r❡s✉❧ts✳
❈❤❛♣t❡r ✹ ✐s ❞❡✈♦t❡❞ t♦ t❤❡ st✉❞② ♦❢ ❣r♦✇t❤ ❡♥✈❡❧♦♣❡ ❢✉♥❝t✐♦♥s✳ ❚❤❡ ❛✐♠ ✐s t♦ ❝❤❛r❛❝t❡✲
r✐③❡ t❤❡ s✐♥❣✉❧❛r✐t② ❜❡❤❛✈✐♦✉r ♦❢ ❢✉♥❝t✐♦♥s ❜❡❧♦♥❣✐♥❣ t♦ ❛ ❢✉♥❝t✐♦♥ s♣❛❝❡ X✱ ✐♥ ♣❛rt✐❝✉❧❛r✱
✇❤❡♥ t❤✐s s♣❛❝❡ ❝♦♥t❛✐♥s ❡ss❡♥t✐❛❧❧② ✉♥❜♦✉♥❞❡❞ ❢✉♥❝t✐♦♥s✳ ■♥ ♦r❞❡r t♦ ❝♦♠♣❛r❡ ✈❛r✐♦✉s
❢✉♥❝t✐♦♥s r❡❣❛r❞❧❡ss ♦❢ t❤❡ ❧♦❝❛t✐♦♥ ♦❢ t❤❡✐r s✐♥❣✉❧❛r✐t✐❡s ♦♥❡ ✉s❡s t❤❡ ♥♦♥✲✐♥❝r❡❛s✐♥❣ r❡❛r✲
r❛♥❣❡♠❡♥t f ∗ ♦❢ ❛ ❢✉♥❝t✐♦♥ f ✱ ✇❤✐❝❤ ♣✉ts t❤❡ s✐♥❣✉❧❛r✐t✐❡s ♦❢ f ✐♥t♦ 0✳ ❚❤✐s ❧❡❛❞s t♦ t❤❡
❣r♦✇t❤ ❡♥✈❡❧♦♣❡ ❢✉♥❝t✐♦♥s EX
G
❞❡✜♥❡❞ ❜②
EX
G
(t) := sup
f∈X,||f |X||≤1
f ∗(t), t > 0.
■♥tr♦❞✉❝t✐♦♥ ✷✶
❚❤✐s ❝♦♥❝❡♣t ✇❛s ✐♥tr♦❞✉❝❡❞ ❛♥❞ ✜rst st✉❞✐❡❞ ✐♥ ❬❚r✐✵✶❪ ❛♥❞ ❬❍❛r✵✷❪✳ ❋♦r ❞❡t❛✐❧❡❞ ✐♥✲
❢♦r♠❛t✐♦♥ ❛❜♦✉t ❣r♦✇t❤ ❡♥✈❡❧♦♣❡s ❛♥❞ ♠♦r❡ ❣❡♥❡r❛❧ ❛♣♣r♦❛❝❤❡s ✇❡ r❡❢❡r t♦ t❤❡ ❜♦♦❦
❬❍❛r✵✼❪ ❜② ❉✳ ❉✳ ❍❛r♦s❦❡✳ ❚❤❡r❡ ♦♥❡ ✜♥❞s ❛♠♦♥❣ ♦t❤❡rs t❤❡ r❡s✉❧ts ❢♦r t❤❡ ❝❧❛sss✐❝❛❧
✭✉♥✇❡✐❣❤t❡❞✮ ❇❡s♦✈✲❚r✐❡❜❡❧✲▲✐③♦r❦✐♥ s♣❛❝❡s Bsp,q(R
n) ❛♥❞ F sp,q(R
n)✳ ■♥ ❬❙❦❛✶✵❪ ✇❡ ❛❧r❡❛✲
❞② ❞❡❛❧t ✇✐t❤ ❣r♦✇t❤ ❡♥✈❡❧♦♣❡ ❢✉♥❝t✐♦♥s ✐♥ ▼✉❝❦❡♥❤♦✉♣t ✇❡✐❣❤t❡❞ Bsp,q(w) ❛♥❞ F
s
p,q(w)
s♣❛❝❡s✳ ❋♦r ❛♥ ❡①t❡♥s✐✈❡ ♦✈❡r✈✐❡✇ ❛❜♦✉t t❤❡ r❡s✉❧ts ✐♥ t❤❡ ❝♦♥t❡①t ♦❢ ▼✉❝❦❡♥❤♦✉♣t ✇❡✐❣❤✲
t❡❞ ❇❡s♦✈✲❚r✐❡❜❡❧✲▲✐③♦r❦✐♥ s♣❛❝❡s ✇❡ r❡❢❡r t♦ t❤❡ ♣❛♣❡r ❬❍❛r✶✵❪ ❜② ❉✳ ❉✳ ❍❛r♦s❦❡✳ ❖✉r
♠❛✐♥ r❡s✉❧ts✱ ❢♦r ✐♥st❛♥❝❡ ❢♦r t❤❡ ❇❡s♦✈ s♣❛❝❡s✱ ❤❡r❡ ❛r❡ t❤❡ ❢♦❧❧♦✇✐♥❣✿
▲❡t 0 < p <∞✱ 0 < q ≤ ∞✱ s ∈ R ❛♥❞ w ❜❡ ❞♦✉❜❧✐♥❣✳ ❲❡ ❛ss✉♠❡
max(
n
p
− n, 0) + n
p
(γ − 1) < s < n
p
γ ❛♥❞ inf
l∈Zn
w(Q0,l) ≥ cw > 0.
❚❤❡♥ ✇❡ ❤❛✈❡ ❢♦r t❤❡ ❡st✐♠❛t❡ ❢r♦♠ ❛❜♦✈❡
EBsp,q(w)
G
(t) ≤ c t− γp+ sn , t→ 0,
❛♥❞ ❢♦r t❤❡ ❡st✐♠❛t❡ ❢r♦♠ ❜❡❧♦✇
EBsp,q(w)
G
(t) ≥ c t− 1p+ sn sup
x0∈Rn,t∼2−jn
(w(B(x0, 2−j))
|B(x0, 2−j)|
)−1/p
, t→ 0,
❝❢✳ Pr♦♣♦s✐t✐♦♥ ✹✳✶✸ ❛♥❞ Pr♦♣♦s✐t✐♦♥ ✹✳✶✹✳
■♥ ❬❍❛r✶✵❪ ♦♥❡ ✜♥❞s s✐♠✐❧❛r r❡s✉❧ts ❢♦r ❜♦t❤ ❡st✐♠❛t❡s ❢r♦♠ ❛❜♦✈❡ ❛♥❞ ❢r♦♠ ❜❡❧♦✇ ❢♦r
EBsp,q(w)
G
(t)✱ t → 0✱ ✐❢ w ✐s ❛ ❣❡♥❡r❛❧ ▼✉❝❦❡♥❤♦✉♣t ✇❡✐❣❤t✱ s❡❡ ❬❍❛r✶✵✱ Pr♦♣✳ ✹✳✸✳✱ Pr♦♣✳
✹✳✶✷✳ ❛♥❞ ❘❡♠✳ ✹✳✶✹✳❪✳ ❚❤✐s ✐s ♥♦t s✉r♣r✐s✐♥❣✱ s✐♥❝❡ ✇❡ ❞♦ ♥♦t ✉s❡ ✇❡✐❣❤t✲s♣❡❝✐✜❝ ♣r♦♣❡rt✐❡s
❡①❝❡♣t ❢♦r t❤❡ ❡♠❜❡❞❞✐♥❣ r❡s✉❧t ❛♥❞ t❤❡ ❛t♦♠✐❝ ❞❡❝♦♠♣♦s✐t✐♦♥✱ ❜✉t t❤❡r❡ ✇❡ ❤❛✈❡ ❛❧s♦
s✐♠✐❧❛r r❡s✉❧ts ❛s ✐♥ t❤❡ ▼✉❝❦❡♥❤♦✉♣t ❝❛s❡✳ ❍♦✇❡✈❡r✱ ♥♦t❤✐♥❣ ✇❛s ❦♥♦✇♥ s♦ ❢❛r ✐♥ ❝❛s❡
♦❢ ✭❣❡♥❡r❛❧✮ ❞♦✉❜❧✐♥❣ ✇❡✐❣❤ts✳ ❖♥❡ ❝❛♥ t❤✐♥❦ ♦❢ ❢✉rt❤❡r ❛♣♣❧✐❝❛t✐♦♥s ♦❢ t❤♦s❡ r❡s✉❧ts✱ ❜✉t
t❤✐s ✐s ♣♦st♣♦♥❡❞ t♦ ❢✉t✉r❡ r❡s❡❛r❝❤✳

✶ ❲❡✐❣❤t❡❞ ❋✉♥❝t✐♦♥ ❙♣❛❝❡s
✶✳✶ Pr❡❧✐♠✐♥❛r✐❡s
■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ❝♦❧❧❡❝t s♦♠❡ ♥♦t❛t✐♦♥✱ ✇❤✐❝❤ r❡♠❛✐♥ ✜①❡❞ t❤r♦✉❣❤♦✉t t❤✐s ✇♦r❦✳ ❇② N
✇❡ ♠❡❛♥ t❤❡ s❡t ♦❢ ♥❛t✉r❛❧ ♥✉♠❜❡rs ❛♥❞ ❜② N0 t❤❡ s❡t N∪{0}✳ Rn ❞❡♥♦t❡s t❤❡ ❊✉❝❧✐❞❡❛♥
n−s♣❛❝❡✱ ✇❤❡r❡ n ∈ N✱ ❛♥❞ C ❞❡♥♦t❡s t❤❡ ❝♦♠♣❧❡① ♣❧❛♥❡✳ ❆s ✉s✉❛❧ Zn✱ ✇❤❡r❡ n ∈ N✱
✐s t❤❡ ❝♦❧❧❡❝t✐♦♥ ♦❢ ❛❧❧ ❧❛tt✐❝❡ ♣♦✐♥ts ✐♥ Rn ❤❛✈✐♥❣ ✐♥t❡❣❡r ❝♦♠♣♦♥❡♥ts✳ ▲❡t Nn0 ✱ ✇❤❡r❡
n ∈ N✱ ❜❡ t❤❡ s❡t ♦❢ ❛❧❧ ♠✉❧t✐✲✐♥❞✐❝❡s✱ α = (α1, . . . , αn) ✇✐t❤ αj ∈ N0 ❛♥❞ |α| =
∑n
j=1 αj✳
■❢ x = (x1, . . . , xn) ∈ Rn ❛♥❞ α = (α1, . . . , αn) ∈ Nn0 t❤❡♥ ✇❡ ♣✉t xα = xα11 · · · xαnn
✭♠♦♥♦♠✐❛❧s✮✳ ❚❤❡ ♣♦s✐t✐✈❡ ♣❛rt ♦❢ ❛ r❡❛❧ ❢✉♥❝t✐♦♥ f ✐s ❞❡♥♦t❡❞ ❜② f+(x) = max(f(x), 0)
❛♥❞ t❤❡ ✐♥t❡❣❡r ♣❛rt ♦❢ a ∈ R ❜② ⌊a⌋ = max{k ∈ Z : k ≤ a}✳ ■❢ 0 < u ≤ ∞✱ t❤❡ ♥✉♠❜❡r
u′ ✐s ❣✐✈❡♥ ❜② 1
u′
= (1− 1
u
)+✳ ❋♦r t✇♦ ♥♦♥✲♥❡❣❛t✐✈❡ ❢✉♥❝t✐♦♥s φ✱ ψ ✇❡ ♠❡❛♥ ❜② φ(t) ∼ ψ(t)
t❤❛t t❤❡r❡ ❡①✐st ❝♦♥st❛♥ts c1, c2 > 0 s✉❝❤ t❤❛t c1φ(t) ≤ ψ(t) ≤ c2φ(t) ❢♦r ❛❧❧ ❛❞♠✐tt❡❞
✈❛❧✉❡s ♦❢ t✳ ▼♦r❡♦✈❡r φ(t) . ψ(t) st❛♥❞s ❢♦r t❤❛t t❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t c > 0 s✉❝❤ t❤❛t
φ(t) ≤ c ψ(t) ❢♦r ❛❧❧ ❛❞♠✐tt❡❞ ✈❛❧✉❡s ♦❢ t✳ ●✐✈❡♥ t✇♦ ✭q✉❛s✐✲✮ ❇❛♥❛❝❤ s♣❛❝❡s X ❛♥❞ Y ✱ ✇❡
✇r✐t❡ X →֒ Y ✐❢ X ⊂ Y ❛♥❞ t❤❡ ♥❛t✉r❛❧ ❡♠❜❡❞❞✐♥❣ ♦❢ X ✐♥ Y ✐s ❝♦♥t✐♥✉♦✉s✳
▲❡t ❢♦r m ∈ Zn ❛♥❞ j ∈ N0✱ Qj,m ❞❡♥♦t❡ t❤❡ n✲❞✐♠❡♥s✐♦♥❛❧ ✭♦♣❡♥✮ ❝✉❜❡ ✇✐t❤ s✐❞❡s
♣❛r❛❧❧❡❧ t♦ t❤❡ ❛①❡s ♦❢ ❝♦♦r❞✐♥❛t❡s✱ ❝❡♥tr❡❞ ❛t 2−jm ❛♥❞ ✇✐t❤ s✐❞❡ ❧❡♥❣t❤ 2−j✳ ❖❝❝❛s✐♦♥❛❧❧②
✇❡ s❤❛❧❧ ❛❧s♦ ❞❡❛❧ ✇✐t❤ n✲❞✐♠❡♥s✐♦♥❛❧ ✭♦♣❡♥✮ ❝✉❜❡s Q = Q(x, l) ✇✐t❤ s✐❞❡s ♣❛r❛❧❧❡❧ t♦ t❤❡
❛①❡s ♦❢ ❝♦♦r❞✐♥❛t❡s✱ ❝❡♥tr❡❞ ❛t x ❛♥❞ ✇✐t❤ s✐❞❡ ❧❡♥❣t❤ l✳ ❚❤❡♥ 2 Q st❛♥❞s ❢♦r t❤❡ ❝✉❜❡
❝❡♥tr❡❞ ❛t x ❛♥❞ ✇✐t❤ ❞♦✉❜❧❡❞ s✐❞❡✲❧❡♥❣t❤ 2 l✱ ✐✳❡✳✱ 2Q = Q(x, 2 l)✳ ❋♦r x ∈ Rn ❛♥❞ r > 0✱
❧❡t B(x, r) ❞❡♥♦t❡ t❤❡ ♦♣❡♥ ❜❛❧❧ B(x, r) = {y ∈ Rn : |y − x| < r}✳
❆❧❧ ✉♥✐♠♣♦rt❛♥t ♣♦s✐t✐✈❡ ❝♦♥st❛♥ts ✇✐❧❧ ❜❡ ❞❡♥♦t❡❞ ❜② c✱ ♦❝❝❛s✐♦♥❛❧❧② ✇✐t❤ s✉❜s❝r✐♣ts✳
❋♦r ❝♦♥✈❡♥✐❡♥❝❡✱ ❧❡t ❜♦t❤ dx ❛♥❞ | · | st❛♥❞ ❢♦r t❤❡ ✭n✲❞✐♠❡♥s✐♦♥❛❧✮ ▲❡❜❡s❣✉❡ ♠❡❛s✉r❡
✐♥ t❤❡ s❡q✉❡❧✳ ❚❤❡ ❝❤❛r❛❝t❡r✐st✐❝ ❢✉♥❝t✐♦♥ ♦❢ ❛ ♠❡❛s✉r❛❜❧❡ s❡t Ω ✐s ❞❡♥♦t❡❞ ❜② χΩ✳ ❋♦r
❛♥② ♠❡❛s✉r❛❜❧❡ s✉❜s❡t Ω ⊂ Rn t❤❡ ▲❡❜❡s❣✉❡ s♣❛❝❡ Lp(Ω), 0 < p ≤ ∞✱ ❝♦♥s✐sts ♦❢ ❛❧❧
♠❡❛s✉r❛❜❧❡ ❢✉♥❝t✐♦♥s ❢♦r ✇❤✐❝❤
‖f |Lp(Ω)‖ =
(∫
Ω
|f(x)|p dx
)1/p
✭✶✳✶✮
✐s ✜♥✐t❡✱ ✇❤❡r❡ ✇❡ ✉s❡ ✐♥ t❤❡ ❧✐♠✐t✐♥❣ ❝❛s❡ p =∞ t❤❡ ✉s✉❛❧ ♠♦❞✐✜❝❛t✐♦♥ ✇✐t❤ t❤❡ ❡ss❡♥t✐❛❧
✷✹ ✶✳ ❲❡✐❣❤t❡❞ ❋✉♥❝t✐♦♥ ❙♣❛❝❡s
s✉♣r❡♠✉♠
‖f |L∞(Ω)‖ = ess sup
x∈Ω
|f(x)|.
❚❛❦✐♥❣ Ω = N,Z ♦r Ω = {1, . . . , n} ❛♥❞ r❡♣❧❛❝✐♥❣ t❤❡ ▲❡❜❡s❣✉❡ ♠❡❛s✉r❡ ❜② t❤❡ ❝♦✉♥t✐♥❣
♠❡❛s✉r❡ ♣r♦❞✉❝❡s ▲❡❜❡s❣✉❡ s❡q✉❡♥❝❡ s♣❛❝❡s ❞❡♥♦t❡❞ ❛s ✉s✉❛❧ ❜② ℓp ❛♥❞ ℓnp ✱ r❡s♣❡❝t✐✈❡❧②✳
■♥ t❤❡ s❡q✉❡❧ ✇❡ s❤❛❧❧ ❛❧✇❛②s ❞❡❛❧ ✇✐t❤ ❢✉♥❝t✐♦♥ s♣❛❝❡s ♦♥ Rn✱ ✇❡ ♠❛② ♦❢t❡♥ ♦♠✐t t❤❡ ❵Rn✬
❢r♦♠ t❤❡✐r ♥♦t❛t✐♦♥ ❢♦r ❝♦♥✈❡♥✐❡♥❝❡✳
▲❡t C(Rn) ❜❡ t❤❡ s♣❛❝❡ ♦❢ ❛❧❧ ❝♦♠♣❧❡①✲✈❛❧✉❡❞ ❜♦✉♥❞❡❞ ✉♥✐❢♦r♠❧② ❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥s
♦♥ Rn✱ ❡q✉✐♣♣❡❞ ✇✐t❤ t❤❡ s✉♣r❡♠✉♠ ♥♦r♠
‖f |C(Rn)‖ = sup
x∈Rn
|f(x)|.
❋♦r m ∈ N✱ Cm(Rn) ❞❡♥♦t❡s t❤❡ ❝♦❧❧❡❝t✐♦♥ ♦❢ ❛❧❧ ❝♦♠♣❧❡①✲✈❛❧✉❡❞ ❢✉♥❝t✐♦♥s f ✇❤✐❝❤ ❤❛✈❡
❜♦✉♥❞❡❞ ❝♦♥t✐♥✉♦✉s ❞❡r✐✈❛t✐✈❡s Dαf ♦♥ Rn ❢♦r ❛❧❧ |α| ≤ m✱ ✐✳❡✳
Cm(Rn) = {f : Rn 7→ C | Dαf ∈ C(Rn) ❢♦r ❛❧❧ |α| ≤ m} .
Cm(Rn) ✐s ❡q✉✐♣♣❡❞ ✇✐t❤ t❤❡ ♥♦r♠
‖f |Cm(Rn)‖ =
∑
|α|≤m
‖Dαf |C(Rn)‖.
■♥ ❛❞❞✐t✐♦♥ ✇❡ ❞❡♥♦t❡ ❜② C∞(Rn) t❤❡ ❝❧❛ss ♦❢ ❛❧❧ ✐♥✜♥✐t❡❧② ❞✐✛❡r❡♥t✐❛❜❧❡ ❢✉♥❝t✐♦♥s f
♠❛♣♣✐♥❣ ❢r♦♠ Rn t♦ C✳
D(Rn) ♦r C∞0 (Rn)✱ r❡s♣❡❝t✐✈❡❧②✱ ❞❡♥♦t❡s t❤❡ s♣❛❝❡ ♦❢ ❛❧❧ C∞ ❢✉♥❝t✐♦♥s ✇✐t❤ ❝♦♠♣❛❝t
s✉♣♣♦rt✳ ❚❤❡ s♣❛❝❡ ♦❢ ❝♦♥t✐♥✉♦✉s ❧✐♥❡❛r ❢✉♥❝t✐♦♥❛❧s ♦♥ D(Rn) ✇✐❧❧ ❜❡ ❞❡♥♦t❡❞ ❜② D′(Rn)✱
t❤❡ s♣❛❝❡ ♦❢ ❞✐str✐❜✉t✐♦♥s ❛♥❞ t❤❡ t♦♣♦❧♦❣✐❝❛❧ ❞✉❛❧ ♦❢ D(Rn) ✳ ❚❤❡ ❙❝❤✇❛rt③ s♣❛❝❡ ♦❢
❛❧❧ ❝♦♠♣❧❡①✲✈❛❧✉❡❞✱ r❛♣✐❞❧② ❞❡❝r❡❛s✐♥❣ C∞ ❢✉♥❝t✐♦♥s ♦♥ Rn ✐s ❞❡♥♦t❡❞ ❜② S(Rn) ❛♥❞ ✐s
❡♥❞♦✇❡❞ ✇✐t❤ t❤❡ s❡♠✐✲♥♦r♠s
||ϕ||k,l := sup
x∈Rn
(1 + |x|)k
∑
|α|≤l
|Dαϕ(x)|, ∀ k, l ∈ N0, ✭✶✳✷✮
✇❤❡r❡ ϕ ∈ S(Rn)✳ ❚❤❡ t♦♣♦❧♦❣✐❝❛❧ ❞✉❛❧ ♦❢ S(Rn) ✐s ❞❡♥♦t❡❞ ❜② S ′(Rn)✱ t❤❡ s♣❛❝❡ ♦❢ ❛❧❧
❝♦♠♣❧❡①✲✈❛❧✉❡❞ t❡♠♣❡r❡❞ ❞✐str✐❜✉t✐♦♥s ♦♥ Rn✳
❲❡ ❞❡✜♥❡ t❤❡ ❋♦✉r✐❡r tr❛♥s❢♦r♠ ♦❢ ❛ ❢✉♥❝t✐♦♥ f ∈ S(Rn) ❜②
Ff(ξ) = (2π)−n/2
∫
Rn
f(x)e−ixξ dx, ξ ∈ Rn,
❛♥❞ t❤❡ ✐♥✈❡rs❡ ❋♦✉r✐❡r tr❛♥s❢♦r♠ ❜②
F−1f(ξ) = (2π)−n/2
∫
Rn
f(x)eixξ dx, ξ ∈ Rn.
❚❤❡ ❋♦✉r✐❡r tr❛♥s❢♦r♠ ✐s ❛ ♦♥❡ t♦ ♦♥❡ ♠❛♣♣✐♥❣ ❢r♦♠ S(Rn) ♦♥t♦ S(Rn)✳ ▼♦r❡♦✈❡r✱
F−1(Ff) = f ✱ f ∈ S(Rn)✳ ❇♦t❤ F ❛♥❞ F−1 ❛r❡ ❡①t❡♥❞❡❞ t♦ S ′(Rn) ✐♥ t❤❡ st❛♥❞❛r❞
✇❛②✳
✶✳✷ ❲❡✐❣❤ts ✷✺
✶✳✷ ❲❡✐❣❤ts
❇② ❛ ✇❡✐❣❤t w ✇❡ s❤❛❧❧ ❛❧✇❛②s ♠❡❛♥ ❛ ❧♦❝❛❧❧② ✐♥t❡❣r❛❜❧❡ ❛♥❞ ♣♦s✐t✐✈❡ ❛✳❡✳ ❢✉♥❝t✐♦♥ w ♦♥
Rn✱ ✐♥ t❤❡ s❡q✉❡❧✳ ❚♦ ♣r❡✈❡♥t tr✐✈✐❛❧✐t✐❡s ✇❡ ❛ss✉♠❡ ❛❧✇❛②s t❤❛t w ✐s ♥♦♥③❡r♦✳ ❆s ✉s✉❛❧✱
✇❡ ✉s❡ t❤❡ ❛❜❜r❡✈✐❛t✐♦♥
w(Ω) =
∫
Ω
w(x) dx, ✭✶✳✸✮
✇❤❡r❡ Ω ⊂ Rn ✐s s♦♠❡ ❜♦✉♥❞❡❞✱ ♠❡❛s✉r❛❜❧❡ s❡t✳
❋♦r s✉❝❤ ❛ ✇❡✐❣❤t w ✇❡ ❡①t❡♥❞ t❤❡ ✉s✉❛❧ ▲❡❜❡s❣✉❡ s♣❛❝❡ Lp(Rn)✱ 0 < p ≤ ∞✱ ✇✐t❤ t❤❡
✇❡✐❣❤t❡❞ Lp✲♥♦r♠✱
‖f |Lp(Rn, w)‖ =
(∫
Rn
|f(x)|pw(x) dx
)1/p
, ✭✶✳✹✮
✇✐t❤ t❤❡ ✉s✉❛❧ ♠♦❞✐✜❝❛t✐♦♥ ❢♦r p =∞✱ ❛♥❞ ♦❜t❛✐♥ t❤❡ ✇❡✐❣❤t❡❞ ▲❡❜❡s❣✉❡ s♣❛❝❡ Lp(w) =
Lp(R
n, w)✱ 0 < p ≤ ∞✳
❲❡ ❛r❡ ♠❛✐♥❧② ✐♥t❡r❡st❡❞ ✐♥ ❞♦✉❜❧✐♥❣ ✇❡✐❣❤ts✱ ❜✉t ❢♦r ❧❛t❡r ✉s❡ ✇❡ ❜r✐❡✢② r❡❝❛❧❧✱ ✐♥
❛❞❞✐t✐♦♥✱ t❤❡ ♥♦t✐♦♥ ♦❢ ▼✉❝❦❡♥❤♦✉♣t ✇❡✐❣❤ts ❛♥❞ s♦♠❡ ♦❢ t❤❡✐r ❝❤❛r❛❝t❡r✐st✐❝ ❢❡❛t✉r❡s✳
✶✳✷✳✶ ▼✉❝❦❡♥❤♦✉♣t ✇❡✐❣❤ts
❚❤❡ ♣✉r♣♦s❡ ♦❢ t❤✐s s❡❝t✐♦♥ ✐s t♦ r❡✈✐❡✇ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ▼✉❝❦❡♥❤♦✉♣t ✇❡✐❣❤ts ❛♥❞ t❤❡
❝♦❧❧❡❝t✐♦♥ ♦❢ s♦♠❡ ❦♥♦✇♥ ♣r♦♣❡rt✐❡s✳ ❋♦r ♠♦r❡ ✐♥❢♦r♠❛t✐♦♥ ❛❜♦✉t ▼✉❝❦❡♥❤♦✉♣t ✇❡✐❣❤ts
✇❡ r❡❢❡r ❢♦r ❡①❛♠♣❧❡ t♦ ❬❉✉♦✵✶✱ ●❈❘❞❋✽✺✱ ❙t❡✾✸✱ ❙❚✽✾✱ ❚♦r✽✻❪✳
❋♦r ❛ ❧♦❝❛❧❧② ✐♥t❡❣r❛❜❧❡ ❢✉♥❝t✐♦♥ f t❤❡ ❍❛r❞②✲▲✐tt❧❡✇♦♦❞ ♠❛①✐♠❛❧ ♦♣❡r❛t♦r M ✐s ❣✐✈❡♥
❜②
(Mf)(x) = sup
B(x,r)∈B
1
|B(x, r)|
∫
B(x,r)
|f(y)| dy, x ∈ Rn, ✭✶✳✺✮
✇❤❡r❡ ❤❡r❡ B ✐s t❤❡ ❝♦❧❧❡❝t✐♦♥ ♦❢ ❛❧❧ ♦♣❡♥ ❜❛❧❧s B(x, r) ❝❡♥tr❡❞ ❛t x ∈ Rn✱ r > 0✳ ❙♦♠❡t✐♠❡s
✇❡ ✇✐❧❧ ✉s❡ t❤❡ ♠❛①✐♠❛❧ ♦♣❡r❛t♦r ✇✐t❤ ❝✉❜❡s ✐♥st❡❛❞ ♦❢ ❜❛❧❧s✳ ❙♦ ✇❡ ❞❡✜♥❡
(M′f)(x) = sup
Q∋x
1
|Q|
∫
Q
|f(y)| dy, ✭✶✳✻✮
✇❤❡r❡ t❤❡ s✉♣r❡♠✉♠ ✐s t❛❦❡♥ ♦✈❡r ❛❧❧ ❝✉❜❡s ❝♦♥t❛✐♥✐♥❣ x✳ ❚❤❡r❡ ❡①✐st ❝♦♥st❛♥ts cn ❛♥❞
Cn✱ ❞❡♣❡♥❞✐♥❣ ♦♥❧② ♦♥ n✱ s✉❝❤ t❤❛t
cn (M′f)(x) ≤ (Mf)(x) ≤ Cn (M′f)(x). ✭✶✳✼✮
❇❡❝❛✉s❡ ♦❢ ✐♥❡q✉❛❧✐t② ✭✶✳✼✮✱ t❤❡ t✇♦ ♦♣❡r❛t♦rs M ❛♥❞ M′ ❛r❡ ✐♥t❡r❝❤❛♥❣❡❛❜❧❡✱ ❛♥❞ ✇❡
✇✐❧❧ ✉s❡ ✇❤✐❝❤❡✈❡r ✐s ♠♦r❡ ❛♣♣r♦♣r✐❛t❡✱ ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ❝✐r❝✉♠st❛♥❝❡s✳ ❆❧t❡r♥❛t✐✈❡❧②✱
♦♥❡ ❝♦✉❧❞ ❞❡✜♥❡ ❝❡♥t❡r❡❞ ✈❡rs✐♦♥s ♦❢ t❤❡ ♠❛①✐♠❛❧ ❢✉♥❝t✐♦♥s ✇✐t❤ ❝❡♥t❡r❡❞ ❜❛❧❧s ❛♥❞ ❝✉❜❡s✱
r❡s♣❡❝t✐✈❡❧②✳ ❍♦✇❡✈❡r ✇❡ ❞♦ ♥♦t ✇❛♥t t♦ ❞✐st✐♥❣✉✐s❤ ❜❡t✇❡❡♥M ❛♥❞M′ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣✳
✷✻ ✶✳ ❲❡✐❣❤t❡❞ ❋✉♥❝t✐♦♥ ❙♣❛❝❡s
■t ✐s ✇❡❧❧✲❦♥♦✇♥ t❤❛t t❤❡ ▼✉❝❦❡♥❤♦✉♣t ✇❡✐❣❤t ❝❧❛ss ✐s ❝❧♦s❡❧② ❝♦♥♥❡❝t❡❞ ✇✐t❤ t❤❡
❜♦✉♥❞❡❞♥❡ss ♦❢ t❤✐s ♦♣❡r❛t♦r M ❛❝t✐♥❣ ✐♥ ✇❡✐❣❤t❡❞ ▲❡❜❡s❣✉❡ s♣❛❝❡s✱ Lp(w)✱∫
Rn
|(Mf)(x)|pw(x) dx ≤ A
∫
Rn
|f(x)|pw(x) dx, ✭✶✳✽✮
❢♦r s♦♠❡ p✱ 1 < p < ∞✳ ▼♦r❡♦✈❡r t❤❡r❡ ❡①✐st ❛ ❧♦t ♦❢ ❝❤❛r❛❝t❡r✐③❛t✐♦♥s ♦❢ ▼✉❝❦❡♥❤♦✉♣t
✇❡✐❣❤ts✳ ❲❡ ✉s❡ ❤❡r❡ t❤❡ st❛♥❞❛r❞ ❞❡✜♥✐t✐♦♥✱ ✇❤✐❝❤ ❤❛s ❜❡❡♥ ♣r♦✈❡❞ ❛s ✈❡r② ✉s❡❢✉❧ ✐♥ t❤❡
❧❛st ②❡❛rs✳
❉❡✜♥✐t✐♦♥ ✶✳✶✳ ▲❡t w ❜❡ ❛ ✇❡✐❣❤t ♦♥ Rn✳
✭✐✮ ❚❤❡♥ w ❜❡❧♦♥❣s t♦ t❤❡ ▼✉❝❦❡♥❤♦✉♣t ❝❧❛ss Ap✱ 1 < p <∞✱ ✐❢ t❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t
0 < A <∞ s✉❝❤ t❤❛t ❢♦r ❛❧❧ ❜❛❧❧s B t❤❡ ❢♦❧❧♦✇✐♥❣ ✐♥❡q✉❛❧✐t② ❤♦❧❞s(
1
|B|
∫
B
w(x) dx
)
·
(
1
|B|
∫
B
w(x)−p
′/p dx
)p/p′
≤ A. ✭✶✳✾✮
❚❤❡ s♠❛❧❧❡st s✉❝❤ A ✐s ❝❛❧❧❡❞ t❤❡ ▼✉❝❦❡♥❤♦✉♣t ❝♦♥st❛♥t Ap = Ap(w)✳
✭✐✐✮ ❚❤❡♥ w ❜❡❧♦♥❣s t♦ t❤❡ ▼✉❝❦❡♥❤♦✉♣t ❝❧❛ss A1 ✐❢ t❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t 0 < A <∞
s✉❝❤ t❤❛t t❤❡ ✐♥❡q✉❛❧✐t②
(Mw)(x) ≤ Aw(x) ✭✶✳✶✵✮
❤♦❧❞s ❢♦r ❛❧♠♦st ❛❧❧ x ∈ Rn✳ ❚❤❡ s♠❛❧❧❡st s✉❝❤ A ✐s ❝❛❧❧❡❞ t❤❡ ▼✉❝❦❡♥❤♦✉♣t ❝♦♥st❛♥t
A1 = A1(w)✳
✭✐✐✐✮ ❚❤❡ ▼✉❝❦❡♥❤♦✉♣t ❝❧❛ss A∞ ✐s ❣✐✈❡♥ ❜②
A∞ =
⋃
p>1
Ap. ✭✶✳✶✶✮
❙✐♥❝❡ t❤❡ ♣✐♦♥❡❡r✐♥❣ ✇♦r❦ ♦❢▼✉❝❦❡♥❤♦✉♣t ❬▼✉❝✼✷❛✱ ▼✉❝✼✷❜✱ ▼✉❝✼✹❪✱ t❤❡s❡ ❝❧❛ss❡s
♦❢ ✇❡✐❣❤t ❢✉♥❝t✐♦♥s ❤❛✈❡ ❜❡❡♥ st✉❞✐❡❞ ✐♥ ❣r❡❛t ❞❡t❛✐❧✱ ✇❡ r❡❢❡r✱ ✐♥ ♣❛rt✐❝✉❧❛r✱ t♦ t❤❡ ♠♦✲
♥♦❣r❛♣❤s ❬❉✉♦✵✶✱ ●❈❘❞❋✽✺✱ ❙t❡✾✸✱ ❙❚✽✾✱ ❚♦r✽✻❪ ❢♦r ❛ ❝♦♠♣❧❡t❡ ❛❝❝♦✉♥t ♦♥ t❤❡ t❤❡♦r②
♦❢ ▼✉❝❦❡♥❤♦✉♣t ✇❡✐❣❤ts✳
◆♦t❡✱ t❤❛t t❤❡ Ap ❝♦♥❞✐t✐♦♥ ✭✶✳✾✮ ❝❛♥ ❛❧s♦ ❜❡ ❞❡✜♥❡❞ ❜② ❝✉❜❡s ✐♥st❡❛❞ ♦❢ ❜❛❧❧s(
1
|Q|
∫
Q
w(x) dx
)
·
(
1
|Q|
∫
Q
w(x)−p
′/p dx
)p/p′
<∞, ✭✶✳✶✷✮
❢♦r ❛❧❧ ❝✉❜❡s Q✳ ❇♦t❤ ❝♦♥❞✐t✐♦♥s ✭✶✳✾✮ ❛♥❞ ✭✶✳✶✷✮ ❛r❡ ❡q✉✐✈❛❧❡♥t✱ s❡❡ ❘❡♠❛r❦ ✶✳✶✻ ❜❡❧♦✇✳
▼♦r❡♦✈❡r✱ t❤❡r❡ ❡①✐sts ❛♥ ❡q✉✐✈❛❧❡♥t ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ❢♦r t❤❡ A1 ✇❡✐❣❤ts✱
w(Q)
|Q| ≤ Cw(x), ❛✳❡✳ x ∈ Q, ✭✶✳✶✸✮
❢♦r ❛♥② ❝✉❜❡ Q✱ ❝❢✳ ❬❉✉♦✵✶✱ ♣✳ ✶✸✹❪ ❢♦r♠✉❧❛ ✭✼✳✹✮✳ ❈❡rt❛✐♥❧② ✭✶✳✶✸✮ ❛❧s♦ ❤♦❧❞s ❢♦r ❜❛❧❧s
✐♥st❡❛❞ ♦❢ ❝✉❜❡s✱ ❜❡❝❛✉s❡ t❤❡ r❡s♣❡❝t✐✈❡ ♠❛①✐♠❛❧ ♦♣❡r❛t♦rs ❛r❡ ❡q✉❛❧✳
❲❡ ❣✐✈❡ ❛ s❤♦rt ♦✈❡r✈✐❡✇ ♦❢ s♦♠❡ ❢✉♥❞❛♠❡♥t❛❧ ♣r♦♣❡rt✐❡s✳ ❲❡ st❛rt ✇✐t❤ ❛ s❡r✐❡s ♦❢ ❡❛s②
♦❜s❡r✈❛t✐♦♥s✱ ❝❢✳ ❬❙t❡✾✸✱ ❈❤❛♣t✳ ❱❪ ♦r ❬❉✉♦✵✶✱ ❈❤❛♣t✳ ✼❪✳
✶✳✷ ❲❡✐❣❤ts ✷✼
Pr♦♣♦s✐t✐♦♥ ✶✳✷✳
✭✐✮ ❚❤❡ ❝❧❛ss Ap ✐s ✐♥✈❛r✐❛♥t ❝♦♥❝❡r♥✐♥❣ tr❛♥s❧❛t✐♦♥✱ ❞✐❧❛t✐♦♥ ❛♥❞ ♠✉❧t✐♣❧✐❝❛t✐♦♥ ❜② ❛
♣♦s✐t✐✈❡ s❝❛❧❛r✱ ✇❤❡r❡ t❤❡ ▼✉❝❦❡♥❤♦✉♣t ❝♦♥st❛♥t ✐s t❤❡ s❛♠❡ ❛s t❤❛t ♦❢ w✳
✭✐✐✮ ■❢ w ∈ Ap✱ t❤❡♥ t❤❡ ❢✉♥❝t✐♦♥ σ := w−p′/p = w1−p′ ❜❡❧♦♥❣s t♦ Ap′✱ ✇❤❡r❡ 1p + 1p′ = 1✳
✭✐✐✐✮ ■❢ w ∈ Ap1✱ t❤❡♥ w ∈ Ap2✱ ❢♦r p1 < p2❀ ♠♦r❡♦✈❡r Ap1(w) ≤ Ap2(w)✳
✭✐✈✮ ■❢ w0, w1 ∈ A1✱ t❤❡♥ w0w1−p1 ∈ Ap✳
Pr♦♦❢✳ ❚❤❡ ♣r♦♦❢ ♦❢ ✭✐✮ ✐s str❛✐❣❤t❢♦r✇❛r❞ ❛♥❞ ✭✐✐✮ ✐s ❛♥ ❡❛s② ♦❜s❡r✈❛t✐♦♥ ❜② ❝❤❛♥❣✐♥❣
t❤❡ ♦r❞❡r ♦❢ t❤❡ t✇♦ ❢❛❝t♦rs ♦♥ t❤❡ ❧❡❢t✲❤❛♥❞ s✐❞❡ ✐♥ ✭✶✳✾✮✳
❋✉rt❤❡r♠♦r❡ ✭✐✐✐✮ ✐s ❛ ❞✐r❡❝t ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤❡ ❞❡✜♥✐t✐♦♥ ✭✶✳✾✮✱ ❍ö❧❞❡r✬s ✐♥❡q✉❛❧✐t②✱ ❛♥❞
t❤❡ ❢❛❝t t❤❛t ✐❢ p1 < p2 t❤❡♥ p′2/p2 < p
′
1/p1✳
❋✐♥❛❧❧② ❢♦r ✭✐✈✮ ✇❡ ♥❡❡❞ t♦ ♣r♦✈❡ t❤❛t(
1
|B|
∫
B
w0(x)w1(x)
1−p dx
)
·
(
1
|B|
∫
B
w0(x)
1−p′ w1(x) dx
)p/p′
≤ A. ✭✶✳✶✹✮
◆♦t❡✱ t❤❛t 1 − p′ = −p′
p
❛♥❞ 1 − p = − p
p′
✳ ❇② t❤❡ A1 ❝♦♥❞✐t✐♦♥ ✭✶✳✶✸✮ ✐t ❤♦❧❞s ❢♦r x ∈ B
❛♥❞ i = 0, 1✱
wi(x)
−1 ≤ sup
x∈B
wi(x)
−1 =
(
inf
x∈B
wi(x)
)−1
≤ C
(
wi(B)
|B|
)−1
.
■❢ ✇❡ s✉❜st✐t✉t❡ t❤✐s ✐♥t♦ t❤❡ ❧❡❢t✲❤❛♥❞ s✐❞❡ ♦❢ ✭✶✳✶✹✮ ❢♦r t❤❡ ♥❡❣❛t✐✈❡ ❡①♣♦♥❡♥ts ✇❡ ❣❡t
t❤❡ ❞❡s✐r❡❞ ✐♥❡q✉❛❧✐t②✳ 
❊①❛♠♣❧❡ ✶✳✸✳ ❖♥❡ ♦❢ t❤❡ ♠♦st ♣r♦♠✐♥❡♥t ❡①❛♠♣❧❡s ♦❢ ❛ ▼✉❝❦❡♥❤♦✉♣t ✇❡✐❣❤t w ∈ A∞
✐s ❣✐✈❡♥ ❜② w(x) = |x|̺✱ ̺ > −n✳ ❲❡ ♠♦❞✐✜❡❞ t❤✐s ❡①❛♠♣❧❡ ❜②
wa,b(x) =
|x|a, |x| < 1,|x|b, |x| ≥ 1, ✭✶✳✶✺✮
✇❤❡r❡ a, b > −n✳ ❙tr❛✐❣❤t❢♦r✇❛r❞ ❝❛❧❝✉❧❛t✐♦♥ s❤♦✇s t❤❛t
wa,b ∈ Ap ✐❢✱ ❛♥❞ ♦♥❧② ✐❢✱
−n < a, b < n(p− 1), ✐❢ 1 < p <∞,−n < a, b ≤ 0, ✐❢ p = 1.
❆ ♣r♦♦❢ ♦❢ t❤✐s ♦♥❡ ❝❛♥ ✜♥❞ ❢♦r ❡①❛♠♣❧❡ ✐♥ ❬❇❛❛✵✼❪✳ ❋♦r ❢✉rt❤❡r ❡①❛♠♣❧❡s ✇❡ r❡❢❡r t♦
❬❍P✵✽✱ ❍❙✵✽✱ ❍❙✶✶❛❪✳
❚❤❡r❡ ✐s ❛♥ ❛❧t❡r♥❛t✐✈❡ ✇❛② t♦ ❞❡✜♥❡ Ap t❤❛t ✐s ❝❧♦s❡r r❡❧❛t❡❞ t♦ t❤❡ ❜♦✉♥❞❡❞♥❡ss ♦❢
t❤❡ ♠❛①✐♠❛❧ ♦♣❡r❛t♦r✱ ✇❡ ❞❡s❝r✐❜❡❞ ✐♥ ✭✶✳✽✮✳ ❋♦r ❛♥② ❧♦❝❛❧❧② ✐♥t❡❣r❛❜❧❡ ❢✉♥❝t✐♦♥ f ❛♥❞
❛♥② ❜❛❧❧ B t❤❡ ✇❡✐❣❤t w ❜❡❧♦♥❣s t♦ Ap ❡①❛❝t❧② ✇❤❡♥ t❤❡ p✲t❤ ♣♦✇❡r ♦❢ t❤❡ ♠❡❛♥ ✈❛❧✉❡ ♦❢
f ♦♥ B ✐s ❜♦✉♥❞❡❞ ❜② t❤❡ ♠❡❛♥ ✈❛❧✉❡ ♦❢ f p t❛❦❡♥ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ♠❡❛s✉r❡ w(x) dx✳
✷✽ ✶✳ ❲❡✐❣❤t❡❞ ❋✉♥❝t✐♦♥ ❙♣❛❝❡s
Pr♦♣♦s✐t✐♦♥ ✶✳✹✳ ▲❡t w ∈ Lloc1 (Rn) ♣♦s✐t✐✈❡ ❛✳❡✳ ❛♥❞ 1 < p < ∞✳ ❚❤❡♥ w ∈ Ap✱ ✐❢ ❛♥❞
♦♥❧② ✐❢✱ t❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t c > 0 s✉❝❤ t❤❛t ❢♦r ❛❧❧ ♥♦♥✲♥❡❣❛t✐✈❡ ❢✉♥❝t✐♦♥s f ∈ Lloc1 (Rn)
❛♥❞ ❢♦r ❛❧❧ ❜❛❧❧s B t❤❡ ❢♦❧❧♦✇✐♥❣ ✐♥❡q✉❛❧✐t② ❤♦❧❞s(
1
|B|
∫
B
f(x) dx
)p
≤ c
w(B)
∫
B
f p(x)w(x) dx. ✭✶✳✶✻✮
Pr♦♦❢✳
✭✐✮ ▲❡t w ∈ Ap✱ t❤❡♥(
1
|B|
∫
B
f(x) dx
)p
=
(
1
|B|
∫
B
f(x)w
1
p (x)w−
1
p (x) dx
)p
❍ö❧❞❡r≤
(
|B|−1
(∫
B
f p(x)w(x) dx
)1/p
·
(∫
B
w(x)−
p′
p dx
)1/p′)p
= |B|−p ·
∫
B
f p(x)w(x) dx ·
(
1
|B|
∫
B
w(x)−
p′
p dx
)p/p′
· |B| pp′
w∈Ap≤
∫
B
f p(x)w(x) dx · Ap|B|w(B)−1 · |B|
p
p′ · |B|−p
= |B|1−p+ pp′ · Ap
w(B)
∫
B
f p(x)w(x) dx =
Ap
w(B)
∫
B
f p(x)w(x) dx,
s✐♥❝❡ 1− p = − p
p′
✳ ❇❡s✐❞❡s ✇❡ ❤❛✈❡ c ≤ Ap✳
✭✐✐✮ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ❛ss✉♠❡ ✭✶✳✶✻✮✳ ▲❡t ǫ > 0✳ ❲❡ ❝❤♦♦s❡ f := (w + ǫ)−p
′/p✱ t❤❡♥∫
B
f(x) dx =
∫
B
(w + ǫ)−
p′
p (x) dx
w+ǫ≥ǫ
< ǫ−
p′
p |B| <∞ ✭✶✳✶✼✮
❛♥❞ s♦ ✇❡ ❤❛✈❡ f ∈ Lloc1 (Rn) ❛♥❞ f ≥ 0✳ ❚❤❡ ❛ss✉♠♣t✐♦♥ ✭✶✳✶✻✮ ②✐❡❧❞s ✉s ❢♦r t❤✐s f(
1
|B|
∫
B
(w + ǫ)−
p′
p dx
)p
≤ c
w(B)
∫
B
(w + ǫ)−p
′
w(x) dx. ✭✶✳✶✽✮
❆❞❞✐t✐♦♥❛❧❧② ✇❡ ❤❛✈❡∫
B
(w + ǫ)−p
′
(x)w(x) dx
w<w+ǫ
<
∫
B
(w + ǫ)−p
′+1(x) dx =
∫
B
(w + ǫ)−
p′
p (x) dx ✭✶✳✶✾✮
✐s ✜♥✐t❡✱ ❜❡❝❛✉s❡ ♦❢ ✭✶✳✶✼✮✱ ✇❤❡r❡ ✇❡ ❤❡r❡ ✉s❡ t❤❛t 1− p′ = −p′
p
✳
❆❧t♦❣❡t❤❡r ❞❡❧✐✈❡rs ✉s
|B|−p w(B)
(∫
B
(w + ǫ)−p
′
(x) w(x) dx
)p
✭✶✳✶✾✮
< |B|−p w(B)
(∫
B
(w + ǫ)−
p′
p (x) dx
)p
✭✶✳✶✽✮
≤ c
∫
B
(w + ǫ)−p
′
w(x) dx.
✶✳✷ ❲❡✐❣❤ts ✷✾
❙✐♥❝❡ t❤❡ ❧❛tt❡r ✐♥t❡❣r❛❧ ✐s ✜♥✐t❡✱ ✇❡ ❜r✐♥❣ ✐t ♦♥ t❤❡ ♦t❤❡r s✐❞❡ ❛♥❞ ♦❜t❛✐♥ ❢♦r ❛❧❧ ǫ > 0
|B|−1 w(B) |B|1−p
(∫
B
(w + ǫ)−p
′
(x) w(x) dx
) p
p′
≤ c,
✇❤❡r❡ t❤❡ c ✐s ✐♥❞❡♣❡♥❞❡♥t ♦❢ ǫ✳ ❲❡ ✉s❡ ❛❣❛✐♥ 1− p = − p
p′
❛♥❞ ǫ → 0 ✜♥✐s❤❡s t❤❡ ♣r♦♦❢✳
■♥ ♣❛rt✐❝✉❧❛r ✇❡ ❤❛✈❡ Ap ≤ c✳ 
❘❡♠❛r❦ ✶✳✺✳ ❚❤❡ ♣r♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✶✳✹ s❤♦✇s ✉s✱ t❤❛t t❤❡ ❝♦♥st❛♥t c ✐♥ ✭✶✳✶✻✮ ❝♦✐♥✲
❝✐❞❡s ✇✐t❤ t❤❡ ▼✉❝❦❡♥❤♦✉♣t ❝♦♥st❛♥t Ap = Ap(w)✳
❆ ❞✐r❡❝t ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤✐s Pr♦♣♦s✐t✐♦♥ ✐s t❤❡ ❢♦❧❧♦✇✐♥❣ ✉s❡❢✉❧ ♣r♦♣❡rt②✱ t❤❛t ✇✐❧❧ ❜❡
✉s❡❞ ❧❛t❡r ♠♦r❡ ❢r❡q✉❡♥t❧②✳
Pr♦♣♦s✐t✐♦♥ ✶✳✻✳ ▲❡t 1 ≤ p <∞ ❛♥❞ w ∈ Ap✳ ❚❤❡♥ t❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t c′ > 0 s✉❝❤
t❤❛t ❢♦r ❛❧❧ ❜❛❧❧s B ( |E|
|B|
)p
≤ c′w(E)
w(B)
, ∀ E ⊂ B. ✭✶✳✷✵✮
Pr♦♦❢✳ ▲❡t B ⊂ B✱ E ⊂ B✳ ❲❡ ✉s❡ Pr♦♣♦s✐t✐♦♥ ✶✳✹ ✇✐t❤ f := χE✱ t❤❡♥(
1
|B|
∫
B
χE(x) dx
)p
≤ c
w(B)
∫
B
χpE(x) w(x) dx,
t❤✐s ✐♠♣❧✐❡s ( |E|
|B|
)p
≤ c′ w(E)
w(B)
,
✇❤❡r❡ c′ := c✳ 
Pr♦♣♦s✐t✐♦♥ ✶✳✼✳ ▲❡t w ∈ A∞✳ ❚❤❡♥ t❤❡r❡ ❡①✐sts ❛♥ r > 1 ❛♥❞ ❛ c > 0 s✉❝❤ t❤❛t(
1
|B|
∫
B
wr(x) dx
)1/r
≤ c|B|
∫
B
w(x) dx. ✭✶✳✷✶✮
Pr♦♦❢✳ ❆ ♣r♦♦❢ ♦❢ t❤✐s ♦♥❡ ❝❛♥ ✜♥❞ ❢♦r ❡①❛♠♣❧❡ ✐♥ ❬❙t❡✾✸✱ ❈❤✳ ➓✺✳✸✱ Pr♦♣✳ ✸✳✹✱ ♣❛❣❡
✷✵✸❪✳ 
❘❡♠❛r❦ ✶✳✽✳ ❚❤✐s ✐s t❤❡ s♦✲❝❛❧❧❡❞ r❡✈❡rs❡ ❍ö❧❞❡r✬s ✐♥❡q✉❛❧✐t②✱ ❜❡❝❛✉s❡ ✭❡①❝❡♣t ❢♦r t❤❡
❝♦♥st❛♥t c✮ t❤✐s ✐s t❤❡ r❡✈❡rs❡ ♦❢ t❤❡ ❍ö❧❞❡r✬s ✐♥❡q✉❛❧✐t②✱ ✇❤✐❝❤ ❤♦❧❞s ❛✉t♦♠❛t✐❝❛❧❧② ❢♦r ❛❧❧
♥♦♥♥❡❣❛t✐✈❡ ❢✉♥❝t✐♦♥s✳ Pr♦♣♦s✐t✐♦♥ ✶✳✼ ✐s ♦♥❡ ♦❢ t❤❡ ❢✉♥❞❛♠❡♥t❛❧ ♣r♦♣❡rt✐❡s ♦❢ Ap ✇❡✐❣❤ts✱
✇❤✐❝❤ ❧❡❛❞s ✉s t♦ t❤❡ ♥❡①t s✉r♣r✐s✐♥❣ ❝♦♥s❡q✉❡♥❝❡✳
❈♦r♦❧❧❛r② ✶✳✾✳ ▲❡t 1 < p <∞ ❛♥❞ w ∈ Ap✳ ❚❤❡♥ t❤❡r❡ ❡①✐sts ❛ p1 < p s✉❝❤ t❤❛t
w ∈ Ap1 . ✭✶✳✷✷✮
✸✵ ✶✳ ❲❡✐❣❤t❡❞ ❋✉♥❝t✐♦♥ ❙♣❛❝❡s
Pr♦♦❢✳ ▲❡t 1
p
+ 1
p′
= 1 t❤❡♥ σ := w−
p′
p ∈ Ap′ ⊂ A∞✳ ❲❡ ✉s❡ Pr♦♣♦s✐t✐♦♥ ✶✳✼ ❢♦r σ✱ t❤❡♥
t❤❡r❡ ❡①✐sts ❛♥ r > 1 ❛♥❞ ❛ c > 0 s✉❝❤ t❤❛t(
1
|B|
∫
B
σr(x) dx
)1/r
≤ c|B|
∫
B
σ(x) dx
❤♦❧❞s✳ ❲❡ t❛❦❡ t❤❡ p
p′
✲t❤ ♣♦✇❡r ❛♥ ❜♦t❤ s✐❞❡s ❛♥❞ ✉s❡ t❤❡ Ap ❝♦♥❞✐t✐♦♥ ✭✶✳✾✮ ❢♦r w✱ t❤❡♥(
1
|B|
∫
B
w−
rp′
p (x) dx
) p
rp′
≤ c′
(
1
|B|
∫
B
w−
p′
p (x) dx
) p
p′ w∈Ap≤ c′′
(
1
|B|
∫
B
w(x) dx
)−1
❚❤✉s ✇❡ ❣❡t (
1
|B|
∫
B
w(x) dx
)(
1
|B|
∫
B
w−
rp′
p (x) dx
) p
rp′
≤ c′′ ✭✶✳✷✸✮
❋✉rt❤❡r♠♦r❡ ✐t ❤♦❧❞s
1
p
+
1
p′
= 1 ⇔ p′ + p = pp′ ⇔ p = (p− 1)p′ ⇔ 1
p− 1 =
p′
p
.
❚❤❡♥ ✇❡ ❤❛✈❡
rp′
p
=
r
p− 1 =
1
p−1
r
+ 1− 1 =
1
p1 − 1 =
p′1
p1
, ✭✶✳✷✹✮
✇❤❡r❡ p1 :=
p−1
r
+ 1✳ ▼♦r❡♦✈❡r
1 < r ⇔ p− 1 < r(p− 1) ⇔ p− 1+ r < pr ⇔ p− 1 + r
r
< p ⇔ p1 < p.
❙♦ ✇❡ ❝❛♥ ✇r✐t❡ ✭✶✳✷✸✮ t♦❣❡t❤❡r ✇✐t❤ ✭✶✳✷✹✮ ✐♥ t❤✐s ✇❛②(
1
|B|
∫
B
w(x) dx
)(
1
|B|
∫
B
w
− p
′
1
p1 (x) dx
) p1
p′1 ≤ Ap1 .

❈♦r♦❧❧❛r② ✶✳✶✵✳ ▲❡t 1 < p <∞ ❛♥❞ w ∈ Ap✳ ❚❤❡♥ t❤❡r❡ ❡①✐sts p1 < p ❛♥❞ ❛ c > 0 s✉❝❤
t❤❛t ❢♦r ❛❧❧ ❜❛❧❧s B ( |E|
|B|
)p1
≤ c w(E)
w(B)
, E ⊂ B. ✭✶✳✷✺✮
Pr♦♦❢✳ ❚❤✐s ✐s ❛♥ ✐♠♠❡❞✐❛t❡ ❝♦♥❝❧✉s✐♦♥ ♦❢ Pr♦♣♦s✐t✐♦♥ ✶✳✻ ❛♥❞ ❈♦r♦❧❧❛r② ✶✳✾✳ 
❘❡♠❛r❦ ✶✳✶✶✳ ■t ❡✈❡♥ ❤♦❧❞s t❤❡ r❡✈❡rs❡ ♦❢ ❈♦r♦❧❧❛r② ✶✳✶✵✱ s❡❡ ❬❲✐❦✽✾✱ ❈♦r✳ ✶✱ ♣❛❣❡ ✷✺✵❪✳
❘❡♠❛r❦ ✶✳✶✷✳ ■♥ ✈✐❡✇ ♦❢ ❈♦r♦❧❧❛r② ✶✳✾ ✐t ✐s ♥❛t✉r❛❧ t♦ ❛s❦ ❢♦r t❤❡ s♠❛❧❧❡st r✱ ✇❤✐❝❤
s❛t✐s✜❡s ✭✶✳✷✷✮✳ ❙♦ ✇❡ ✐♥tr♦❞✉❝❡ t❤❡ ♥✉♠❜❡r
rw := inf{r ≥ 1 : w ∈ Ar}, w ∈ A∞, ✭✶✳✷✻✮
t❤❛t ♣❧❛②s s♦♠❡ r♦❧❡ ❧❛t❡r ♦♥✳ ❖❜✈✐♦✉s❧②✱ 1 ≤ rw <∞✱ ❛♥❞ w ∈ Arw ✐♠♣❧✐❡s rw = 1✳
✶✳✷ ❲❡✐❣❤ts ✸✶
❊①❛♠♣❧❡ ✶✳✶✸✳ ❋♦r ♦✉r ✇❡✐❣❤t wa,b✱ ❣✐✈❡♥ ❜② ✭✶✳✶✺✮✱ ❤❡r❡ ✇❡ ❤❛✈❡ rwa,b = 1 +
max(a,b,0)
n
✳
❆ s♣❡❝✐❛❧ ❝❛s❡ ♦❢ Pr♦♣♦s✐t✐♦♥ ✶✳✹ ♦r Pr♦♣♦s✐t✐♦♥ ✶✳✻✱ r❡s♣❡❝t✐✈❡❧②✱ s❤♦✇s ✉s t❤❡ ♥❡①t
♣r♦♣❡rt② ♦❢ ▼✉❝❦❡♥❤♦✉♣t ✇❡✐❣❤ts✱ ✇❤✐❝❤ ❧❡❛❞s ✉s ❛s ✇❡❧❧ t♦ t❤❡ ✇❡✐❣❤t ❝❧❛ss ✇❡ ❛r❡ ♠❛✐♥❧②
✐♥t❡r❡st❡❞ ✐♥✳
Pr♦♣♦s✐t✐♦♥ ✶✳✶✹✳ ▲❡t 1 < p <∞ ❛♥❞ w ∈ Ap✳ ❚❤❡♥ t❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t c > 0 s✉❝❤
t❤❛t ❢♦r ❛❧❧ x ∈ Rn ❛♥❞ ❢♦r ❛❧❧ r > 0 ❤♦❧❞s
w(B(x, 2r)) ≤ c w(B(x, r)). ✭✶✳✷✼✮
Pr♦♦❢✳ ❲❡ ✉s❡ Pr♦♣♦s✐t✐♦♥ ✶✳✻ ✇✐t❤ B = B(x, 2r) ❛♥❞ E = B(x, r) ⊂ B(x, 2r)✱ t❤❡♥( |B(x, r)|
|B(x, 2r)|
)p
≤ c
′
w(B(x, 2r))
· w(B(x, r))
( |ωn| n−1 rn
|ωn| n−1 (2r)n
)p
≤ c
′
w(B(x, 2r))
· w(B(x, r))
w(B(x, 2r)) ≤ c′ 2np w(B(x, r)).
■♥ ♣❛rt✐❝✉❧❛r c = c′ 2np = Ap(w) 2np✳ 
❘❡♠❛r❦ ✶✳✶✺✳ ❈♦♥❞✐t✐♦♥ ✭✶✳✷✼✮ ✐s ❝❛❧❧❡❞ ❞♦✉❜❧✐♥❣ ♣r♦♣❡rt② ♦r ❞♦✉❜❧✐♥❣ ❝♦♥❞✐t✐♦♥✱
r❡s♣❡❝t✐✈❡❧②✳ ❲❡ s❡❡ t❤❛t ❛❧❧ ▼✉❝❦❡♥❤♦✉♣t ✇❡✐❣❤ts ❤❛✈❡ t❤❡ ❞♦✉❜❧✐♥❣ ♣r♦♣❡rt②✳ ■♥ t❤❡ ♥❡①t
s❡❝t✐♦♥ ✇❡ ❣✐✈❡ ❛ ✜♥❡r ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ♦❢ ✇❤❛t ✐s ❛ ❞♦✉❜❧✐♥❣ ✇❡✐❣❤t✳
❘❡♠❛r❦ ✶✳✶✻✳ ■♥ ✈✐❡✇ ♦❢ t❤✐s ❞♦✉❜❧✐♥❣ ♣r♦♣❡rt② ❛♥❞ t❤❡ ❢❛❝t t❤❛t ❜② Pr♦♣♦s✐t✐♦♥ ✶✳✷
w−p
′/p ✐s ❛❧s♦ ❛ ❞♦✉❜❧✐♥❣ ✇❡✐❣❤t ♦r ♠❡❛s✉r❡✱ r❡s♣❡❝t✐✈❡❧②✱ t♦❣❡t❤❡r ✇✐t❤ t❤❡ ❝❤❛r❛❝t❡r✐③❛t✐♦♥
✭✶✳✶✻✮ ✇❡ ❝♦✉❧❞ r❡♣❧❛❝❡ t❤❡ ❢❛♠✐❧② ♦❢ ❜❛❧❧s ❜② t❤❡ ❢❛♠✐❧② ♦❢ ❝✉❜❡s ♦r ♦t❤❡r s✉❝❤ ❡q✉✐✈❛❧❡♥t
❢❛♠✐❧✐❡s✳
❇❡❢♦r❡ ✇❡ ❝♦♠❡ t♦ t❤❡ ♠♦st ✐♠♣♦rt❛♥t ✇❡✐❣❤t ❝❧❛ss ♦❢ t❤✐s ✇♦r❦✱ t❤❡ ❞♦✉❜❧✐♥❣ ✇❡✐❣❤ts✱
✇❡ ❞✐s❝✉ss ❛ ✇❡✐❣❤t w ✇❤✐❝❤ ❞♦❡s ♥♦t ❜❡❧♦♥❣ t♦ A∞ ❜✉t st✐❧❧ ❤❛s t❤❡ ❞♦✉❜❧✐♥❣ ♣r♦♣❡rt②✳
✶✳✷✳✷ ❆♥ ❊①❛♠♣❧❡
■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ✇✐❧❧ ❣✐✈❡ ❛ ❢✉♥❝t✐♦♥ ✇❤✐❝❤ ❞♦❡s ♥♦t ❜❡❧♦♥❣s t♦ A∞ ❜✉t st✐❧❧ ❤❛s t❤❡
❞♦✉❜❧✐♥❣ ♣r♦♣❡rt②✳ ❚❤✐s ❊①❛♠♣❧❡ ✐s ❜❛s❡❞ ♦♥ ❛ ♣❛♣❡r ♦❢ ❲✐❦ ❢r♦♠ ✶✾✽✾✱ s❡❡ ❬❲✐❦✽✾❪✳
■✳ ❈♦♥str✉❝t✐♦♥ ❋♦r ❝♦♥✈❡♥✐❡♥❝❡ ✇❡ ❝♦♥s✐❞❡r ♦♥❧② t❤❡ ✶✲❞✐♠❡♥s✐♦♥❛❧ ❝❛s❡ ✐♥ R✳ ❲❡
st❛rt ✇✐t❤ t❤❡ ❢✉♥❝t✐♦♥ w0 ❣✐✈❡♥ ❜②
w0(x) =

x, 0 ≤ x ≤ 1,
2− x, 1 ≤ x ≤ 2,
0, elsewhere.
✭✶✳✷✽✮
✸✷ ✶✳ ❲❡✐❣❤t❡❞ ❋✉♥❝t✐♦♥ ❙♣❛❝❡s
❲❡ ❝♦♥str✉❝t t❤❡ ❣r❛♣❤ ♦❢ w1 ❜② ❞✐✈✐❞✐♥❣ st❡♣ ❜② st❡♣ t❤❡ ❣r❛♣❤ ♦❢ w0 ❜② ✷ ✐♥ ❜♦t❤ t❤❡
x ❛♥❞ y ❞✐r❡❝t✐♦♥ ❛♥❞ tr❛♥s❧❛t❡ ✐t ✐♥ t❤❛t ✇❛②✱ t❤❛t ✐t ❛❞❥♦✐♥s t♦ t❤❡ ❡①✐st✐♥❣ ❣r❛♣❤✳ ❲❡
❞♦ t❤✐s t✐❧❧ s✉❝❤ t✐♠❡ ❛s ✇❡ r❡❛❝❤ t❤❡ ♣♦✐♥t x = 4✱ t❤❡♥ ✇❡ r❡✢❡❝t ✭s②♠♠❡tr✐❝❛❧❧②✮ t❤❡
❡①✐st✐♥❣ ❣r❛♣❤ ❛t t❤❡ ❧✐♥❡ x = 4✳
■♥ ❣❡♥❡r❛❧ ✇❡ ❝♦♥str✉❝t wn ❢r♦♠ wn−1 ✐♥ t❤❡ s❛♠❡ ✇❛②✳ ■♥ ❢♦r♠✉❧❛s t❤✐s ✐s ❣✐✈❡♥ ❜②
wn+1(x) =

∑∞
k=0 2
−kwn
(
2k(x− 4n+1) + 4n+1) , 0 ≤ x ≤ 4n+1,
wn+1(2 · 4n+1 − x), 4n+1 ≤ x ≤ 2 · 4n+1,
0, elsewhere.
✭✶✳✷✾✮
❚❤❡♥ ✇❡ ❞❡✜♥❡
w(x) := lim
n→∞
wn(x), ❢♦r x > 0,
❛♥❞
w(x) := w(−x), ❢♦r x < 0.
■■✳ Pr♦♣❡rt✐❡s ❆t ✜rst ✇❡ ♣r♦✈❡ t❤✐s ❡❛s② ♦❜s❡r✈❛t✐♦♥✱ ❢♦r n ∈ N0 ✇❡ ❤❛✈❡∫ 2·4n
0
wn(x) dx =
(
8
3
)n
. ✭✶✳✸✵✮
Pr♦♦❢✳ ❲❡ ❞♦ t❤✐s ❡❛s✐❧② ❜② ✐♥❞✉❝t✐♦♥✳ ❋♦r n = 0 ✇❡ ❤❛✈❡∫ 2
0
w0(x) dx =
∫ 1
0
x dx+
∫ 2
1
(2− x) dx = 1.
▲❡t ∫ 2·4n
0
wn(x) dx =
(
8
3
)n
✭✶✳✸✶✮
♦✉r ✐♥❞✉❝t✐♦♥ ❤②♣♦t❤❡s✐s✳ ❚❤❡♥∫ 2·4n+1
0
wn+1(x) dx
=2 ·
∫ 4n+1
0
wn+1(x) dx
=2 ·
∞∑
k=0
2−k
∫ 4n+1
0
wn
(
2k(x− 4n+1) + 4n+1) dx,
t❤❡ s✉❜st✐t✉t✐♦♥ y = 2k(x− 4n+1) + 4n+1✱ dy = 2k dx ②✐❡❧❞s ✉s
=2 ·
∞∑
k=0
2−2k
∫ 4n+1
4n+1(1−2k)
wn(y) dy.
❙✐♥❝❡ wn(y) = 0✱ y /∈ [0, 2 · 4n] ❛♥❞ 4n+1 > 2 · 4n✱ 4n+1(1− 2k) ≤ 0✱ k ∈ N0 ✇❡ ❤❛✈❡
=2 ·
∞∑
k=0
2−2k
∫ 2·4n
0
wn(y) dy
✶✳✷ ❲❡✐❣❤ts ✸✸
❛♥❞ t❤❡ ✐♥❞✉❝t✐♦♥ ❤②♣♦t❤❡s✐s ✭✶✳✸✶✮ ❞❡❧✐✈❡rs ✉s
=2 ·
(
8
3
)n ∞∑
k=0
2−2k︸ ︷︷ ︸
1
1− 14
=
(
8
3
)n+1
.

◆♦✇ ❧❡t ✉s ❝♦♥s✐❞❡r t❤❡s❡ s❡ts
En :=
{
x ∈ [0, 2 · 4n] : w(x) < 2−n} . ✭✶✳✸✷✮
❲❡ ♠❛❦❡ ❛♥ ❡st✐♠❛t✐♦♥ ♦❢ t❤❡ ▲❡❜❡s❣✉❡ ♠❡❛s✉r❡ ♦❢ t❤❡s❡ s❡ts✳
❋♦r t❤❡ s❡t E0 ✐ts ❝❧❡❛r✱ t❤❛t ✇❡ ❤❛✈❡
|E0| = |{x ∈ [0, 2] : w0(x) < 1}| = 2.
■♥ t❤❡ ❝❛s❡ ♦❢ E1 ✇❡ ❤❛✈❡
E1 =
{
x ∈ [0, 8] : w1(x) < 2−1
}
.
▲❡t ✉s ❝♦♥s✐❞❡r t❤❡ ❣r❛♣❤ ♦❢ E1✳ ❲❡ s❡❡ ✐t ❝♦♥t❛✐♥s ✐♥✜♥✐t❡❧② ♠❛♥② ♣②r❛♠✐❞s✳ ❲❡ ✇♦✉❧❞
❧✐❦❡ t♦ ❝❛❧❧ ❛❧❧ ♣②r❛♠✐❞s ✇✐t❤ ❛ r✐s❡ ♦❢ 2−k ❛s P (k+1)✳ ❚❤❡ ❣r❛♣❤ ♦❢ w1 ❝♦♥t❛✐♥s ❡①❛❝t❧② 2
♣②r❛♠✐❞s P1✱ P2✱✳✳✳ ■♥ ♦✉r ❡st✐♠❛t✐♦♥ ✇❡ ✇♦✉❧❞ ❧✐❦❡ t♦ ❝♦♥s✐❞❡r ♦♥❧② t❤❡ ♣②r❛♠✐❞s ✇❤♦s❡
t♦♣s ❧✐❡ ♦✈❡r t❤❡ ❧✐♥❡ 2−1✳ ❇✉t ❢♦r t❤❡s❡ ♣②r❛♠✐❞s ✇❡ ❤❛✈❡ ♦♥❧② t♦ ❝♦♥s✐❞❡r t❤❡ ♣❛rt ✇❤✐❝❤
❧✐❡s ✉♥❞❡r t❤❡ ❧✐♥❡ 2−1✳ ❙♦ ✇❡ ❤❛✈❡ ✐♥ t❤❡ ❝❛s❡ ♦❢ E1 t❤❛t ♦♥❧② t❤❡ ❜♦t❤ ♣②r❛♠✐❞s P1 r✐s❡
♦✈❡r t❤❡ ❧✐♥❡ 2−1✳ ❚❤❡② ❤❛✈❡ ❛♥ ❛r❡❛ ♦❢ 2 ❛♥❞ ❛ r✐s❡ ♦❢ 1✳ ❚❤✉s
|E1| > 2 · 1 · 2−1 · 2 = 2.
■♥ ❣❡♥❡r❛❧ ✇❡ ♦♥❧② ❝♦♥s✐❞❡r ❛❧❧ t❤❡ ♣②r❛♠✐❞s ✇❤♦s❡ t♦♣s ❧✐❡ ♦✈❡r t❤❡ ❧✐♥❡ 2−n ❛♥❞ ❢♦r t❤❡s❡
t❤❡ ♣❛rt ✇❤✐❝❤ ❧✐❡s ✉♥❞❡r t❤❡ ❧✐♥❡ 2−n✳ ❚❤❡ ♣❛rt ♦❢ t❤❡ ♣②r❛♠✐❞s Pk ✇❤✐❝❤ ❧✐❡s ✉♥❞❡r t❤❡
❧✐♥❡ 2−n ✐s✿
2−k+2 · 1
2−k+1
· 2−n = 2−n+1. ✭✶✳✸✸✮
❲❡ s❡❡ t❤✐s ♣❛rt ✐s ❢♦r ❛❧❧ ❛❞♠✐ss✐❜❧❡ ♣②r❛♠✐❞s Pk ❡q✉❛❧ ✭♦♥❧② ❞❡♣❡♥❞s ♦♥ n✮✳ ❙♦ ✇❡ ❤❛✈❡
♦♥❧② t♦ ❝♦✉♥t t❤❡ ❛❞♠✐ss✐❜❧❡ ♣②r❛♠✐❞s Pk✳ ❲❡ s❡❡ t❤❛t t❤❡ ♥✉♠❜❡r ♦❢ t❤❡ ♣②r❛♠✐❞s P1 ✐s
❞♦✉❜❧❡❞ ✐♥ ❡✈❡r② st❡♣✱ ✐✳❡✳ t❤❡ ❣r❛♣❤ ♦❢ wn ❝♦♥t❛✐♥s 2n ♣②r❛♠✐❞s P1✳ ❋✉rt❤❡r t❤❡ ♥✉♠❜❡r
♦❢ t❤❡ ♣②r❛♠✐❞s Pk ❞❡♣❡♥❞s ♦♥ t❤❡ ♥✉♠❜❡r ♦❢ ♣②r❛♠✐❞s P1✳ ❇❡❝❛✉s❡ ♦❢ t❤❡ ❝♦♥str✉❝t✐♦♥
♦❢ wn ❢r♦♠ wn−1 ✐t ❡♠❡r❣❡ ✐t❡r❛t❡❞ s✉♠s ❛t ❝♦✉♥t✐♥❣ t❤❡ s❡ts ♦❢ ♣②r❛♠✐❞s✳ ❙♦ ✇❡ ❤❛✈❡
|E2| > 2−1
[
22 + 2 · 22] = 2−1 · 22 [1 + 2] = 6,
|E3| > 2−2 · 23 [1 + (1 + 2) + (1 + 2 + 3)] = 20,
|En| > 2n+1 · 2n
n∑
k1=1
k1∑
k2=1
. . .
kn−2∑
kn−1=1
kn−1
> 2
n∑
k1=1
k1∑
k2=1
. . .
kn−2∑
kn−1=1
kn−1∑
kn=1
1.
✸✹ ✶✳ ❲❡✐❣❤t❡❞ ❋✉♥❝t✐♦♥ ❙♣❛❝❡s
❚❤❡ ✐t❡r❛t❡❞ s✉♠s ❝♦rr❡s♣♦♥❞ t♦ t❤✐s ❝♦♠❜✐♥❛t♦r✐❝ q✉❡st✐♦♥✿
# {(k1, . . . , kn) : n ≥ k1 ≥ k2 ≥ . . . ≥ kn−1 ≥ kn ≥ 1} .
❚❤✐s ✐s t❤❡ s❡❧❡❝t✐♦♥ ♦❢ n ❡❧❡♠❡♥ts ❢r♦♠ ❛♥ n−❡❧❡♠❡♥t s❡t ✇✐t❤ r❡♣❡❛t✐♥❣✳(
n+ k − 1
k
)
n=k
=
(
2n− 1
n
)
=
(2n− 1)!
(n− 1)!n! .
❍❡♥❝❡ ✇❡ ❤❛✈❡
|En| > 2 · (2n− 1)!
(n− 1)!n! .
❯s✐♥❣ ❙t✐r❧✐♥❣✬s ❢♦r♠✉❧❛✱ ✇❡ ♦❜t❛✐♥
|En| & 4
n
√
n
. ✭✶✳✸✹✮
■■■✳ w /∈ A∞ ❖✉r ♣✉r♣♦s❡ ✐s t♦ ✈✐♦❧❛t❡ ✭✶✳✷✺✮ ✐❢ p1 ✐s ❧❛r❣❡ ❡♥♦✉❣❤✳ ❋♦r t❤✐s ✇❡ t❛❦❡
p1 = ln(n)✱ B = Qn = [0, 2 · 4n]✱ E = En ❛s ❛❜♦✈❡✳ ❚❤❡♥ ✐t ❤♦❧❞s✿
|Qn| = 2 · 4n , w(Qn) =
(
8
3
)n
,
|En| & 4
n
√
n
, w(En) ≤ 2−n|En|.
❚❤✐s ❧❡❛❞s t♦
w(En)
w(Qn)
( |Qn|
|En|
)p1
. 2−n · |En|−(p1−1) ·
(
3
8
)n
· 2p1 · 4n p1
.
(
3
16
)n
· 2p1 · 4n p1 · 4−n p1 · 4n · (√n)p1−1
.
(
3
4
)n
· 2p1 (√n)p1−1
=
(
3
4
)n
· 2ln(n) (√n)ln(n)−1 n→∞→ 0.
❚❤✉s w ❞♦❡s ♥♦t ❜❡❧♦♥❣ t♦ ❛♥② Ap✱ p ≥ 1✳
■❱✳ w ✐s ❞♦✉❜❧✐♥❣ ■♥ t❤❡ ✜rst st❡♣ ✇❡ ❝♦♥s✐❞❡r ✐♥t❡r✈❛❧s I = [a, b] ♦❢ t❤❡ ❢♦r♠
a = m · 2k, b = (m+ 1) · 2k, m ∈ N0, k ∈ Z.
❚❤❡♥ |I| = 2k✳ ❋♦r I = [a, b] ✇❡ ❞❡♥♦t❡ ❜② 3I = [2a− b, 2b− a]✳
■t ❤♦❧❞s
w(3I) < 6 w(I). ✭✶✳✸✺✮
✶✳✷ ❲❡✐❣❤ts ✸✺
Pr♦♦❢✳ ❆t ✜rst ✇❡ ✇✐❧❧ ♣r♦✈❡ t❤✐s ✐♠♣♦rt❛♥t ❢❛❝t ❛❜♦✉t t❤❡ ❛r❡❛ ♦❢ t❤❡ ♣②r❛♠✐❞s Pk✳
∞∑
l=k+1
|Pl| = 1
3
|Pk|, ✭✶✳✸✻✮
✇❤❡r❡ |Pk| ❞❡♥♦t❡s t❤❡ ❛r❡❛ ♦❢ Pk✳
∞∑
l=k+1
|Pl| = |P (k + 1)|+ |P (k + 2)|+ |P (k + 3)|+ . . .
=
1
4
· |Pk|+ 1
4
· |P (k + 1)|+ 1
4
· |P (k + 2)|+ . . .
=
1
4
· |Pk|+
(
1
4
)2
· |Pk|+
(
1
4
)3
· |Pk|+ . . .
= |Pk| ·
∞∑
l=1
(
1
4
)l
= |Pk| ·
1
4
1− 1
4
=
1
3
|Pk|.
◆♦✇ ✇❡ ❤❛✈❡ s♦♠❡ ❝❛s❡s✿
✭✐✮ ▲❡t m = 0 ❛♥❞ k ∈ N t❤❡♥ I = [0, 2k]✳ ■❢ k ✐s ❡✈❡♥ ✇❡ ❤❛✈❡ 22l = 4l, l ∈ N✱ t❤❡♥ w|I
❝♦♥s✐sts ♦❢ ❡①❛❝t❧② ♦♥❡ ❤❛❧❢ ♦❢ ❛ ❝♦♣② ♦❢ wl✳ ❚❤❡r❡❢♦r❡ w|3I ❝♦♥s✐sts ♦❢ ❡①❛❝t❧② ✸ ♦❢ t❤❡s❡
❤❛❧❢ ❝♦♣✐❡s ♦❢ wl✳ ■t ❤♦❧❞s
w(
[−4l, 0]) = w([0, 4l]),
w(
[
4l, 2 · 4l]) = w([0, 4l]).
❈♦♥s❡q✉❡♥t❧②
w(3I) = 3 w(I) < 6 w(I).
■❢ k ✐s ♦❞❞ ✇❡ ❤❛✈❡ 22l+1 = 2 · 4l, l ∈ N0✱ t❤❡♥ w|I ❝♦♥s✐sts ♦❢ ❡①❛❝t❧② ♦♥❡ ❝♦♣② ♦❢ wl✳ ❚❤✉s
w|3I ❝♦♥s✐sts ♦❢ ❡①❛❝t❧② ✷ ♦❢ t❤❡s❡ ❝♦♣✐❡s ♦❢ wl ❛♥❞ ❛♥ ✐♥✜♥✐t❡ s✉❝❝❡ss✐♦♥ ♦❢ s♠❛❧❧❡r ❝♦♣✐❡s
♦❢ wl✳ ❙♦ ✇❡ ❤❛✈❡
w(
[−2 · 4l, 0]) = w([0, 2 · 4l]),
w(
[
2 · 4l, 4l+1]) ✭✶✳✸✻✮= 1
3
w(
[
0, 2 · 4l]) < w([0, 2 · 4l]),
❛♥❞ t❤✉s
w(3I) < 3 w(I) < 6 w(I).
❍❡r❡ ✇❡ ❤❛✈❡ ✉s❡❞ ✭✶✳✸✻✮✳ ▲❡t m 6= 0 ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣✳
✭✐✐✮ ▲❡t a = 4n ♦r b = 4n ✭✇✳❧✳♦✳❣✳ a = 4n✮✱ t❤❡♥ w|I ❝♦♥s✐sts ♦❢ ❛♥ ✐♥✜♥✐t❡ s✉❝❝❡ss✐♦♥ ♦❢
✸✻ ✶✳ ❲❡✐❣❤t❡❞ ❋✉♥❝t✐♦♥ ❙♣❛❝❡s
❝♦♣✐❡s ♦❢ wn−1✳ ❍❡♥❝❡ w|3I ❝♦♥s✐sts ♦❢ 2 ♦❢ t❤❡s❡ ✐♥✜♥✐t❡ s✉❝❝❡ss✐♦♥s ♦❢ ❝♦♣✐❡s ♦❢ wn−1 ❛♥❞
✐♥ t❤❡ ✇♦rst ❝❛s❡ ♦❢ ♦♥❡ ❜✐❣❣❡r ❝♦♣② ♦❢ wn−1✳ ■t ❤♦❧❞s
w([2a− b, a]) = w([a, b]),
w([b, 2b− a])
✭✶✳✸✻✮
≤ 3 w([a, b]).
❈♦♥s❡q✉❡♥t❧②
w(3I) ≤ 5 w(I) < 6 w(I).
✭✐✐✐✮ w|I ❝♦♥s✐sts ♦❢ ❡①❛❝t❧② ♦♥❡ ❝♦♣② ♦❢ wn✱ t❤❡♥ ✇❡ ❤❛✈❡ ✷ ❝❛s❡s✳ ❖♥ t❤❡ ♦♥❡ s✐❞❡ w|3I
❝♦♥s✐sts ♦❢ t❤✐s ❝♦♣② ♦❢ wn ❛♥❞ ✷ ✐♥✜♥✐t❡ s✉❝❝❡ss✐♦♥s ♦❢ s♠❛❧❧❡r ❝♦♣✐❡s ♦❢ wn✳ ❇❡❝❛✉s❡ ♦❢
✭✶✳✸✻✮ ✐t ✐s ❝❧❡❛r t❤❛t ✇❡ ❤❛✈❡
w(3I)
✭✶✳✸✻✮
= w(I) +
1
3
w(I) +
1
3
w(I) < 6 w(I).
❖♥ t❤❡ ♦t❤❡r s✐❞❡ w|3I ❝♦♥s✐sts ♦❢ t❤✐s ❝♦♣② ♦❢ wn✱ ❛♥ ✐♥✜♥✐t❡ s✉❝❝❡ss✐♦♥ ♦❢ s♠❛❧❧❡r ❝♦♣✐❡s
♦❢ wn ❛♥❞ ♦♥❡ ❤❛❧❢ ❜✐❣❣❡r ❝♦♣② ♦❢ wn✳ ■t ✐s ❛❧s♦ ❡✈✐❞❡♥t✱ t❤❛t w(3I) < 6 w(I)✱
w(3I)
✭✶✳✸✻✮
= w(I) +
1
3
w(I) + 2 w(I) < 6 w(I).
✭✐✈✮ w|I ❝♦♥s✐sts ♦❢ ❡①❛❝t❧② ♦♥❡ ❤❛❧❢ ❝♦♣② ♦❢ wn✳ ■❢ w|I ❝♦♥s✐sts ♦❢ ❡①❛❝t❧② ♦♥❡ ❤❛❧❢ ❝♦♣②
♦❢ w0✱ ✐t ✐s ❝❧❡❛r t❤❛t w(3I) ≤ 3 w(I) < 6 w(I)✳ ❖t❤❡r✇✐s❡ ✇❡ ❤❛✈❡ st✐❧❧ ✷ ❝❛s❡s✳ ❖♥ t❤❡
♦♥❡ s✐❞❡ w|3I ❝♦♥s✐sts ♦❢ ✷ ♦❢ t❤❡s❡ ❤❛❧❢ ❝♦♣✐❡s ♦❢ wn ❛♥❞ ♦♥❡ s♠❛❧❧❡r ❝♦♣② ♦❢ wn✳ ❚❤✉s ✇❡
♦❜t❛✐♥
w(3I)
✭✶✳✸✻✮
= w(I) + w(I) +
1
2
w(I) < 6 w(I).
❖♥ t❤❡ ♦t❤❡r s✐❞❡ w|3I ❝♦♥s✐sts ♦❢ ✷ t❤❡s❡ ❤❛❧❢ ❝♦♣✐❡s ♦❢ wn ❛♥❞ ♦♥❡ ❜✐❣❣❡r ❝♦♣② ♦❢ wn−1✳
✭✶✳✸✻✮ ②✐❡❧❞s ✉s
w(3I)
✭✶✳✸✻✮
= w(I) + w(I) + 3 w(I) < 6 w(I).
✭✈✮ ❚❤❡ r❡♠❛✐♥✐♥❣ ❝❛s❡s ❛r❡✿ w|I ❝♦♥s✐sts ♦❢ 14 ♦r 18 ♦r . . . ♦❢ ❛ ❝♦♣② ♦❢ w0✳ ❇✉t ❢♦r t❤✐s ✐t
✐s ❡❛s② t♦ ♣r♦✈❡ t❤❛t w(3I) < 6 w(I)✳
❙✐♥❝❡ w ✐s ❡✈❡♥✱ ✭✶✳✸✺✮ ❛❧s♦ ❤♦❧❞s ❢♦r m < 0✳ ❙♦ ✇❡ ❤❛✈❡ ✭✶✳✸✺✮ s❤♦✇♥ ❢♦r ❛❧❧ k ∈ Z ❛♥❞
m ∈ Z✳
■♥ t❤❡ s❡❝♦♥❞ st❡♣ ❧❡t I ❜❡ ❛♥ ❛r❜✐tr❛r② ✐♥t❡r✈❛❧✳ ❚❤❡♥ ✇❡ ✜♥❞ ❛ k ∈ Z s✉❝❤ t❤❛t 2k ≤
|I| < 2k+1 ❛♥❞ t❤❡♥ ✇❡ ❝❤♦♦s❡ ❛♥ m ∈ Z s✉❝❤ t❤❛t
I ′ :=
[
m · 2k−1, (m+ 1) · 2k−1] ⊂ I. ✭✶✳✸✼✮
■t ✐s ❡❛s✐❧② s❡❡♥ t❤❛t 2I ⊂ 16I ′ = 2I ′′✱ ✇❤❡r❡ I ′′ := 8I ′✳ ❙✐♥❝❡ I ′′ s❛t✐s✜❡s st❡♣ ✶✱ ✇❡ ❤❛✈❡
w(2I) < w(2I ′′) < w(3I ′′)
✭✶✳✸✺✮
< 6 w(I ′′).
❯s✐♥❣ ✭✶✳✸✺✮ ✸ ♠♦r❡ t✐♠❡s✱ ✇❡ ♦❜t❛✐♥
w(2I) < 6 w(I ′′)
✭✶✳✸✺✮
< 64 w(I ′)
✭✶✳✸✼✮
< 64w(I).
❚❤✐s ✜♥✐s❤❡❞ t❤❡ ♣r♦♦❢✳ 
✶✳✷ ❲❡✐❣❤ts ✸✼
✶✳✷✳✸ ❉♦✉❜❧✐♥❣ ✇❡✐❣❤ts
❲❡ ❝♦♠❡ t♦ t❤❡ ♠♦st ✐♠♣♦rt❛♥t ✇❡✐❣❤t ❝❧❛ss ✐♥ t❤✐s ✇♦r❦ ✇❤✐❝❤ ♥❛t✉r❛❧❧② ❡①t❡♥❞s ▼✉✲
❝❦❡♥❤♦✉♣t ✇❡✐❣❤ts✳
❉❡✜♥✐t✐♦♥ ✶✳✶✼✳ ❲❡ s❛② t❤❛t ❛ ♥♦♥♥❡❣❛t✐✈❡ ❇♦r❡❧ ♠❡❛s✉r❡ µ ♦♥ Rn ✐s ❞♦✉❜❧✐♥❣ ✭❝♦♥❝❡r✲
♥✐♥❣ ❜❛❧❧s✮ ✐❢ t❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t β > 0 s✉❝❤ t❤❛t
µ(B(x, 2r)) ≤ 2nβµ(B(x, r)), ❢♦r ❛❧❧ x ∈ Rn, r > 0, ✭✶✳✸✽✮
❚❤❡ s♠❛❧❧❡st s✉❝❤ β ✐s ❝❛❧❧❡❞ ❞♦✉❜❧✐♥❣ ❝♦♥st❛♥t ♦❢ µ✳
❘❡♠❛r❦ ✶✳✶✽✳ ◆♦t❡ t❤❛t t❤❡ ❞♦✉❜❧✐♥❣ ♠❡❛s✉r❡ µ ❞♦❡s ♥♦t ♥❡❡❞ t♦ ❜❡ ❛❜s♦❧✉t❡❧② ❝♦♥t✐✲
♥✉♦✉s ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ▲❡❜❡s❣✉❡ ♠❡❛s✉r❡ ♦♥ Rn✱ ❝❢✳ ❬❇▼✵✵❪✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ❛♥②
✇❡✐❣❤t w ∈ A∞ ❞❡✜♥❡s ❛ ❞♦✉❜❧✐♥❣ ♠❡❛s✉r❡ µ ❜② dµ = w(x) dx ✐♥ ✈✐❡✇ ♦❢ Pr♦♣♦s✐t✐♦♥
✶✳✶✹✱ s❡❡ ❛❧s♦ ❊①❛♠♣❧❡ ✶✳✷✶ ❜❡❧♦✇✳
■♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ✇❡ ❛r❡ ♦♥❧② ✐♥t❡r❡st❡❞ ✐♥ ❞♦✉❜❧✐♥❣ ♠❡❛s✉r❡s✱ ✇❤✐❝❤ ❛r❡ ❛❜s♦❧✉t❡❧②
❝♦♥t✐♥✉♦✉s ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ▲❡❜❡s❣✉❡ ♠❡❛s✉r❡ ♦♥ Rn✳ ❙♦ ✇❡ ✐♥tr♦❞✉❝❡ t❤❡ s♦✲❝❛❧❧❡❞
❞♦✉❜❧✐♥❣ ✇❡✐❣❤ts✳ ❲❡ r❡♠✐♥❞✱ t❤❛t ✇❡ s❤❛❧❧ ♠❡❛♥ ❜② ❛ ✇❡✐❣❤t ❛ ❧♦❝❛❧❧② ✐♥t❡❣r❛❜❧❡ ❛♥❞
♣♦s✐t✐✈❡ ❛✳❡✳ ❢✉♥❝t✐♦♥ ♦♥ Rn✳
❉❡✜♥✐t✐♦♥ ✶✳✶✾✳ ▲❡t w ❜❡ ❛ ✇❡✐❣❤t ♦♥ Rn✳ w ✐s ❝❛❧❧❡❞ ❞♦✉❜❧✐♥❣ ✭❝♦♥❝❡r♥✐♥❣ ❜❛❧❧s✮ ✐❢
t❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t β > 0 s✉❝❤ t❤❛t
w(B(x, 2r)) ≤ 2nβw(B(x, r)), ❢♦r ❛❧❧ x ∈ Rn, r > 0. ✭✶✳✸✾✮
❚❤❡ s♠❛❧❧❡st s✉❝❤ β ✐s ❝❛❧❧❡❞ ❞♦✉❜❧✐♥❣ ❝♦♥st❛♥t ♦❢ w ✭❝♦♥❝❡r♥✐♥❣ ❜❛❧❧s✮✳
❊①❛♠♣❧❡ ✶✳✷✵✳ ■t ✐s ❝❧❡❛r t❤❛t w ≡ 1 ✐s ❞♦✉❜❧✐♥❣✱ ❜❡❝❛✉s❡ |B(x, 2r)| = 2n|B(x, r)| ❢♦r
❛r❜✐tr❛r② ❜❛❧❧s B(x, r)✱ ✐✳❡✳ β = 1✳
❊①❛♠♣❧❡ ✶✳✷✶✳ ❖✉r ✇❡✐❣❤t wa,b ❢r♦♠ ❊①❛♠♣❧❡ ✶✳✸ ✐s ❞♦✉❜❧✐♥❣✱ ✐❢ a, b > −n✱ ✐✳❡✳ wa,b ✐s
❞♦✉❜❧✐♥❣✱ ✐❢ ❛♥❞ ♦♥❧② ✐❢✱ wa,b ∈ A∞✳ ■♥ ✈✐❡✇ ♦❢ Pr♦♣♦s✐t✐♦♥ ✶✳✶✹ ❛❧❧ ▼✉❝❦❡♥❤♦✉♣t ✇❡✐❣❤ts
w ∈ A∞ ❛r❡ ❞♦✉❜❧✐♥❣✳ ❙❤♦rt ❝❛❧❝✉❧❛t✐♦♥ ✉s✐♥❣ ✭✶✳✷✵✮ ②✐❡❧❞s ✉s β = p logAp(w)✱ s❡❡ ❛❧s♦
t❤❡ ♣r♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✶✳✶✹✱ ♦r✱ ✐♥ ✈✐❡✇ ♦❢ ❧❛t❡r ✉s❡✱ β = c rw✱ r❡s♣❡❝t✐✈❡❧②✱ ✇❤❡r❡❛s
t❤❡ c = cw > 1 ❞❡♣❡♥❞s ♦♥ w✳ ❖♥ t❤❡ ❝♦♥tr❛r②✱ t❤❡r❡ ❡①✐st ❞♦✉❜❧✐♥❣ ✇❡✐❣❤ts ✇❤✐❝❤ ❞♦
♥♦t ❜❡❧♦♥❣ t♦ A∞ ❛s ✇❡ ❤❛✈❡ s❡❡♥ ✐♥ ❙❡❝t✐♦♥ ✶✳✷✳✷✳ ❍❡♥❝❡ A∞ ✐s ❛ ♣r♦♣❡r s✉❜s❡t ♦❢ ❛❧❧
❞♦✉❜❧✐♥❣ ✇❡✐❣❤ts ✇❤✐❝❤ ❛r❡ ❛❜s♦❧✉t❡❧② ❝♦♥t✐♥✉♦✉s ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ▲❡❜❡s❣✉❡ ♠❡❛s✉r❡
♦♥ Rn✳
◆♦✇ ✇❡ ✐♥tr♦❞✉❝❡ ❛♥♦t❤❡r ❞❡✜♥✐t✐♦♥ ♦❢ ❞♦✉❜❧✐♥❣ ✇❡✐❣❤ts ✇✐t❤ r❡s♣❡❝t t♦ ❝✉❜❡s✳ ❚❤✐s
✐s ❛♥ ❡q✉✐✈❛❧❡♥t ❞❡✜♥✐t✐♦♥✳ ❚❤❡ ❝♦♥st❛♥ts ❞❡♣❡♥❞ ♦♥ t❤❡ ❞✐♠❡♥s✐♦♥✱ s❡❡ Pr♦♣♦s✐t✐♦♥ ✶✳✷✸
❜❡❧♦✇✳
✸✽ ✶✳ ❲❡✐❣❤t❡❞ ❋✉♥❝t✐♦♥ ❙♣❛❝❡s
❉❡✜♥✐t✐♦♥ ✶✳✷✷✳ ▲❡t w ❜❡ ❛ ✇❡✐❣❤t ♦♥ Rn✳ w ✐s ❝❛❧❧❡❞ ❞♦✉❜❧✐♥❣ ✭❝♦♥❝❡r♥✐♥❣ ❝✉❜❡s✮ ✐❢
t❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t γ > 0 s✉❝❤ t❤❛t ❢♦r ❛❧❧ ❝✉❜❡s Q
w(2Q) ≤ 2nγw(Q). ✭✶✳✹✵✮
❚❤❡ s♠❛❧❧❡st s✉❝❤ γ ✐s ❝❛❧❧❡❞ ❞♦✉❜❧✐♥❣ ❝♦♥st❛♥t ♦❢ w ✭❝♦♥❝❡r♥✐♥❣ ❝✉❜❡s✮✳
Pr♦♣♦s✐t✐♦♥ ✶✳✷✸✳ ▲❡t w ❜❡ ❛ ✇❡✐❣❤t ♦♥ Rn✳
✭✐✮ ❚❤❡ ❝♦♥❞✐t✐♦♥s ✭✶✳✸✾✮ ❛♥❞ ✭✶✳✹✵✮ ❛r❡ ❡q✉✐✈❛❧❡♥t✳
✭✐✐✮ ❋♦r t❤❡ ❞♦✉❜❧✐♥❣ ❝♦♥st❛♥ts ❤♦❧❞s
1
c
β ≤ γ ≤ c β, ✭✶✳✹✶✮
✇❤❡r❡ c = ⌊log2(
√
n)⌋+ 2✳
✭✐✐✐✮ ❚❤❡ ❞♦✉❜❧✐♥❣ ❝♦♥st❛♥ts s❛t✐s❢② β ≥ 1 ❛♥❞ γ ≥ 1✳
Pr♦♦❢✳ ❙t❡♣ ✶✳ ❋✐rst ❛ss✉♠❡ t❤❛t w s❛t✐s✜❡s ✭✶✳✸✾✮✳ ▲❡t Q = Q(x, l) = l · [−1
2
, 1
2
]n
+ x✱
x ∈ Rn✱ l > 0✱ ❜❡ ❛♥ ❛r❜✐tr❛r② ❝✉❜❡✳ ❚❤❡♥ t❤❡r❡ ❡①✐st ❜❛❧❧s B1 = B(x, l2)✱ B2 = B(x,
√
nl)✱
s✉❝❤ t❤❛t t❤❡ ♦✉t❡r ❜❛❧❧ B2 t♦✉❝❤❡s t❤❡ ❝♦r♥❡rs ♦❢ t❤❡ ❝✉❜❡ Q(x, 2l) ❛♥❞ t❤❡ ✐♥♥❡r ❜❛❧❧ B1
t♦✉❝❤❡s t❤❡ ✐♥♥❡r s✐❞❡✇❛❧❧s ♦❢ t❤❡ ❝✉❜❡ Q(x, l)✳ ❚❤✉s ✇❡ ❤❛✈❡
w(2Q) =
∫
Q(x,2l)
w(y) dy
≤
∫
B(x,
√
n l)
w(y) dy = w(B(x,
√
n l))
✭✶✳✸✾✮
≤ 2nβw(B(x,
√
n
2
l))
✭✶✳✸✾✮
≤ 2nβ(k+1)w(B(x,
√
n
2k
l
2
)),
✇❤❡r❡ ✇❡ ❛♣♣❧✐❡❞ ✭✶✳✸✾✮ ❛♥❞ k ∈ N ✐s ❝❤♦s❡♥ s✉❝❤ t❤❛t
√
n
2k
≤ 1 ⇔ log2
√
n ≤ k✱ s❛②✱
k = ⌊log2(
√
n)⌋+ 1✳ ❚❤✉s ✇❡ ❝❛♥ ❝♦♥t✐♥✉❡ ♦✉r ❡st✐♠❛t❡ ❜②
w(2Q) ≤ 2nβ(k+1)w(B(x, l
2
))
≤ 2nβ(k+1)w(Q)
❛♥❞ ♦❜t❛✐♥ ❢♦r t❤❡ ❞♦✉❜❧✐♥❣ ❝♦♥st❛♥ts γ ≤ (⌊log2(
√
n)⌋+ 2) · β✳
❙t❡♣ ✷✳ ❖♥ t❤❡ ♦t❤❡r s✐❞❡ ✐❢ ✭✶✳✹✵✮ ❤♦❧❞s✳ ▲❡t B = B(x, r)✱ x ∈ Rn✱ r > 0 ❜❡ ❛♥ ❛r❜✐tr❛r②
❜❛❧❧✳ ❚❤❡♥ ✇❡ ❤❛✈❡ ✐♥ t❤❡ s❛♠❡ ✇❛② 2 ❝✉❜❡s Q1 = Q(x, 2r√n)✱ Q2 = Q(x, 4r) ✇✐t❤
w(B(x, 2r)) ≤ w(Q(x, 4r))
✭✶✳✹✵✮
≤ 2nγw(Q(x, 2r)) = 2nγw(Q(x, 2r√
n
· √n))
✭✶✳✹✵✮
≤ 2nγ(k+1)w(Q(x, 2r√
n
·
√
n
2k
)),
✶✳✷ ❲❡✐❣❤ts ✸✾
✇❤❡r❡ ✇❡ ❛♣♣❧✐❡❞ ✭✶✳✹✵✮ ❛♥❞ k ∈ N ❤❛✈❡ ❜❡❡♥ ❝❤♦s❡♥ ❛❣❛✐♥ s✉❝❤ t❤❛t
√
n
2k
≤ 1⇔ log2
√
n ≤
k✱ s❛②✱ k = ⌊log2(
√
n)⌋+ 1✳ ❍❡♥❝❡✱
w(B(x, 2r)) ≤ 2nγ(k+1)w(Q(x, 2r√
n
))
≤ 2nγ(k+1)w(B(x, r))
❛♥❞ ✇❡ ❣❡t β ≤ (⌊log2(
√
n)⌋ + 2) · γ✳ ❚❤✐s ❝♦♥❝❧✉❞❡s t❤❡ ♣r♦♦❢ ♦❢ ✭✐✮ ❛♥❞ ✭✐✐✮✳ ■t r❡♠❛✐♥s
t♦ ✈❡r✐❢② ✭✐✐✐✮✳
❙t❡♣ ✸✳ ▲❡t w ❜❡ ❞♦✉❜❧✐♥❣ ✭❝♦♥❝❡r✐♥❣ ❝✉❜❡s✮✳ ▲❡t Q ❜❡ ❛ ❝✉❜❡ ✇✐t❤ s✐❞❡❧❡♥❣t❤ 1✳ ▼♦r❡♦✈❡r
❧❡t l ❜❡ ❛♥ ❛r❜✐tr❛r② ♥❛t✉r❛❧ ♥✉♠❜❡r✳ Q ❝♦♥t❛✐♥s 2nl ❞✐s❥♦✐♥t ❝✉❜❡s Qi ✇✐t❤ s✐❞❡❧❡♥❣t❤ 2−l✳
■t ❤♦❧❞s
2nl⋃
i=1
Qi ⊂ Q, |Qi| = 2−nl, Qi ∩Qj = ∅.
▲❡t Qi ❜❡ ❛♥ ❛r❜✐tr❛r② s♠❛❧❧ ❝✉❜❡ ✐♥ Q✱ t❤❡♥ t❤❡ ❜✐❣ ❝✉❜❡ Q ✐s ❝♦✈❡r❡❞ ❜② x ·Qi✱ ✇❤❡r❡❛s
x · 2−l ≥ 2✱ ✐✳❡✳ x ≥ 2l+1✳ ❚❤❡♥ ✐t ❛♣♣❧✐❡s ❢♦r ❛ ✜①❡❞ l ∈ N ❛♥❞ ❛❧❧ i ∈ {1, . . . , 2nl} t❤❛t
2nl min
j=1,...,2nl
w(Qj) ≤
2nl∑
j=1
w(Qj) ≤ w(
2nl⋃
j=1
Qj) ≤ w(Q)
≤ w(2l+1Qi) ≤ 2nγ(l+1)w(Qi), i = 1, . . . , 2nl, ∀ l ∈ N.
❈❤♦♦s❡ i s✉❝❤ t❤❛t w(Qi) ✐s ♠✐♥✐♠❛❧✱ t❤❡♥ ✐t ❤♦❧❞s
2nl ≤ 2nγ(l+1) ⇒ l
l + 1
≤ γ ∀l ∈ N,
✐✳❡✳ γ ≥ 1✳
❚❤❡ ♣r♦♦❢ ❢♦r β ✐s s✐♠✐❧❛r✳ ▲❡t w ❜❡ ♥♦✇ ❛ ❞♦✉❜❧✐♥❣ ✇❡✐❣❤t ❝♦♥❝❡r♥✐♥❣ ❜❛❧❧s✳ ▲❡t B
❛ ❜❛❧❧ ✇✐t❤ r❛❞✐✉s ✶✱ t❤❡♥ B ❝♦♥t❛✐♥s ❛ ❝✉❜❡ Q ✇✐t❤ s✐❞❡❧❡♥❣t❤
√
n ❛♥❞ t❤✐s ❝✉❜❡ Q
❝♦♥t❛✐♥s ❛s ♠❡♥t✐♦♥❡❞ ❛❜♦✈❡ 2nl ❞✐s❥♦✐♥t ❝✉❜❡s Qi ✇✐t❤ s✐❞❡❧❡♥❣t❤ 2−l
√
n✱
⋃2nl
i=1Qi ⊂ Q✱
|Qi| = 2−nl✱ Qi ∩ Qj = ∅✳ ▼♦r❡♦✈❡r ❡✈❡r② ♦❢ t❤❡ s♠❛❧❧ ❝✉❜❡s Qi ❝♦♥t❛✐♥s ❛ ❜❛❧❧ Bi ✇✐t❤
r❛❞✐✉s ri = 2−l
√
n
2
✳ ❈♦♥s❡q✉❡♥t❧② t❤❡ ❜❛❧❧ B ❝♦♥t❛✐♥s 2nl ❞✐s❥♦✐♥t ❜❛❧❧s Bi ✇✐t❤ r❛❞✐✉s
2−l
√
n
2
❛♥❞
⋃2nl
i=1Bi ⊂ B✳ ❲❡ t❛❦❡ ❛♥ ❛r❜✐tr❛r② s♠❛❧❧ ❜❛❧❧ Bi✱ ❜❧♦✇ ✐t x−t✐♠❡s ✉♣ t♦ ❝♦✈❡r
t❤❡ ❜✐❣ ❜❛❧❧ B✱ ✇❤❡r❡❜② x · ri = x · 2−l
√
n
2
> 2✱ ✐✳❡✳ x > 2l+2 > 2l+1
√
n
2
✳ ❚❤❡♥ ❤♦❧❞s ❢♦r ❛
✜①❡❞ l ∈ N ❛♥❞ ❛❧❧ i ∈ {1, . . . , 2nl} t❤❛t
2nl min
j=1,...,2nl
w(Bj) ≤
2nl∑
j=1
w(Bj) ≤ w(
2nl⋃
j=1
Bj) ≤ w(B)
≤ w(2l+1Bi) ≤ 2nβ(l+2)w(Bi), i = 1, . . . , 2nl, ∀ l ∈ N.
❈❤♦♦s❡ i ❛❣❛✐♥ s✉❝❤ t❤❛t w(Bi) ✐s ♠✐♥✐♠❛❧✱ t❤❡♥
2nl ≤ 2nβ(l+2) ⇒ l
l + 2
≤ β ∀l ∈ N,
✐✳❡✳ β ≥ 1✳ 
✹✵ ✶✳ ❲❡✐❣❤t❡❞ ❋✉♥❝t✐♦♥ ❙♣❛❝❡s
❘❡♠❛r❦ ✶✳✷✹✳ ■♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ✇❡ ✇✐❧❧ ♥♦t ❞✐st✐♥❣✉✐s❤ ❜❡t✇❡❡♥ ❞♦✉❜❧✐♥❣ ✇❡✐❣❤ts ❝♦♥❝❡r✲
♥✐♥❣ ❜❛❧❧s ♦r ❝♦♥❝❡r♥✐♥❣ ❝✉❜❡s ❛s ❧♦♥❣ ❛s t❤❡✐r ❞♦✉❜❧✐♥❣ ❝♦♥st❛♥ts ❞♦ ♥♦t ♣❧❛② ❛♥② r♦❧❡✳
❖t❤❡r✇✐s❡ ✇❡ st✐❝❦ t♦ ♦✉r ❝♦♥✈❡♥t✐♦♥ t♦ ❧❛❜❡❧ t❤❡ ❞♦✉❜❧✐♥❣ ❝♦♥st❛♥t ❝♦♥❝❡r♥✐♥❣ ❜❛❧❧s ✇✐t❤
β✱ ❛♥❞ t❤❡ ♦♥❡ ❝♦♥❝❡r♥✐♥❣ ❝✉❜❡s ✇✐t❤ γ✳
❲❡ ♣r♦✈❡ ❛♥♦t❤❡r ❢❡❛t✉r❡ ♦❢ ❞♦✉❜❧✐♥❣ ✇❡✐❣❤ts ✇❤✐❝❤ ✇✐❧❧ ❜❡ ✉s❡❞ ❜❡❧♦✇✳
Pr♦♣♦s✐t✐♦♥ ✶✳✷✺✳ ▲❡t w ❜❡ ❛ ❞♦✉❜❧✐♥❣ ✇❡✐❣❤t✳ ❚❤❡♥
✭✐✮ ∀ E ⊂ Rn ✇✐t❤ 0 < |E| <∞ : 0 < w(E) <∞,
✭✐✐✮
∫
Rn
w(y) dy =∞.
Pr♦♦❢✳ ✭✐✮ ❚❤✐s ✐s ❛ ✐♠♠❡❞✐❛t❡ ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤❡ ❞♦✉❜❧✐♥❣ ♣r♦♣❡rt②✳
✭✐✐✮ ▲❡t w ❜❡ ❛ ❞♦✉❜❧✐♥❣ ✇❡✐❣❤t ✇✐t❤ w(B(x, 2r)) ≤ c w(B(x, r)) ❢♦r ❛r❜✐tr❛r② x ∈
Rn, r > 0✱ ❤❡r❡ ✇❡ ❞❡♥♦t❡ t❤❡ ❞♦✉❜❧✐♥❣ ❝♦♥st❛♥t 2nβ ❜② c✳ ▲❡t R0 > 0 ❜❡ ❛♥ ❛r❜✐tr❛r②
♣♦s✐t✐✈❡ ♥✉♠❜❡r ❛♥❞ x0 =
(
R0
2
, 0, · · · , 0)T ❛♥❞ x1 = (2R0, 0, · · · , 0)T ✳ ❚❤❡♥
B(x0,
R0
2
) ⊂ {y ∈ Rn : R0 ≤ |y − x1| ≤ 2R0} . ✭✶✳✹✷✮
❙✐♥❝❡ w ✐s ❞♦✉❜❧✐♥❣✱ r❡♠❡♠❜❡r t❤❛t 0 < w(B) <∞ ❢♦r ❛❧❧ ❜❛❧❧s B❀ s❡❡ ✭✐✮✳ ❙♦ ✐♥ ♣❛rt✐❝✉❧❛r
w(B(x0,
R0
2
)) ≥ a > 0✳ ◆♦✇ ✐t ❤♦❧❞s
w(B(x1, 2R0)) =
∫
B(x1,2R0)
w(y) dy
=
∫
B(x1,R0)
w(y) dy +
∫
R0≤|y−x1|≤2R0
w(y) dy
✭✶✳✹✷✮
≥ 1
c
w(B(x1, 2R0)) +
∫
B(x0,
R0
2
)
w(y) dy︸ ︷︷ ︸
≥a>0
≥ 1
c
w(B(x1, 2R0)) + a.
❲❡ ❜r✐♥❣ t❤❡ ✜rst s✉♠♠❛♥❞ ♦♥ t❤❡ ♦t❤❡r s✐❞❡ ❛♥❞ ♦❜t❛✐♥
w(B(x1, 2R0)) ≥ a c
c− 1 .
◆❡①t ✇❡ s❡t R1 := 4R0✱ t❤❡♥ x1 =
(
R1
2
, 0, · · · , 0)T ✳ ■♥ ❣❡♥❡r❛❧ ✇❡ s❡t Rk+1 = 4Rk✱
xk =
(
Rk
2
, 0, · · · , 0)T ❢♦r k ∈ N0✳ ❘❡♣❡❛t t❤❡ ✉♣♣❡r ❝❛❧❝✉❧❛t✐♦♥ ❢♦r x1, R1 ✐♥st❡❛❞ ♦❢ x0, R0
❛♥❞ r❡❝❡✐✈❡
w(B(x2,
R2
2
)) ≥ a
(
c
c− 1
)2
.
■t❡r❛t✐✈❡❧② ✇❡ ♦❜t❛✐♥ ✐♥ t❤❡ k✲t❤ st❡♣
w(B(xk,
Rk
2
)) ≥ a
(
c
c− 1
)k
. ✭✶✳✹✸✮
✶✳✷ ❲❡✐❣❤ts ✹✶
❋✐♥❛❧❧② ✇❡ ❣❡t ∫
Rn
w(y) dy ≥ lim
k→∞
∫
B(xk,
Rk
2
)
w(y) dy
✭✶✳✹✸✮
≥ a
(
c
c− 1
)k
=∞.

✶✳✷✳✹ ❋✉rt❤❡r ✇❡✐❣❤t ❝❧❛ss❡s
■♥ t❤❡ ❤✐st♦r② ♦❢ ❙♦❜♦❧❡✈✱ ❇❡s♦✈ ❛♥❞ ❚r✐❡❜❡❧✲▲✐③♦r❦✐♥ t②♣❡ s♣❛❝❡s s❡✈❡r❛❧ ❝❧❛ss❡s ♦❢ ✇❡✐❣❤ts
♣❧❛② ❛♥ ✐♠♣♦rt❛♥t r♦❧❡✳ ■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ❤❛✈❡ ❛ ❧♦♦❦ ❛t s♦♠❡ ♦❢ t❤❡s❡ ✇❡✐❣❤t ❝❧❛ss❡s ❛♥❞
❜r✐❡✢② ❞✐s❝✉ss t❤❡✐r r❡❧❛t✐♦♥s❤✐♣ t♦ ▼✉❝❦❡♥❤♦✉♣t ✇❡✐❣❤ts ❛♥❞ ❞♦✉❜❧✐♥❣ ✇❡✐❣❤ts✱ r❡s♣❡❝✲
t✐✈❡❧②✱ t♦ ❣❡t ❛ ❜❡tt❡r ♦✈❡r✈✐❡✇✳
❆❞♠✐ss✐❜❧❡ ✇❡✐❣❤ts
❲❡ st❛rt ✇✐t❤ t❤❡ s♦✲❝❛❧❧❡❞ ❛❞♠✐ss✐❜❧❡ ✇❡✐❣❤ts✱ ✇❤✐❝❤ ❤❛✈❡ ❛ ❧♦♥❣ ❤✐st♦r② ✐♥ t❤❡ t❤❡♦r② ♦❢
❢✉♥❝t✐♦♥ s♣❛❝❡s✳
❲❡ ✉s❡ t❤❡ ❛❜❜r❡✈✐❛t✐♦♥ 〈x〉 = (1 + |x|2)1/2✱ x ∈ Rn✳
❉❡✜♥✐t✐♦♥ ✶✳✷✻✳ ❚❤❡ ❝❧❛ss ♦❢ ❛❞♠✐ss✐❜❧❡ ✇❡✐❣❤t ❢✉♥❝t✐♦♥s ✐s t❤❡ ❝♦❧❧❡❝t✐♦♥ ♦❢ ❛❧❧ ♣♦s✐t✐✈❡
C∞ ❢✉♥❝t✐♦♥s w ♦♥ Rn ✇✐t❤ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣❡rt✐❡s✿
✭✐✮ ❢♦r ❛❧❧ η ∈ Nn0 t❤❡r❡ ❡①✐sts ❛ ♣♦s✐t✐✈❡ ❝♦♥st❛♥t cη ✇✐t❤
|Dηw(x)| ≤ cη w(x) ❢♦r ❛❧❧ x ∈ Rn;
✭✐✐✮ t❤❡r❡ ❡①✐st t✇♦ ❝♦♥st❛♥ts c > 0 ❛♥❞ α ≥ 0 s✉❝❤ t❤❛t
0 < w(x) ≤ cw(y) 〈x− y〉α ❢♦r ❛❧❧ x, y ∈ Rn.
❘❡♠❛r❦ ✶✳✷✼✳ ◆♦t❡ t❤❛t ❢♦r ❛❞♠✐ss✐❜❧❡ ✇❡✐❣❤ts w ❛♥❞ v✱ ❛❧s♦ 1/w ❛♥❞ vw ❛r❡ ❛❞♠✐ss✐❜❧❡
✇❡✐❣❤ts✳ ❋♦r ❢✉rt❤❡r ❞❡t❛✐❧s ❛❜♦✉t ❛❞♠✐ss✐❜❧❡ ✇❡✐❣❤ts ✇❡ r❡❢❡r ❢♦r ❡①❛♠♣❧❡ t♦ ❬❍❚✾✹✱ ❍❚✵✺❪
♦r ❛❧s♦ t♦ ❬❊❚✾✻✱ ❑▲❙❙✵✻❛✱ ❑▲❙❙✵✻❜✱ ❑▲❙❙✵✼❪✳
❊①❛♠♣❧❡ ✶✳✷✽✳ ❖❜✈✐♦✉s❧②✱ vα(x) = 〈x〉α✱ α ∈ R✱ ✐s ❛♥ ❛❞♠✐ss✐❜❧❡ ✇❡✐❣❤t✳ ◆♦t❡ t❤❛t
vα ∈ A∞ ❢♦r α > −n ✉♥❧✐❦❡ ✐♥ ❝❛s❡ ♦❢ α ≤ −n✳ ❈♦♥✈❡rs❡❧②✱ wa,b ❣✐✈❡♥ ❜② ✭✶✳✶✺✮ ✇✐t❤
−n < a < 0✱ b > −n✱ ✐s ♥♦t ❛❞♠✐ss✐❜❧❡ ✐♥ t❤❡ ❛❜♦✈❡ s❡♥s❡✱ ❜✉t ❜❡❧♦♥❣s t♦ A∞ ♦r ✐s
❞♦✉❜❧✐♥❣✱ r❡s♣❡❝t✐✈❡❧②✳
❚❤❡r❡ ❡①✐sts ❛ ❣❡♥❡r❛❧✐③❛t✐♦♥ ♦❢ ❞❡✜♥✐t✐♦♥ ✶✳✷✻✳
❉❡✜♥✐t✐♦♥ ✶✳✷✾✳ ❚❤❡ ❝❧❛ss ♦❢ ❣❡♥❡r❛❧ ❧♦❝❛❧❧② r❡❣✉❧❛r ✇❡✐❣❤t ❢✉♥❝t✐♦♥s ✐s t❤❡ ❝♦❧❧❡❝t✐♦♥ ♦❢
❛❧❧ ♣♦s✐t✐✈❡ C∞ ❢✉♥❝t✐♦♥s w ♦♥ Rn ✇✐t❤ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣❡rt✐❡s✿
✹✷ ✶✳ ❲❡✐❣❤t❡❞ ❋✉♥❝t✐♦♥ ❙♣❛❝❡s
✭✐✮ ❢♦r ❛❧❧ η ∈ Nn0 t❤❡r❡ ❡①✐sts ❛ ♣♦s✐t✐✈❡ ❝♦♥st❛♥t cη ✇✐t❤
|Dηw(x)| ≤ cη w(x) ❢♦r ❛❧❧ x ∈ Rn;
✭✐✐✮ t❤❡r❡ ❡①✐st t✇♦ ❝♦♥st❛♥ts C > 0 ❛♥❞ 0 < β ≤ 1 s✉❝❤ t❤❛t
0 < w(x) ≤ C w(y) exp (C |x− y|β) ❢♦r ❛❧❧ x, y ∈ Rn.
❘❡♠❛r❦ ✶✳✸✵✳ ❖❢ ❝♦✉rs❡ ❛♥② ❛❞♠✐ss✐❜❧❡ ✇❡✐❣❤t ✐s ❧♦❝❛❧❧② r❡❣✉❧❛r✳ ❋♦r ❢✉rt❤❡r ❞❡t❛✐❧s ✇❡
r❡❢❡r t♦ ❬❙❝❤✾✽❪✳
❊①❛♠♣❧❡ ✶✳✸✶✳ ❋♦r ❡①❛♠♣❧❡ t❤❡ ✇❡✐❣❤t
w(x) = exp(|x|β), 0 < β ≤ 1, ✭✶✳✹✹✮
✐s ❧♦❝❛❧❧② r❡❣✉❧❛r ❜✉t ♥♦t ❛❞♠✐ss✐❜❧❡✱ s❡❡ ❬❙❝❤✾✽❪✳
▲♦❝❛❧ ▼✉❝❦❡♥❤♦✉♣t ✇❡✐❣❤ts
❲❡ ❡①t❡♥❞ t❤❡s❡ ✇❡✐❣❤t ❝❧❛ss❡s ❜② t❤❡ s♦✲❝❛❧❧❡❞ ❧♦❝❛❧ ▼✉❝❦❡♥❤♦✉♣t ✇❡✐❣❤ts✱ ✇❤✐❝❤ ❛❧s♦
❝♦♥t❛✐♥ t❤❡ ❛❧r❡❛❞② ♠❡♥t✐♦♥❡❞ ▼✉❝❦❡♥❤♦✉♣t ✇❡✐❣❤ts✳
❉❡✜♥✐t✐♦♥ ✶✳✸✷✳ ▲❡t w ❜❡ ❛ ✇❡✐❣❤t ♦♥ Rn✳
✭✐✮ ❚❤❡♥ w ❜❡❧♦♥❣s t♦ t❤❡ ❧♦❝❛❧ ▼✉❝❦❡♥❤♦✉♣t ❝❧❛ss Alocp ✱ 1 < p < ∞✱ ✐❢ t❤❡r❡ ❡①✐sts ❛
❝♦♥st❛♥t 0 < A < ∞ s✉❝❤ t❤❛t ❢♦r ❛❧❧ ❜❛❧❧s B ✇✐t❤ |B| ≤ 1 t❤❡ ❢♦❧❧♦✇✐♥❣ ✐♥❡q✉❛❧✐t②
❤♦❧❞s (
1
|B|
∫
B
w(x) dx
)
·
(
1
|B|
∫
B
w(x)−p
′/p dx
)p/p′
≤ A. ✭✶✳✹✺✮
❚❤❡ s♠❛❧❧❡st s✉❝❤ A ✐s ❝❛❧❧❡❞ t❤❡ ▼✉❝❦❡♥❤♦✉♣t ❝♦♥st❛♥t Alocp = A
loc
p (w)✳
✭✐✐✮ ❚❤❡♥ w ❜❡❧♦♥❣s t♦ t❤❡ ▼✉❝❦❡♥❤♦✉♣t ❝❧❛ss Aloc1 ✐❢ t❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t 0 < A <∞
s✉❝❤ t❤❛t t❤❡ ✐♥❡q✉❛❧✐t②
Mlocw(x) ≤ Aw(x) ✭✶✳✹✻✮
❤♦❧❞s ❢♦r ❛❧♠♦st ❛❧❧ x ∈ Rn✱ ✇❤❡r❡ ❤❡r❡ Mloc st❛♥❞s ❢♦r t❤❡ ❧♦❝❛❧ ❍❛r❞②✲▲✐tt❧❡✇♦♦❞
♠❛①✐♠❛❧ ♦♣❡r❛t♦r ❣✐✈❡♥ ❜②
Mlocf(x) = sup
B(x,r)∈B,0<r≤1
1
|B(x, r)|
∫
B(x,r)
|f(y)| dy, x ∈ Rn,
❚❤❡ s♠❛❧❧❡st s✉❝❤ A ✐s ❝❛❧❧❡❞ t❤❡ ▼✉❝❦❡♥❤♦✉♣t ❝♦♥st❛♥t Aloc1 = A
loc
1 (w)✳
✭✐✐✐✮ ❚❤❡ ▼✉❝❦❡♥❤♦✉♣t ❝❧❛ss Aloc∞ ✐s ❣✐✈❡♥ ❜②
Aloc∞ =
⋃
p>1
Alocp . ✭✶✳✹✼✮
✶✳✷ ❲❡✐❣❤ts ✹✸
❘❡♠❛r❦ ✶✳✸✸✳ ❚❤❡s❡ ✇❡✐❣❤ts ✇❡r❡ ✐♥tr♦❞✉❝❡❞ ✷✵✵✶ ❜② ❘②❝❤❦♦✈ ✐♥ ❬❘②❝✵✶❪✳ ❖❜✈✐♦✉s❧②
✐t ❤♦❧❞s t❤❛t Ap ⊂ Alocp ❛♥❞ Alocp (w) ≤ Ap(w) ❢♦r ❛♥② w ∈ Ap✱ 1 ≤ p < ∞✳ ❚❤❡② ❞♦ ♥♦t
♦♥❧② ❡①t❡♥❞ t❤❡ ▼✉❝❦❡♥❤♦✉♣t ✇❡✐❣❤ts✱ ❜✉t ❛❧s♦ ❝♦♥t❛✐♥ t❤❡ ❛❜♦✈❡ ✐♥tr♦❞✉❝❡❞ ❛❞♠✐ss✐❜❧❡
❛♥❞ ❧♦❝❛❧❧② r❡❣✉❧❛r ✇❡✐❣❤ts✱ ❝❢✳ ❬❙❝❤✾✽✱ ❘②❝✵✶✱ ❍❚✵✺❪✳ ▼♦r❡♦✈❡r Aloc1 ❝♦♥t❛✐♥s t❤❡ r❡❣✉❧❛r
✇❡✐❣❤ts✱ s❡❡ ❬❲♦❥✶✷❛✱ Pr♦♣✳ ✷✳✹❪✳
❊①❛♠♣❧❡ ✶✳✸✹✳ ❆ t②♣✐❝❛❧ ❡①❛♠♣❧❡ ✇❤✐❝❤ ✐s ❝♦♥t❛✐♥❡❞ ✐♥ Aloc∞ ✱ ❜✉t ♥♦t ✐♥ A∞ ❛♥❞ ✐s ❛❧s♦
♥♦t ❧♦❝❛❧❧② r❡❣✉❧❛r✱ ✐s ❣✐✈❡♥ ❜②
wa,exp(x) =
|x|a, ✐❢ |x| ≤ 1,exp(|x| − 1), ✐❢ |x| > 1,
✇❤❡r❡ a > −n✱ s❡❡ ❬❲♦❥✶✷❛❪✳ ■❢ −n < a < n(p − 1) ❛♥❞ 1 < p < ∞ t❤❡♥ w ∈ Alocp ✳ ■❢
−n < a ≤ 0 t❤❡♥ w ∈ Aloc1 ✳
✹✹ ✶✳ ❲❡✐❣❤t❡❞ ❋✉♥❝t✐♦♥ ❙♣❛❝❡s
✶✳✸ ❋✉♥❝t✐♦♥ s♣❛❝❡s
✶✳✸✳✶ ❙♣❛❝❡s ♦❢ ❇❡s♦✈ ❛♥❞ ❚r✐❡❜❡❧✲▲✐③♦r❦✐♥ t②♣❡
❚❤✐s s❡❝t✐♦♥ ❣✐✈❡s ❛♥ ✐♥tr♦❞✉❝t✐♦♥ t♦ t❤❡ ❝❧❛ss✐❝❛❧ ❢✉♥❝t✐♦♥ s♣❛❝❡s ♦❢ ❇❡s♦✈ ❛♥❞ ❚r✐❡❜❡❧✲
▲✐③♦r❦✐♥ t②♣❡✳ ❚❤❡r❡ ❛r❡ ✈❛r✐♦✉s ✇❛②s t♦ ❞❡✜♥❡ t❤❡s❡ s♣❛❝❡s✱ ❡✳❣✳ ❜② ❞❡r✐✈❛t✐✈❡s✱ ❞✐✛❡r❡♥❝❡s
♦❢ ❢✉♥❝t✐♦♥s✱ t❤❡ ❋♦✉r✐❡r ❛♥❛❧②t✐❝❛❧ r❡♣r❡s❡♥t❛t✐♦♥✱ ❧♦❝❛❧ ♠❡❛♥s✱ ❛t♦♠✐❝ ❞❡❝♦♠♣♦s✐t✐♦♥✱
❡t❝✳ ❲❡ ♣r❡s❡♥t t❤❡ ♠♦st ❝♦♠♠♦♥ ❋♦✉r✐❡r ❛♥❛❧②t✐❝❛❧ ❛♣♣r♦❛❝❤✳ ❋♦r t❤✐s ✇❡ ♥❡❡❞ t❤❡
❝♦♥❝❡♣t ♦❢ ❛ s♠♦♦t❤ ❞②❛❞✐❝ r❡s♦❧✉t✐♦♥ ♦❢ ✉♥✐t② ✐♥ Rn✳ ❚❤✐s ✐s ❛ s②st❡♠ ♦❢ ❢✉♥❝t✐♦♥s
{ϕj}j∈N0 ⊂ C∞(Rn) ✇✐t❤ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣❡rt✐❡s✳
suppϕ0 ⊂ {x ∈ Rn : |x| ≤ 2} , ✭✶✳✹✽✮
suppϕj ⊂
{
x ∈ Rn : 2j−1 ≤ |x| ≤ 2j+1} , j ∈ N, ✭✶✳✹✾✮
|(Dαϕj)(x)| ≤ cα 2−j|α|, ∀ x ∈ Rn, ∀ α ∈ Nn0 , j ∈ N0, ✭✶✳✺✵✮
∞∑
j=0
ϕj(x) = 1, ∀ x ∈ Rn. ✭✶✳✺✶✮
■t ✐s r❛t❤❡r ❡❛s② t♦ ❝♦♥str✉❝t s✉❝❤ ❛ r❡s♦❧✉t✐♦♥ ♦❢ ✉♥✐t②✿ ▲❡t ϕ0 = ϕ ∈ S(Rn) ❜❡ s✉❝❤ t❤❛t
suppϕ ⊂ {y ∈ Rn : |y| < 2} ❛♥❞ ϕ(x) = 1, ✐❢ |x| ≤ 1,
❛♥❞ ❢♦r ❡❛❝❤ j ∈ N ❧❡t ϕj(x) = ϕ(2−jx)− ϕ(2−j+1x)✳ ❚❤❡♥ {ϕj}∞j=0 ❢♦r♠s ❛ s②st❡♠ ✇✐t❤
t❤❡ r❡q✉✐r❡❞ ♣r♦♣❡rt✐❡s✳ ▲❡t fj := F−1(ϕjFf)✱ f ∈ S ′(Rn)✳ ❚❤❡♥ suppFfj ⊂ suppϕj✳
❙✐♥❝❡ ϕj ❤❛s ❛ ❝♦♠♣❛❝t s✉♣♣♦rt fj ✐s ✇❡❧❧✲❞❡✜♥❡❞ ❢♦r ❛♥② f ∈ S ′(Rn) ❛♥❞ fj ✐s ❜②
t❤❡ P❛❧❡②✲❲✐❡♥❡r✲❙❝❤✇❛rt③ t❤❡♦r❡♠ ❛♥ ❡♥t✐r❡ ❛♥❛❧②t✐❝ ❢✉♥❝t✐♦♥ ✇✐t❤ r❡s♣❡❝t t♦ x ∈ Rn✳
❋✉rt❤❡r♠♦r❡ ✐t ❤♦❧❞s ❢♦r ❛❧❧ f ∈ S ′(Rn)
f(x) =
∞∑
j=0
F−1(ϕjFf)(x) =
∞∑
j=0
fj(x) ✇✐t❤ ❝♦♥✈❡r❣❡♥❝❡ ✐♥ S ′(Rn).
❚❤❡ ✭✉♥✇❡✐❣❤t❡❞✮ ❇❡s♦✈ ❛♥❞ ❚r✐❡❜❡❧✲▲✐③♦r❦✐♥ s♣❛❝❡s ❛r❡ ❞❡✜♥❡❞ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ✇❛②✳
❉❡✜♥✐t✐♦♥ ✶✳✸✺✳ ▲❡t {ϕj}∞j=0 ❜❡ ❛ s♠♦♦t❤ ❞②❛❞✐❝ r❡s♦❧✉t✐♦♥ ♦❢ ✉♥✐t②✳
✭✐✮ ▲❡t 0 < p ≤ ∞✱ 0 < q ≤ ∞✱ s ∈ R✳ ❚❤❡ ❇❡s♦✈ s♣❛❝❡ Bsp,q = Bsp,q(Rn) ✐s t❤❡ s❡t ♦❢
❛❧❧ ❞✐str✐❜✉t✐♦♥s f ∈ S ′ s✉❝❤ t❤❛t
∥∥f |Bsp,q∥∥ =
( ∞∑
j=0
2jsq
∥∥F−1(ϕjFf)|Lp∥∥q
)1/q
✐s ✜♥✐t❡ ✭✇✐t❤ t❤❡ ✉s✉❛❧ ♠♦❞✐✜❝❛t✐♦♥ ✐♥ t❤❡ ❧✐♠✐t✐♥❣ ❝❛s❡ q =∞✮✳
✶✳✸ ❋✉♥❝t✐♦♥ s♣❛❝❡s ✹✺
✭✐✐✮ ▲❡t 0 < p < ∞✱ 0 < q ≤ ∞✱ s ∈ R✳ ❚❤❡ ❚r✐❡❜❡❧✲▲✐③♦r❦✐♥ s♣❛❝❡ F sp,q = F sp,q(Rn) ✐s
t❤❡ s❡t ♦❢ ❛❧❧ ❞✐str✐❜✉t✐♦♥s f ∈ S ′ s✉❝❤ t❤❛t
∥∥f |F sp,q∥∥ =
∥∥∥∥∥∥
( ∞∑
j=0
2jsq
∣∣F−1(ϕjFf)(·)∣∣q
)1/q
|Lp
∥∥∥∥∥∥
✐s ✜♥✐t❡ ✭✇✐t❤ t❤❡ ✉s✉❛❧ ♠♦❞✐✜❝❛t✐♦♥ ✐♥ t❤❡ ❧✐♠✐t✐♥❣ ❝❛s❡ q =∞✮✳
❘❡♠❛r❦ ✶✳✸✻✳ ❚❤❡ s♣❛❝❡s Bsp,q(R
n) ❛♥❞ F sp,q(R
n) ❛r❡ ✐♥❞❡♣❡♥❞❡♥t ♦❢ t❤❡ ♣❛rt✐❝✉❧❛r ❝❤♦✐❝❡
♦❢ t❤❡ s♠♦♦t❤ ❞②❛❞✐❝ r❡s♦❧✉t✐♦♥ ♦❢ ✉♥✐t② {ϕj}∞j=0 ❛♣♣❡❛r✐♥❣ ✐♥ t❤❡✐r ❞❡✜♥✐t✐♦♥s ✭✐♥ t❤❡
s❡♥s❡ ♦❢ ❡q✉✐✈❛❧❡♥t ♥♦r♠s✮✳ ❆ ♣r♦♦❢ ♠❛② ❜❡ ❢♦✉♥❞ ✐♥ ❬❚r✐✾✷✱ ❙❡❝t✐♦♥ ✷✳✸✳✷✱ ♣♣✳ ✾✸✲✾✻❪✳
❚❤❡② ❛r❡ q✉❛s✐✲❇❛♥❛❝❤ s♣❛❝❡s ✭❇❛♥❛❝❤ s♣❛❝❡s ❢♦r p, q ≥ 1✮ ❛♥❞ ✐t ❤♦❧❞s S(Rn) →֒
Bsp,q(R
n), F sp,q(R
n) →֒ S ′(Rn)✱ ✇❤❡r❡ t❤❡ ✜rst ❡♠❜❡❞❞✐♥❣ ✐s ❞❡♥s❡ ✐❢ p <∞ ❛♥❞ q <∞✱ ❝❢✳
❬❚r✐✽✸✱ ❙❡❝t✐♦♥ ✷✳✸✳✸❪✳
▼♦r❡♦✈❡r ✇❡ ❤❛✈❡ s♦♠❡ ❡❧❡♠❡♥t❛r② ❡♠❜❡❞❞✐♥❣s ❢♦r t❤❡s❡ s♣❛❝❡s✳ ❋♦r t❤✐s ♣✉r♣♦s❡ ✇❡
❛❞♦♣t t❤❡ ✉s✉❛❧ ❝♦♥✈❡♥t✐♦♥ t♦ ✇r✐t❡ Asp,q(R
n) ✐♥st❡❛❞ ♦❢ Bsp,q(R
n) ♦r F sp,q(R
n)✱ r❡s♣❡❝t✐✈❡❧②✱
✇❤❡♥ ❜♦t❤ s❝❛❧❡s ♦❢ s♣❛❝❡s ❛r❡ ♠❡❛♥t s✐♠✉❧t❛♥❡♦✉s❧② ✐♥ s♦♠❡ ❝♦♥t❡①t✳ ▲❡t 0 < p < ∞✱
0 < q ≤ ∞✱ s ∈ R✱ t❤❡♥
As0p,q0(R
n) →֒ As1p,q1(Rn), ✐❢ −∞ < s1 < s0 <∞, 0 < q0, q1 ≤ ∞,
Asp,q0(R
n) →֒ Asp,q1(Rn), ✐❢ 0 < q0 ≤ q1 ≤ ∞,
❛♥❞
Bsp,min(p,q)(R
n) →֒ F sp,q(Rn) →֒ Bsp,max(p,q)(Rn),
❝❢✳ ❬❚r✐✽✸✱ ❙❡❝t✐♦♥ ✷✳✸✳✷✱ Pr♦♣✳ ✷❪✳
■❢ ♦♥❡ ❝♦♠♣❛r❡s t❤❡ t✇♦ ♣❛rts ♦❢ t❤❡ ❛❜♦✈❡ ❞❡✜♥✐t✐♦♥s t❤❡♥ p =∞ ✐s ♠✐ss✐♥❣ ✐♥ ❝♦♥♥❡❝t✐♦♥
✇✐t❤ t❤❡ s♣❛❝❡ F sp,q✳ ■t ❝♦♠❡s ♦✉t t❤❛t ❛ ❞✐r❡❝t ❡①t❡♥s✐♦♥ ♦❢ t❤❡ ❛❜♦✈❡ ❞❡✜♥✐t✐♦♥ ♦❢ F
s
p,q
t♦ p = ∞ ❞♦❡s ♥♦t ♠❛❦❡ s❡♥s❡ ✐❢ 0 < q < ∞ ✭✐♥ ♣❛rt✐❝✉❧❛r✱ ❛ ❝♦rr❡s♣♦♥❞✐♥❣ s♣❛❝❡ ✐s ♥♦t
✐♥❞❡♣❡♥❞❡♥t ♦❢ t❤❡ ❝❤♦✐❝❡ ♦❢ {ϕj}j✮✳ ❍♦✇❡✈❡r✱ ✉s✐♥❣ ❛ ♠♦❞✐✜❝❛t✐♦♥ ✐t ✐s ♣♦ss✐❜❧❡ t♦ ❞❡✜♥❡
s♣❛❝❡s F s∞,q(R
n)✱ ❝❢✳ ❬❚r✐✾✷✱ ✶✳✺✳✷❪✳ ◆♦t❡ t❤❛t t❤❡ s♣❛❝❡s Asp,q(R
n) ❝♦♥t❛✐♥ t❡♠♣❡r❡❞ ❞✐str✐✲
❜✉t✐♦♥s ✇❤✐❝❤ ❝❛♥ ♦♥❧② ❜❡ ✐♥t❡r♣r❡t❡❞ ❛s r❡❣✉❧❛r ❞✐str✐❜✉t✐♦♥s ✭❢✉♥❝t✐♦♥s✮ ❢♦r s✉✣❝✐❡♥t❧②
❤✐❣❤ s♠♦♦t❤♥❡ss✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱ ❢♦r B✲s♣❛❝❡s ✇❡ ❤❛✈❡
Bsp,q(R
n) ⊂ Lloc1 (Rn) ✐❢✱ ❛♥❞ ♦♥❧② ✐❢✱

s > σp, ❢♦r 0 < p ≤ ∞, 0 < q ≤ ∞,
s = σp, ❢♦r 0 < p ≤ 1, 0 < q ≤ 1,
s = σp, ❢♦r 1 < p ≤ ∞, 0 < q ≤ min(p, 2),
✭✶✳✺✷✮
❛♥❞ ✐♥ ❝❛s❡ ♦❢ F ✲s♣❛❝❡s
F sp,q(R
n) ⊂ Lloc1 (Rn) ✐❢✱ ❛♥❞ ♦♥❧② ✐❢✱

s ≥ σp, ❢♦r 0 < p < 1, 0 < q ≤ ∞,
s > σp, ❢♦r 1 ≤ p <∞, 0 < q ≤ ∞,
s = σp, ❢♦r 1 ≤ p <∞, 0 < q ≤ 2,
✭✶✳✺✸✮
✹✻ ✶✳ ❲❡✐❣❤t❡❞ ❋✉♥❝t✐♦♥ ❙♣❛❝❡s
❝❢✳ ❬❙❚✾✺✱ ❚❤♠✳ ✸✳✸✳✷❪✱ ✇❤❡r❡ σp ✐s ❣✐✈❡♥ ❛s ✉s✉❛❧ ❜②
σp = n
(
1
p
− 1
)
+
.
❚❤❡ s❝❛❧❡ F sp,q(R
n) ❝♦♥t❛✐♥s ♠❛♥② ✇❡❧❧✲❦♥♦✇♥ ❢✉♥❝t✐♦♥ s♣❛❝❡s✳ ❲❡ ❧✐st ❛ ❢❡✇ s♣❡❝✐❛❧ ❝❛s❡s✳
▲❡t 1 < p <∞✱ t❤❡♥
F sp,2(R
n) = Hsp(R
n), s ∈ R,
✇❤❡r❡ t❤❡ ❧❛tt❡r ❛r❡ t❤❡ (❢r❛❝t✐♦♥❛❧) ❙♦❜♦❧❡✈ s♣❛❝❡s ❝♦♥t❛✐♥✐♥❣ ❛❧❧ f ∈ S ′(Rn) ✇✐t❤
F−1((1 + |ξ|2)s/2Ff) ∈ Lp(Rn).
■♥ ♣❛rt✐❝✉❧❛r✱ ❢♦r k ∈ N0✱ ✇❡ ♦❜t❛✐♥ t❤❡ ❝❧❛ss✐❝❛❧ ❙♦❜♦❧❡✈ s♣❛❝❡s
F kp,2(R
n) = W kp (R
n) ❛♥❞ F 0p,2(R
n) = Lp(R
n),
✉s✉❛❧❧② ♥♦r♠❡❞ ❜②
‖f |W kp (Rn)‖ =
∑
|α|≤k
‖Dαf |Lp(Rn)‖p
1/p ,
✇❤❡r❡ ❤❡r❡ Dαf ❛r❡ ❣❡♥❡r❛❧✐③❡❞ ❞❡r✐✈❛t✐✈❡s ✐♥ t❤❡ s❡♥s❡ ♦❢ ❞✐str✐❜✉t✐♦♥s✳ ❖t❤❡r✇✐s❡ ❢♦r
0 < p <∞ ✇❡ ♦❜t❛✐♥ t❤❡ ❍❛r❞② s♣❛❝❡s
F 0p,2(R
n) = hp(R
n).
❋♦r ❝♦♠♣r❡❤❡♥s✐✈❡ tr❡❛t♠❡♥t ♦❢ t❤❡ ❇❡s♦✈✲❚r✐❡❜❡❧✲▲✐③♦r❦✐♥ s♣❛❝❡s ✇❡ r❡❢❡r✱ ✐♥ ♣❛rt✐❝✉❧❛r✱
t♦ t❤❡ s❡r✐❡s ♦❢ ♠♦♥♦❣r❛♣❤s ❜② ❚r✐❡❜❡❧✱ ❬❚r✐✼✽✱ ❚r✐✽✸✱ ❚r✐✾✷✱ ❚r✐✾✼✱ ❚r✐✵✶✱ ❚r✐✵✻✱ ❚r✐✵✽❪✳
❘❡♠❛r❦ ✶✳✸✼✳ ❆s ❛❧r❡❛❞② ♠❡♥t✐♦♥❡❞ t❤❡r❡ ❛r❡ ❞✐✛❡r❡♥t ✇❛②s t♦ ❞❡✜♥❡ ❇❡s♦✈ ❛♥❞ ❚r✐❡❜❡❧✲
▲✐③♦r❦✐♥ s♣❛❝❡s✱ r❡s♣❡❝t✐✈❡❧②✳ ❚❤❡ ❝❧❛ss✐❝❛❧ ❇❡s♦✈ s♣❛❝❡s✱ ✐♥ ♣❛rt✐❝✉❧❛r✱ ✇❤❡♥ 1 ≤ p, q ≤ ∞
❛♥❞ s > 0✱ ❛r❡ ❝❤❛r❛❝t❡r✐③❡❞ ❜② ✐t❡r❛t❡❞ ❞✐✛❡r❡♥❝❡s ❛♥❞ ❞❡r✐✈❛t✐✈❡s✳
❋♦r ❛♥ ❛r❜✐tr❛r② ❢✉♥❝t✐♦♥ f ♦♥ Rn✱ h ∈ Rn ❛♥❞ r ∈ N ❧❡t
(∆1hf)(x) = f(x+ h)− f(x) ❛♥❞ (∆r+1h f)(x) = ∆1h(∆rhf)(x)
❜❡ t❤❡ ✐t❡r❛t❡❞ ❞✐✛❡r❡♥❝❡s✳
▲❡t 1 ≤ p, q ≤ ∞ ❛♥❞ s > 0✳ ❲❡ ♣✉t
s = [s]− + {s}+ , ✭✶✳✺✹✮
✇❤❡r❡ [s]− ✐s ❛♥ ✐♥t❡❣❡r ❛♥❞ 0 < {s}+ ≤ 1✳ ❚❤❡♥ t❤❡ ❝❧❛ss✐❝❛❧ ❇❡s♦✈ s♣❛❝❡ Bsp,q(Rn)
❝♦♥t❛✐♥s ❛❧❧ f ∈ Lp(Rn) s✉❝❤ t❤❛t
‖f |Bsp,q(Rn)‖ = ‖f |W [s]
−
p (R
n)‖+
∑
|α|=[s]−
(∫
Rn
|h|−{s}+q‖∆2hDαf |Lp(Rn)‖q
dh
|h|n
)1/q
✭✶✳✺✺✮
✶✳✸ ❋✉♥❝t✐♦♥ s♣❛❝❡s ✹✼
✐s ✜♥✐t❡✱ ✇❤❡r❡ ✇❡ ✉s❡ ❢♦r q =∞ t❤❡ ❢♦❧❧♦✇✐♥❣ ♥♦r♠ ♠♦❞✐✜❝❛t✐♦♥
‖f |Bsp,∞(Rn)‖ = ‖f |W [s]
−
p (R
n)‖+
∑
|α|=[s]−
sup
0 6=h∈Rn
|h|−{s}+‖∆2hDαf |Lp(Rn)‖. ✭✶✳✺✻✮
❚❤❡s❡ ❇❛♥❛❝❤ s♣❛❝❡s ❤❛✈❡ ❜❡❡♥ ✐♥tr♦❞✉❝❡❞ ❜② ❇❡s♦✈ ✐♥ ✶✾✺✾✴✻✵✱ s❡❡ ❬❇❡s✺✾✱ ❇❡s✻✶❪✱ ❛♥❞
❤❛✈❡ ❛ ❝♦♠♣r❡❤❡♥s✐✈❡ ❤✐st♦r②✱ s❡❡ ❢♦r ❡①❛♠♣❧❡ ✐♥ ❬❚r✐✾✷✱ ❙❡❝t✐♦♥ ✶✳✷✳✺❪✳
❍♦✇❡✈❡r ✭✶✳✺✺✮ ❝❛♥ ❜❡ ♠♦❞✐✜❡❞ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ✇❛②✳ ●✐✈❡♥ ❛ ❢✉♥❝t✐♦♥ f ∈ Lp(Rn) t❤❡
r✲t❤ ♦r❞❡r ♦❢ ♠♦❞✉❧✉s ♦❢ s♠♦♦t❤♥❡ss ✐s ❞❡✜♥❡❞ ❜②
ωr(f, t)p = sup
|h|≤t
‖∆rhf |Lp(Rn)‖, t > 0, 0 < p ≤ ∞. ✭✶✳✺✼✮
❚❤❡♥ ✭✶✳✺✺✮ ❛♥❞ ✭✶✳✺✻✮ ❝❛♥ ❜❡ r❡♣❧❛❝❡❞ ❜②
‖f |Bsp,q(Rn)‖r = ‖f |Lp(Rn)‖+
(∫ 1
0
t−sqωr(f, t)qp
dt
t
)1/q
✭✶✳✺✽✮
(✇✐t❤ t❤❡ ✉s✉❛❧ ♠♦❞✐✜❝❛t✐♦♥ ✐❢ q = ∞)✳ ❚❤❡ st✉❞② ❢♦r ❛❧❧ ❛❞♠✐tt❡❞ s✱ p ❛♥❞ q ❣♦❡s ❜❛❝❦
t♦ ❬❙❖✼✽❪✱ ✇❡ ❛❧s♦ r❡❢❡r t♦ ❬❇❙✽✽✱ ❈❤✳ ✺✱ ❉❡❢✳ ✹✳✸❪ ❛♥❞ ❬❉▲✾✸✱ ❈❤✳ ✷✱ ➓✶✵❪✳ ■♥ ✈✐❡✇ ♦❢ t❤❡
❝❤❛r❛❝t❡r✐③❛t✐♦♥ ✭✶✳✺✻✮ t❤❡r❡ ✐s ♦❜✈✐♦✉s❧② ❛♥ ❛♥❛❧♦❣② ❢r♦♠ Bs∞,∞(R
n) ✇✐t❤ t❤❡ ❍ö❧❞❡r✲
❩②❣♠✉♥❞ s♣❛❝❡s Cs(Rn)✱ ✇❤✐❝❤ ❛r❡ ❣✐✈❡♥ ❜② ❛❧❧ f ∈ C(Rn) s✉❝❤ t❤❛t
‖f |Cs(Rn)‖ = ‖f |C [s]−(Rn)‖+
∑
|α|=[s]−
sup
0 6=h∈Rn
|h|−{s}+‖∆2hDαf |C(Rn)‖
✐s ✜♥✐t❡✳ ❚❤✐s ♠❡❛♥s✱ t❤❛t
Bs∞,∞(R
n) = Cs(Rn), s > 0. ✭✶✳✺✾✮
❚❤✐s ❝❛♥ ❜❡ ❡①t❡♥❞❡❞ t♦ ❛❧❧ s ∈ R✳ ❋♦r ♠♦r❡ ❞❡t❛✐❧s ❛❜♦✉t t❤❡s❡ ❝❧❛ss✐❝❛❧ ❇❡s♦✈ s♣❛❝❡s ✇❡
r❡❢❡r t♦ ❬❚r✐✽✸✱ ❙❡❝t✐♦♥ ✷✳✷✳✷✱ ✷✳✺✳✶✷❪✳
❚❤❡ ❛♣♣r♦❛❝❤ ❜② ❞✐✛❡r❡♥❝❡s ❢♦r t❤❡ s♣❛❝❡s F sp,q(R
n) ❤❛s ❜❡❡♥ ❞❡s❝r✐❜❡❞ ✐♥ ❞❡t❛✐❧ ✐♥ ❬❚r✐✽✸✱
❙❡❝t✐♦♥ ✷✳✺✳✶✵❪✳ ❖t❤❡r✇✐s❡ ♦♥❡ ✜♥❞s ✐♥ ❬❚r✐✵✻❪✱ ❙❡❝t✐♦♥ ✾✳✷✳✷✱ ♣♣✳ ✸✽✻✲✸✾✵✱ t❤❡ ♥❡❝❡ss❛r②
❡①♣❧❛♥❛t✐♦♥s ❛♥❞ r❡❢❡r❡♥❝❡s t♦ t❤❡ r❡❧❡✈❛♥t ❧✐t❡r❛t✉r❡✳
✶✳✸✳✷ ❲❡✐❣❤t❡❞ ❢✉♥❝t✐♦♥ s♣❛❝❡s
■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ❞❡✜♥❡ ❞♦✉❜❧✐♥❣ ✇❡✐❣❤t❡❞ ❇❡s♦✈ ❛♥❞ ❚r✐❡❜❡❧✲▲✐③♦r❦✐♥ s♣❛❝❡s ❛♥❞ ❝♦❧❧❡❝t
s♦♠❡ ❜❛s✐❝ ♣r♦♣❡rt✐❡s✱ ✇❤✐❝❤ ❤❛✈❡ ❛ ❧❛t❡r ✉s❡✳ ❆s ❛❧r❡❛❞② ✐♥tr♦❞✉❝❡❞ ✐♥ t❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢
❙❡❝t✐♦♥ ✶✳✷ t❤❡ ✇❡✐❣❤t❡❞ ▲❡❜❡s❣✉❡ s♣❛❝❡ Lp(w) = Lp(Rn, w) ✐s ❞❡✜♥❡❞ ✇✐t❤ t❤❡ ✇❡✐❣❤t❡❞
Lp(w)✲♥♦r♠✱ 0 < p ≤ ∞✱
‖f |Lp(w)‖ = ‖f |Lp(Rn, w)‖ =
(∫
Rn
|f(x)|pw(x) dx
)1/p
,
✹✽ ✶✳ ❲❡✐❣❤t❡❞ ❋✉♥❝t✐♦♥ ❙♣❛❝❡s
✇✐t❤ t❤❡ ✉s✉❛❧ ♠♦❞✐✜❝❛t✐♦♥ ❢♦r p = ∞✱ ✇❤❡r❡❛s w ✐s ♥♦✇ ❛ ❞♦✉❜❧✐♥❣ ✇❡✐❣❤t✳ ❯♥❧❡ss
♦t❤❡r✇✐s❡ ♠❡♥t✐♦♥❡❞✱ w ✐s ✉s✉❛❧❧② ❛ ❞♦✉❜❧✐♥❣ ✇❡✐❣❤t ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣✳
❚❤❡♥ Lp(w) ❡q✉✐♣♣❡❞ ✇✐t❤ t❤✐s ♥♦r♠ ❛r❡ q✉❛s✐✲❇❛♥❛❝❤ s♣❛❝❡s ✭❇❛♥❛❝❤ s♣❛❝❡s ❢♦r
p, q ≥ 1✮✳ ■t ✐s ❝❧❡❛r t❤❛t Lp(Rn, w) = Lp(Rn) ❢♦r w = 1✳ ▼♦r❡♦✈❡r ❢♦r p =∞ ♦♥❡ ♦❜t❛✐♥s
t❤❡ ❝❧❛ss✐❝❛❧ ✭✉♥✇❡✐❣❤t❡❞✮ ▲❡❜❡s❣✉❡ s♣❛❝❡✱ L∞(Rn, w) = L∞(Rn) ✇✐t❤ ❡q✉❛❧✐t② ♦❢ ♥♦r♠s✱
✐✳❡✳ ||f |L∞(Rn, w)|| ∼ ||f |L∞(Rn)||✱ ♠♦r❡ ♣r❡❝✐s❡❧②✱
inf
N⊂Rn,
w(N)=0
sup
x∈Rn\N
|f(x)| ∼ inf
N⊂Rn,
|N |=0
sup
x∈Rn\N
|f(x)|.
❚❤✉s ✐t ✐s s✉✣❝✐❡♥t t♦ s❤♦✇ w(N) = 0 ⇔ |N | = 0✳ ❚❤✐s ✐s ❛♥ ✐♠♠❡❞✐❛t❡ ❝♦♥s❡q✉❡♥❝❡
♦❢ Pr♦♣♦s✐t✐♦♥ ✶✳✷✺ ✭✐✮ ❛♥❞ t❤❡ ❢❛❝t✱ t❤❛t ✇❡ ❤❡r❡ ♦♥❧② ❝♦♥s✐❞❡r ♠❡❛s✉r❡s✱ ✇❤✐❝❤ ❛r❡
❛❜s♦❧✉t❡❧② ❝♦♥t✐♥✉♦✉s ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ▲❡❜❡s❣✉❡ ♠❡❛s✉r❡ ♦♥ Rn✳
❲❡ t❤✉s ♠❛✐♥❧② r❡str✐❝t ♦✉rs❡❧✈❡s t♦ p <∞ ✐♥ ✇❤❛t ❢♦❧❧♦✇s✳
❊①❛♠♣❧❡ ✶✳✸✽✳ ❋♦r 0 < p <∞ ❛♥❞ w ❞♦✉❜❧✐♥❣ t❤❡ ❢✉♥❝t✐♦♥ (1+ |x|)−L ❜❡❧♦♥❣s t♦ Lp(w)
❢♦r s✉✣❝✐❡♥t❧② ❧❛r❣❡ L ∈ N✳
Pr♦♦❢✳ ❲❡ ✉s❡ t❤❡ ♥♦t❛t✐♦♥ Bj := {x ∈ Rn : |x| ≤ 2j} ❢♦r j ∈ N0✳ ❚❤❡♥ Bj \ Bj−1 =
{x ∈ Rn : 2j−1 < |x| ≤ 2j}✱ j ∈ N✱ ❞❡♥♦t❡s t❤❡ ❛♥♥✉❧✐✳ ❋♦r x ∈ Bj \ Bj−1✱ ✇❡ ❤❛✈❡ (1 +
2j)−Lp ≤ (1 + |x|)−Lp < (1 + 2j−1)−Lp✱ ✐✳❡✳ (1 + |x|)−Lp ∼ 2−Lpj✳ ❋✉rt❤❡r♠♦r❡ ✇❡ ❝❛♥ ✉s❡
t❤❡ ❞♦✉❜❧✐♥❣ ♣r♦♣❡rt② w(Bj \Bj−1) ≤ w(Bj) = w(2jB0) ≤ 2jnβw(B0)✳
❇♦t❤ t♦❣❡t❤❡r ❧❡❛❞ ✉s t♦
||(1 + |x|)−L|Lp(w)||p =
∫
Rn
(1 + |x|)−Lpw(x) dx
=
∞∑
j=1
∫
Bj\Bj−1
(1 + |x|)−Lp︸ ︷︷ ︸
≤c2−Lpj
w(x) dx+
∫
B0
(1 + |x|)−Lp︸ ︷︷ ︸
≤1
w(x) dx
≤ c1
∞∑
j=1
2−jLpw(Bj \Bj−1)︸ ︷︷ ︸
≤2jnβw(B0)
+w(B0)
≤ c2
∞∑
j=0
2−jLp2jnβ w(B0)︸ ︷︷ ︸
∼1
<∞,
✐❢ L > nβ
p
✳ 
❲❡ ✉s❡ t❤❡ ❋♦✉r✐❡r ❛♥❛❧②t✐❝❛❧ ❛♣♣r♦❛❝❤ ❢♦r t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ❞♦✉❜❧✐♥❣ ✇❡✐❣❤t❡❞
❇❡s♦✈ ❛♥❞ ❚r✐❡❜❡❧✲▲✐③♦r❦✐♥ s♣❛❝❡s✳ ❲❡ r❡❢❡r t♦ t❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢ ❙❡❝t✐♦♥ ✶✳✸✳✶ ❢♦r ❡①♣❧❛✐♥✐♥❣
t❤❡ ❝♦♥❝❡♣t ♦❢ ❛ s♠♦♦t❤ ❞②❛❞✐❝ r❡s♦❧✉t✐♦♥ ♦❢ ✉♥✐t② ❛♥❞ t❤❡✐r ♣r♦♣❡rt✐❡s✳
❉❡✜♥✐t✐♦♥ ✶✳✸✾✳ ▲❡t 0 < p <∞✱ 0 < q ≤ ∞✱ s ∈ R✱ {ϕj}∞j=0 ❛ s♠♦♦t❤ ❞②❛❞✐❝ r❡s♦❧✉t✐♦♥
♦❢ ✉♥✐t② ❛♥❞ ❧❡t w ❜❡ ❛ ❞♦✉❜❧✐♥❣ ✇❡✐❣❤t✳
✶✳✸ ❋✉♥❝t✐♦♥ s♣❛❝❡s ✹✾
✭✐✮ ❚❤❡ ✇❡✐❣❤t❡❞ ❇❡s♦✈ s♣❛❝❡ Bsp,q(w) = B
s
p,q(R
n, w) ✐s t❤❡ s❡t ♦❢ ❛❧❧ ❞✐str✐❜✉t✐♦♥s f ∈ S ′
s✉❝❤ t❤❛t ∥∥f |Bsp,q(w)∥∥ =
( ∞∑
j=0
2jsq
∥∥F−1(ϕjFf)|Lp(w)∥∥q
)1/q
✐s ✜♥✐t❡ ✭✇✐t❤ t❤❡ ✉s✉❛❧ ♠♦❞✐✜❝❛t✐♦♥ ✐♥ t❤❡ ❧✐♠✐t✐♥❣ ❝❛s❡ q =∞✮✳
✭✐✐✮ ❚❤❡ ✇❡✐❣❤t❡❞ ❚r✐❡❜❡❧✲▲✐③♦r❦✐♥ s♣❛❝❡ F sp,q(w) = F
s
p,q(R
n, w) ✐s t❤❡ s❡t ♦❢ ❛❧❧ ❞✐str✐❜✉✲
t✐♦♥s f ∈ S ′ s✉❝❤ t❤❛t
∥∥f |F sp,q(w)∥∥ =
∥∥∥∥∥∥
( ∞∑
j=0
2jsq
∣∣F−1(ϕjFf)(·)∣∣q
)1/q
|Lp(w)
∥∥∥∥∥∥
✐s ✜♥✐t❡ ✭✇✐t❤ t❤❡ ✉s✉❛❧ ♠♦❞✐✜❝❛t✐♦♥ ✐♥ t❤❡ ❧✐♠✐t✐♥❣ ❝❛s❡ q =∞✮✳
❘❡♠❛r❦ ✶✳✹✵✳ ❚❤❡ s♣❛❝❡s Bsp,q(w) ❛♥❞ F
s
p,q(w) ❛r❡ ✐♥❞❡♣❡♥❞❡♥t ♦❢ t❤❡ ❝❤♦✐❝❡ ♦❢ t❤❡
s♠♦♦t❤ ❞②❛❞✐❝ r❡s♦❧✉t✐♦♥ ♦❢ ✉♥✐t② {ϕj}∞j=0 ❛♣♣❡❛r✐♥❣ ✐♥ t❤❡✐r ❞❡✜♥✐t✐♦♥s✱ ❝❢✳ ❬❇♦✇✵✺❪ ❛♥❞
❬❇❍✵✻❪✱ r❡s♣❡❝t✐✈❡❧②✳ ❚❤❡② ❛r❡ q✉❛s✐✲❇❛♥❛❝❤ s♣❛❝❡s ✭❇❛♥❛❝❤ s♣❛❝❡s ❢♦r p, q ≥ 1✮✳ ▼♦r❡♦✲
✈❡r✱ ❢♦r w ≡ 1 ✇❡ r❡✲♦❜t❛✐♥ t❤❡ ✉s✉❛❧ ✭✉♥✇❡✐❣❤t❡❞✮ ❇❡s♦✈ ❛♥❞ ❚r✐❡❜❡❧✲▲✐③♦r❦✐♥ s♣❛❝❡s✱ ❢♦r
t❤✐s ✇❡ r❡❢❡r t♦ ❙❡❝t✐♦♥ ✶✳✸✳✶✳
❲❡✐❣❤t❡❞ ❢✉♥❝t✐♦♥ s♣❛❝❡s ❤❛✈❡ ❛❧s♦ ❛ ♣r❡❝❡❞✐♥❣ ❤✐st♦r②✳ ❆ ❣❡♥❡r❛❧ ❛♣♣r♦❛❝❤ ❢♦r ❇❡s♦✈✲
❚r✐❡❜❡❧✲▲✐③♦r❦✐♥ s♣❛❝❡s ✇✐t❤ ✇❡✐❣❤ts ✐s ❣✐✈❡♥ ✐♥ ❬❙❚✽✼✱ ❈❤❛♣t❡r ✺❪✳ ■♥ ❬❊❚✾✻✱ ❈❤❛♣t❡r
✹❪ ♦♥❡ ✜♥❞s ❢✉♥❝t✐♦♥ s♣❛❝❡s ❡s♣❡❝✐❛❧❧② ✇✐t❤ ❛❞♠✐ss✐❜❧❡ ✇❡✐❣❤ts✱ ✇❤✐❝❤ ✇❡ ✐♥tr♦❞✉❝❡❞ ✐♥
❙❡❝t✐♦♥ ✶✳✷✳✹✳
❉♦✉❜❧✐♥❣ ✇❡✐❣❤t❡❞ ❇❡s♦✈✲❚r✐❡❜❡❧✲▲✐③♦r❦✐♥ s♣❛❝❡s ✇❡r❡ ✜rst ✐♥tr♦❞✉❝❡❞ ❜② ❇♦✇♥✐❦
✐♥ t❤❡ ♣❛♣❡rs ❬❇♦✇✵✺✱ ❇❍✵✻✱ ❇♦✇✵✼✱ ❇♦✇✵✽❪✳ ❚❤❡r❡ ❤❡ ♠❛✐♥❧② ❞❡❛❧t ✇✐t❤ ❤♦♠♦❣❡♥❡♦✉s✱
❛♥✐s♦tr♦♣✐❝ ❇❡s♦✈ s♣❛❝❡s ✇✐t❤ ❡①♣❛♥s✐✈❡ ❞✐❧❛t✐♦♥ ♠❛tr✐❝❡s ❛♥❞ ♠♦r❡ ❣❡♥❡r❛❧ ❞♦✉❜❧✐♥❣
♠❡❛s✉r❡s✱ ❜✉t ❤❡ s❤♦✇❡❞ t❤❛t s♦♠❡ ♦❢ t❤❡s❡ r❡s✉❧t ❛❧s♦ ❤♦❧❞ ❢♦r ✐♥❤♦♠♦❣❡♥❡♦✉s s♣❛❝❡s✳
❋♦r ♠♦r❡ ❞❡t❛✐❧s ❛❜♦✉t t❤❡ ❞✐✛❡r❡♥❝❡s ❜❡t✇❡❡♥ ❤✐s ❛♥❞ ♦✉r ❛♣♣r♦❛❝❤ ✇❡ r❡❢❡r t♦ ❘❡♠❛r❦
✷✳✶✵ ✐♥ ❈❤❛♣t❡r ✷ ❜❡❧♦✇✳
❘❡♠❛r❦ ✶✳✹✶✳ ❆s ❛❧r❡❛❞② ♠❡♥t✐♦♥❡❞ t❤❡r❡ ❡①✐st ❢✉rt❤❡r t②♣❡s ♦❢ ❇❡s♦✈✲❚r✐❡❜❡❧✲▲✐③♦r❦✐♥
s♣❛❝❡s ✇✐t❤ ♦t❤❡r ✇❡✐❣❤t ❝❧❛ss❡s✱ ❢♦r ❡①❛♠♣❧❡ ▼✉❝❦❡♥❤♦✉♣t ✇❡✐❣❤ts ♦r ❛❞♠✐ss✐❜❧❡ ✇❡✐❣❤ts✳
❚❤❡② ❝❛♥ ❜❡ ✐♥tr♦❞✉❝❡❞ ✐♥ t❤❡ s❛♠❡ ✇❛② ❧✐❦❡ ♦✉r ❞♦✉❜❧✐♥❣ ✇❡✐❣❤t❡❞ s♣❛❝❡s✳ ❖♥❡ ❝♦♥s✐✲
❞❡rs t❤❡ ✇❡✐❣❤t❡❞ ▲❡❜❡s❣✉❡ s♣❛❝❡s Lp(w)✱ ✇❤❡r❡ t❤❡ ▲❡❜❡s❣✉❡ ♠❡❛s✉r❡ ✐s r❡♣❧❛❝❡❞ ❜②
t❤❡ ♠❡❛s✉r❡ w(x) dx✱ ❛s ✇❡ ✐♥tr♦❞✉❝❡❞ ✐t ✐♥ ❙❡❝t✐♦♥ ✶✳✷✳ ❋♦r ▼✉❝❦❡♥❤♦✉♣t ✇❡✐❣❤ts ❛♥❞
❛❞♠✐ss✐❜❧❡ ✇❡✐❣❤ts✱ r❡s♣❡❝t✐✈❡❧②✱ Lp(w) ❛r❡ ❛❣❛✐♥ ✭q✉❛s✐✲✮❇❛♥❛❝❤ s♣❛❝❡s ❛♥❞ ✐t ❛❧s♦ ❤♦❧❞s
w(N) = 0 ⇔ |N | = 0✱ N ⊂ Rn✱ t❤✉s L∞(w) = L∞✳ ❚❤❡♥ ❢♦r t❤❡s❡ ✇❡✐❣❤ts t❤❡ ❇❡s♦✈
❛♥❞ ❚r✐❡❜❡❧✲▲✐③♦r❦✐♥ s♣❛❝❡s ❝❛♥ ❜❡ ❞❡✜♥❡❞ ❛s ✐♥ ❉❡✜♥✐t✐♦♥ ✶✳✸✾ ❜② r❡♣❧❛❝✐♥❣ t❤❡ ❞♦✉❜❧✐♥❣
✇❡✐❣❤t❡❞ Lp(w)✲♥♦r♠ ❜② t❤❡ r❡s♣❡❝t✐✈❡ ♦♥❡✳
❚❤❡ s♣❛❝❡s ✇✐t❤ ✇❡✐❣❤ts ♦❢ ▼✉❝❦❡♥❤♦✉♣t t②♣❡ ❤❛✈❡ ❜❡❡♥ st✉❞✐❡❞ s②st❡♠❛t✐❝❛❧❧② ❜②
❇✉✐ ✐♥ ❬❇✉✐✽✶✱ ❇✉✐✽✷✱ ❇✉✐✽✸✱ ❇✉✐✽✹✱ ❇✉✐✾✹❪✳ ❚❤❡r❡ ❡①✐st ♠❛♥② ❝♦✉♥t❡r♣❛rts ♦❢ t❤❡ r❡s✉❧ts
✺✵ ✶✳ ❲❡✐❣❤t❡❞ ❋✉♥❝t✐♦♥ ❙♣❛❝❡s
❢r♦♠ t❤❡ ✉♥✇❡✐❣❤t❡❞ s✐t✉❛t✐♦♥✱ ❝♦♠♣❛r❡ ✇✐t❤ ❘❡♠❛r❦ ✶✳✸✻ ✐♥ ❙❡❝t✐♦♥ ✶✳✸✳✶✳ ❋♦r ❡①❛♠♣❧❡
✇❡ ❤❛✈❡
F 0p,2(w) = hp(w), ❢♦r 0 < p <∞, w ∈ Ap,
s❡❡ ❬❇✉✐✽✷✱ ❚❤♠✳ ✶✳✹❪✱ ✐♥ ♣❛rt✐❝✉❧❛r✱
F 0p,2(w) = Lp(w) = hp(w), ❢♦r 1 < p <∞, w ∈ Ap,
s❡❡ ❬❙❚✽✾✱ ❈❤❛♣t❡r ✻✱ ❚❤♠✳ ✶❪✳
❈♦♥❝❡r♥✐♥❣ ❙♦❜♦❧❡✈ s♣❛❝❡s W kp (w) ✐t ❤♦❧❞s
F kp,2(w) = W
k
p (w), ❢♦r k ∈ N0, 1 < p <∞, w ∈ Ap,
s❡❡ ❬❇✉✐✽✷✱ ❚❤♠✳ ✷✳✽❪✳ ❋✉rt❤❡r r❡s✉❧ts✱ ❝♦♥❝❡r♥✐♥❣✱ ❢♦r ✐♥st❛♥❝❡✱ ❡♠❜❡❞❞✐♥❣s✱ r❡❛❧ ✐♥t❡r♣♦✲
❧❛t✐♦♥✱ ❡①tr❛♣♦❧❛t✐♦♥✱ ❧✐❢t ♦♣❡r❛t♦rs ❛♥❞ ❞✉❛❧✐t② ❛ss❡rt✐♦♥s ♠❛② ❜❡ ❢♦✉♥❞ ✐♥ ❬❇✉✐✽✷✱ ❇✉✐✽✹✱
●❈❘❞❋✽✺✱ ❘♦✉✵✹❪✳
❈♦♥❝❡r♥✐♥❣ ❛❞♠✐ss✐❜❧❡ ✇❡✐❣❤ts ❡①✐st ❛❧s♦ ♠❛♥② r❡s♣❡❝t✐✈❡ ❝♦✉♥t❡r♣❛rts ♦❢ t❤❡ r❡s✉❧ts ❢r♦♠
t❤❡ ✉♥✇❡✐❣❤t❡❞ ❇❡s♦✈✲❚r✐❡❜❡❧✲▲✐③♦r❦✐♥ s♣❛❝❡s✱ ✇❤✐❝❤ ✇❡ ♠❡♥t✐♦♥❡❞ ✐♥ ❙❡❝t✐♦♥ ✶✳✸✳✶✳ ❲❡
r❡❢❡r t♦ ❬❊❚✾✻✱ ❈❤❛♣t❡r ✹❪ ❛♥❞ ❬❚r✐✵✻✱ ❈❤❛♣t❡r ✻❪ ❢♦r t❤❡ ♥❡❝❡ss❛r② ❡①♣❧❛♥❛t✐♦♥s✳ ❇❡❝❛✉s❡
♦❢ ❛ ❧❛t❡r ✉s❡✱ ✇❡ ❤❛✈❡ ✐♥ ♣❛rt✐❝✉❧❛r✱
Bs∞,∞(R
n, wα) = Cs(Rn, wα), ✭✶✳✻✵✮
❝❢✳ ❬❚r✐✵✻✱ ❘❡♠❛r❦ ✻✳✶✹❪✳ ❲❤❡r❡❛s wα(x) = (1 + |x|2)α/2✱ α ∈ R✱ ✐s t❤❡ ❛❞♠✐ss✐❜❧❡ ✇❡✐❣❤t
❢r♦♠ ❊①❛♠♣❧❡ ✶✳✷✽✳
◆♦✇ ✇❡ ❝♦♥s✐❞❡r ❛❣❛✐♥ ❢✉♥❝t✐♦♥ s♣❛❝❡s ✇✐t❤ ❞♦✉❜❧✐♥❣ ✇❡✐❣❤ts✳ ❲❡ ❤❛✈❡ t❤❡ ✉s✉❛❧
❡❧❡♠❡♥t❛r② ❡♠❜❡❞❞✐♥❣s ❢♦r t❤❡s❡ ✇❡✐❣❤t❡❞ s♣❛❝❡s✳ ❋♦r t❤✐s ♣✉r♣♦s❡ ✇❡ ❛❞♦♣t t❤❡ ✉s✉❛❧
❝♦♥✈❡♥t✐♦♥ t♦ ✇r✐t❡ Asp,q(w) ✐♥st❡❛❞ ♦❢ B
s
p,q(w) ♦r F
s
p,q(w)✱ r❡s♣❡❝t✐✈❡❧②✱ ✇❤❡♥ ❜♦t❤ s❝❛❧❡s
♦❢ s♣❛❝❡s ❛r❡ ♠❡❛♥t s✐♠✉❧t❛♥❡♦✉s❧② ✐♥ s♦♠❡ ❝♦♥t❡①t✳
Pr♦♣♦s✐t✐♦♥ ✶✳✹✷✳ ▲❡t 0 < p <∞✱ 0 < q ≤ ∞✱ s ∈ R ❛♥❞ w ❜❡ ❛ ❞♦✉❜❧✐♥❣ ✇❡✐❣❤t✳
✭✐✮ ▲❡t 0 < q0 ≤ q1 ≤ ∞✳ ❚❤❡♥
Asp,q0(w) →֒ Asp,q1(w). ✭✶✳✻✶✮
✭✐✐✮ ▲❡t 0 < q0 ≤ ∞✱ 0 < q1 ≤ ∞ ❛♥❞ ε > 0✳ ❚❤❡♥
As+εp,q0(w) →֒ Asp,q1(w). ✭✶✳✻✷✮
✭✐✐✐✮ ❲❡ ❤❛✈❡
Bsp,min(p,q)(w) →֒ F sp,q(w) →֒ Bsp,max(p,q)(w). ✭✶✳✻✸✮
✶✳✸ ❋✉♥❝t✐♦♥ s♣❛❝❡s ✺✶
Pr♦♦❢✳ ✭✐✮ ✐s ❛ s✐♠♣❧❡ ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤❡ ♠♦♥♦t♦♥✐❝✐t② ♦❢ t❤❡ ℓq−s♣❛❝❡s✱ s✐♥❝❡ ℓq0 →֒ ℓq1 ✱
❢♦r 0 < q0 ≤ q1 ≤ ∞✳ ❚❤❡ ✭✐✐✮ ❛ss❡rt✐♦♥ ✇♦r❦s ✐♥ ❛ s✐♠✐❧❛r ✇❛② ❛♥❞ ❢♦❧❧♦✇s ❢r♦♠( ∞∑
j=0
2sjq1 |bj|q1
)1/q1
≤ sup
j∈N0
2(s+ε)j|bj|
( ∞∑
j=0
2−εjq1
)1/q1
≤ c sup
j∈N0
2(s+ε)j|bj| = c ‖2(s+ε)j|bj| | ℓ∞‖ ≤ c ‖2(s+ε)j|bj| | ℓq0‖
✭♠♦❞✐✜❝❛t✐♦♥ ✐❢ q1 =∞✮✳
❲❡ ♣r♦✈❡ ✭✐✐✐✮✳ ▲❡t aj(x) := 2sjF−1(ϕjFf)(x) ✇✐t❤ j ∈ N0✱ x ∈ Rn✳ ❲❡ s❤❛❧❧ ✉s❡ t❤❡
❣❡♥❡r❛❧✐③❡❞ tr✐❛♥❣❧❡ ✐♥❡q✉❛❧✐t② ❢♦r ❇❛♥❛❝❤ s♣❛❝❡s✳
❚❤✉s ✇❡ ❛ss✉♠❡ ✜rst 0 < q ≤ p <∞✱ ✐✳❡✳ p
q
≥ 1✳ ❚❤❡♥ ✇❡ ❤❛✈❡
||f |Bsp,max(p,q)(w)|| = ||f |Bsp,p(w)|| = ||aj|ℓp(Lp(w))|| = ||aj|Lp(w, ℓp)||
≤ ||aj|Lp(w, ℓq)|| = ||f |F sp,q(w)||.
❋✉rt❤❡r♠♦r❡
||f |F sp,q(w)|| =
∥∥∥∥∥∥
( ∞∑
j=0
|aj(·)|q
)1/q
|Lp(w)
∥∥∥∥∥∥ =
∥∥∥∥∥
∞∑
j=0
|aj(·)|q|Lp/q(w)
∥∥∥∥∥
1/q
≤
( ∞∑
j=0
∥∥|aj(·)|q|Lp/q(w)∥∥
)1/q
=
( ∞∑
j=0
‖aj(·)|Lp(w)‖q
)1/q
= ||f |Bsp,q(w)||.
❋♦r 0 < p < q ≤ ∞ ✐t ✇♦r❦s ❛♥❛❧♦❣♦✉s❧② ✇✐t❤ t❤❡ ▼✐♥❦♦✇s❦✐✬s ✐♥❡q✉❛❧✐t②✳ 
▲❡♠♠❛ ✶✳✹✸✳ ▲❡t K ⊂ Rn ❝♦♠♣❛❝t✱ 0 < p <∞ ❛♥❞ w ❜❡ ❛ ❞♦✉❜❧✐♥❣ ✇❡✐❣❤t✳ ❚❤❡♥ t❤❡r❡
❡①✐st c,N > 0 s✉❝❤ t❤❛t ❢♦r ❛❧❧ j ∈ N0✱
sup
x∈Rn
|f(x)|
(1 + |x|)N ≤ c
j+1 ||f |Lp(w)|| ❢♦r ❛❧❧ f ∈ S ′(Rn) ✇✐t❤ suppFf ⊂ 2jK. ✭✶✳✻✹✮
Pr♦♦❢✳ ❚❤❡ ♣r♦♦❢ ✇♦r❦s s✐♠✐❧❛r❧② t♦ t❤❡ ♣r♦♦❢ ♦❢ ❈♦r♦❧❧❛r② ✸✳✶ ✐♥ ❬❇♦✇✵✺❪✳ 
Pr♦♣♦s✐t✐♦♥ ✶✳✹✹✳ ▲❡t 0 < p <∞✱ 0 < q ≤ ∞✱ s ∈ R ❛♥❞ w ❜❡ ❛ ❞♦✉❜❧✐♥❣ ✇❡✐❣❤t✳
✭✐✮
S(Rn) →֒ Lp(w) ✭✶✳✻✺✮
✭✐✐✮
S(Rn) →֒ Asp,q(w) ✭✶✳✻✻✮
✭✐✐✐✮
Asp,q(w) →֒ S ′(Rn) ✭✶✳✻✼✮
✺✷ ✶✳ ❲❡✐❣❤t❡❞ ❋✉♥❝t✐♦♥ ❙♣❛❝❡s
Pr♦♦❢✳ ✭✐✮ ▲❡t f ∈ S(Rn)✳ ❚❤❡ s❡♠✐✲♥♦r♠s ✐♥ S(Rn) ❛r❡ ❣✐✈❡♥ ❜②
||f ||k,l := sup
x∈Rn
(1 + |x|)k
∑
|α|≤l
|Dαf(x)|, ∀ k, l ∈ N0.
❙✐♥❝❡ f ∈ S(Rn) ✇❡ ❤❛✈❡
||f |Lp(w)||p =
∫
Rn
[
(1 + |x|)L|f(x)|]p (1 + |x|)−Lpw(x) dx
≤ ||f ||pL,0 ||(1 + |x|)−L|Lp(w)||p <∞,
❢♦r L > nβ
p
✱ s❡❡ ❊①❛♠♣❧❡ ✶✳✸✽✳ ❚❤✐s ♣r♦✈❡s ✭✐✮✳
❚♦ s❤♦✇ ✭✐✐✮ ❛♥❞ ✭✐✐✐✮ ✇❡ r❡♠✐♥❞ ❛ ✉s❡❢✉❧ tr✐❝❦✳ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ Pr♦♣♦s✐t✐♦♥ ✶✳✹✷ ✐t
❤♦❧❞s ❢♦r ❛❧❧ ε > 0
Bs+εp,∞(w) →֒ Bsp,q(w) →֒ Bsp,∞(w)
❛♥❞
Bs+εp,∞(w) →֒ Bsp,min(p,q)(w) →֒ F sp,q(w) →֒ Bsp,max(p,q)(w) →֒ Bsp,∞(w).
❙♦ ✐t ✐s s✉✣❝✐❡♥t t♦ s❤♦✇✱ t❤❛t
S(Rn) →֒ Bsp,∞(w) →֒ S ′(Rn).
✭✐✐✮ ▲❡t f ∈ S(Rn)✳
||f |Bsp,∞(w)|| = sup
j∈N0
2js||F−1(ϕjFf) |Lp(w)||
= sup
j∈N0
2js||(1 + |x|)LF−1(ϕjFf)(1 + |x|)−L |Lp(w)||
≤ sup
j∈N0
2js|| (1 + |x|)L︸ ︷︷ ︸
=
∑
α cαx
α
F−1(ϕjFf) |L∞|| ||(1 + |x|)−L |Lp(w)||,
✇❤❡r❡ t❤❡ ❧❛tt❡r ♣❛rt ✐s ❜♦✉♥❞❡❞✱ s❡❡ ❊①❛♠♣❧❡ ✶✳✸✽✳ ❚❤❡♥ ✇❡ t❛❦❡ t❤❡ ♣♦❧②♥♦♠✐❛❧ ✐♥s✐❞❡
t❤❡ ❋♦✉r✐❡r tr❛♥s❢♦r♠ ❛♥❞ ❣❡t ❞❡r✐✈❛t✐✈❡s
≤ c1 sup
j∈N0
2js||F−1
[ ∑
|α|≤L
cα︸ ︷︷ ︸
≤max cα=c
|Dα(ϕjFf)|
]
|L∞||,
✉s❡ ❘✐❡♠❛♥♥✲▲❡❜❡s❣✉❡ ❛♥❞ ▲❡✐❜♥✐③ ❢♦r♠✉❧❛ ❢♦r ❞❡r✐✈❛t✐✈❡s ❛♥❞ ♦❜t❛✐♥
≤ c2 sup
j∈N0
2js||
∑
|α|≤L
|Dα(ϕjFf)| |L1||
≤ c3 sup
j∈N0
2js||
∑
|α|≤L
|Dαϕj|
∑
|η|≤L
|Dη(Ff)| |L1||.
❙✐♥❝❡ suppϕj ⊂ {x ∈ Rn : 2j−1 ≤ |x| ≤ 2j+1}✱ ✐t ❤♦❧❞s 2js ∼ (1 + |x|)s✱ t❤✉s
||f |Bsp,∞(w)|| ≤ c4 sup
j∈N0
||(1 + |x|)s
∑
|α|≤L
|Dαϕj|︸ ︷︷ ︸
<∞
∑
|η|≤L
|Dη(Ff)| |L1||.
✶✳✸ ❋✉♥❝t✐♦♥ s♣❛❝❡s ✺✸
❈❤♦♦s❡ M ❧❛r❣❡ ❡♥♦✉❣❤✱ s✉❝❤ t❤❛t ||(1 + |x|)−M |L1|| ✐s ❜♦✉♥❞❡❞✱ t❤❡♥
≤ c5 sup
j∈N0
|| (1 + |x|)s(1 + |x|)M︸ ︷︷ ︸
∼(1+|x|)s+M
∑
|η|≤L
|Dη(Ff)|(1 + |x|)−M |L1||
≤ c6 ||Ff ||s+M,L ||(1 + |x|)−M |L1|| ≤ c ||f ||L+n+1,s+M ,
s✐♥❝❡ F ✐s ❜✐❥❡❝t✐✈❡ ♦♥ S(Rn)✳
✭✐✐✐✮ ❙✐♠✐❧❛r t♦ st❡♣ ✭✐✐✮ ✐t ✐s s✉✣❝✐❡♥t t♦ s❤♦✇✱ t❤❛t Bsp,∞(w) →֒ S ′(Rn)✱ ✐✳❡✳ ∃ k, l ∈
N0 ∀ Φ ∈ S(Rn) :
|f(Φ)| ≤ c ||f |Bsp,∞(w)|| ||Φ||k,l.
❲❡ ♠❡♥t✐♦♥ t❤❛t {ϕj}j∈N0 ✐s ❛ s♠♦♦t❤ ❞②❛❞✐❝ r❡s♦❧✉t✐♦♥ ♦❢ ✉♥✐t②✳ ❲❡ ❞❡✜♥❡
ψ0 := ϕ0 + ϕ1,
ψj := ϕj−1 + ϕj + ϕj+1, j ∈ N.
✭✶✳✻✽✮
❚❤✉s
ψ0 ≡ 1 ♦♥ suppϕ0 ❛♥❞ suppψ0 ⊂
{
x ∈ Rn : |x| ≤ 22} ,
ψj ≡ 1 ♦♥ suppϕj ❛♥❞ suppψj ⊂
{
x ∈ Rn : 2j−2 ≤ |x| ≤ 2j+2} . ✭✶✳✻✾✮
▲❡t f ∈ S ′(Rn) ❛♥❞ Φ ∈ S(Rn)✱ t❤❡♥
|f(Φ)| =
∣∣∣ ∞∑
j=0
F−1(ϕjFf)(Φ)
∣∣∣
=
∣∣∣ ∞∑
j=0
(Ff)(ϕjF−1Φ)
∣∣∣
✭✶✳✻✾✮
=
∣∣∣ ∞∑
j=0
(Ff)(ϕjψjF−1Φ)
∣∣∣
=
∣∣∣ ∞∑
j=0
(Ff)(ϕjF−1FψjF−1Φ)
∣∣∣
=
∣∣∣ ∞∑
j=0
(F−1(ϕjFf)︸ ︷︷ ︸
=:fj
)(F(ψjF−1Φ)︸ ︷︷ ︸
=:Φj
)
∣∣∣. ✭✶✳✼✵✮
◆♦✇ ✇❡ ✉s❡ ▲❡♠♠❛ ✶✳✹✸ ✇✐t❤ K = suppϕ0 ❛♥❞ f = fj✱ s✐♥❝❡ suppFfj ⊂ suppϕj ⊂
2jsuppϕ0 = 2
jK✳ ❚❤❡♥ t❤❡r❡ ❡①✐st c,N > 0 s✉❝❤ t❤❛t ❢♦r ❛❧❧ j ∈ N0
sup
x∈Rn
|fj(x)|
(1 + |x|)N ≤ c
j+1 ||fj|Lp(w)||. ✭✶✳✼✶✮
✺✹ ✶✳ ❲❡✐❣❤t❡❞ ❋✉♥❝t✐♦♥ ❙♣❛❝❡s
❲❡ ♦❜t❛✐♥
|fj(Φj)| ≤
∫
Rn
|fj(x)|(1 + |x|)−N |Φj(x)|(1 + |x|)N dx
≤ cj+1 ||fj|Lp(w)|| ||(1 + |x|)NΦj|L1||
≤ cj+1 2−js 2js||fj|Lp(w)||︸ ︷︷ ︸
≤||f |Bsp,∞(w)||
||(1 + |x|)NΦj|L1||
≤ c12j(max(log2(c),0)−s) ||f |Bsp,∞(w)|| ||(1 + |x|)NΦj|L1||. ✭✶✳✼✷✮
◆♦✇ ✇❡ ❝♦♥s✐❞❡r t❤❡ ❧❛st ♣❛rt
||(1 + |x|)NΦj|L1|| ≤
∫
Rn
|F(ψjF−1Φ)(x)|(1 + |x|)N(1 + |x|)n+1(1 + |x|)−n−1 dx
≤ ||F(ψjF−1Φ)||N+n+1,0
∫
Rn
(1 + |x|)−n−1 dx︸ ︷︷ ︸
<∞
.
❙✐♥❝❡ F ✐s ❜✐❥❡❝t✐✈❡ ♦♥ S(Rn)✱ ✇❡ ❣❡t
≤ c2 ||ψjF−1Φ||n+1,N+n+1
= c2 sup
x∈Rn
(1 + |x|)n+1
∑
|α|≤N+n+1
|Dα(ψj(F−1Φ))(x)|.
❯s❡ ✜rst t❤❡ s✉♣♣♦rt ♦❢ t❤❡ ψj✱ ✭✶✳✻✾✮✱
= c2 sup
2j−2≤|x|≤2j+2
(1 + |x|)n+1
∑
|α|≤N+n+1
|Dα(ψj)(x)|
∑
|η|≤N+n+1
|Dη(F−1Φ)(x)|
❛♥❞ t❤❡♥ t❤❡ ❜♦✉♥❞❡❞♥❡ss ♦❢ ψj✱ ✭✶✳✻✽✮✱ ✭✶✳✺✵✮✱ ❤❡♥❝❡ ✇❡ ♦❜t❛✐♥ ❢♦r ❛♥② s1 > 0
≤ c3 sup
|x|∼2j
(1 + |x|)n+1+s1
∑
|η|≤N+n+1
|Dη(F−1Φ)(x)| (1 + |x|)−s1︸ ︷︷ ︸
∼2−js1
≤ c4 2−js1 ||F−1Φ||n+1+s1,N+n+1
≤ c5 2−js1 ||Φ||N+2n+2,n+1+s1 .
◆♦t❡✱ t❤❛t s1 > 0 ✐s ❛t t❤❡ ♠♦♠❡♥t ❛r❜✐tr❛r② ❛♥❞ ✇❡ ❝❛♥ ❝❤♦♦s❡ ✐t ❧❛t❡r✱ ✐❢ ♥❡❝❡ss❛r②✳ ❙♦
✇❡ ❤❛✈❡ ❢♦r ❛r❜✐tr❛r② s1 > 0
||(1 + |x|)NF(ψjF−1Φ)|L1|| ≤ c5 2−js1 ||Φ||N+2n+2,n+1+s1 . ✭✶✳✼✸✮
■♥s❡rt t❤✐s ✐♥ ✭✶✳✼✵✮✱ ✭✶✳✼✷✮ ❛♥❞ ✇❡ ♦❜t❛✐♥
|f(Φ)| ≤
∞∑
j=0
|fj(Φj)|
≤ c1
∞∑
j=0
2j(max(log2(c),0)−s) ||f |Bsp,∞(w)|| ||(1 + |x|)NΦj|L1||
≤ c6
∞∑
j=0
2−j(s1−max(log2(c),0)+s) ||Φ||N+2n+2,n+1+s1 ||f |Bsp,∞(w)||.
✶✳✸ ❋✉♥❝t✐♦♥ s♣❛❝❡s ✺✺
❲❡ ❝❤♦♦s❡ s1 > 0 s✉❝❤ t❤❛t s1 −max(log2(c), 0) + s =: s2 > 0✱ t❤❡♥
≤ c6
∞∑
j=0
2−js2︸ ︷︷ ︸
<∞
||Φ||N+2n+2,n+1+s1 ||f |Bsp,∞(w)||.
❙♦ t❤❡r❡ ❡①✐st K := N + 2n+ 2 ≥ 0✱ L := n+ 1 + s1 ≥ 0 s✉❝❤ t❤❛t ❢♦r ❛❧❧ Φ ∈ S(Rn)
|f(Φ)| ≤ c7 ||Φ||K,L ||f |Bsp,∞(w)||.


✷ ❉❡❝♦♠♣♦s✐t✐♦♥s
❚❤❡ ♠❛✐♥ ❣♦❛❧ ♦❢ t❤✐s s❡❝t✐♦♥ ✐s t♦ ♣r♦✈❡ ❛ ✇❛✈❡❧❡t ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ❢♦r s♣❛❝❡s ♦❢ t②♣❡
Bsp,q(w) ❛♥❞ F
s
p,q(w)✱ ✇❤❡r❡ w ✐s ❛ ❞♦✉❜❧✐♥❣ ✇❡✐❣❤t✳ ❋♦r t❤✐s ✇❡ ❞❡t❡r♠✐♥❡ ✐♥ ❙❡❝t✐♦♥ ✷✳✸ ❛
♥❡✇ ❛♥❞ ❡q✉❛❧❧② ✉s❡❢✉❧ t♦♦❧✱ t❤❡ s♦✲❝❛❧❧❡❞ κ✲s❡q✉❡♥❝❡ s♣❛❝❡s✱ ✇❤✐❝❤ ②✐❡❧❞s ✉s✱ ✉♥❞❡r s♦♠❡
❛❞❞✐t✐♦♥❛❧ ❝♦♥❞✐t✐♦♥s✱ ❛ ✇❛✈❡❧❡t ✐s♦♠♦r♣❤✐s♠✱ ✇❤❡♥ ✇❡ ❤❛✈❡ ❛♥ ❛t♦♠✐❝ ❞❡❝♦♠♣♦s✐t✐♦♥✳
❚❤✐s ♣❛rt ✐s t❤❡ ❤❡❛rt ♦❢ t❤❡ t❤❡s✐s ❛♥❞ ✇❡ ❞❡❛❧ ❤❡r❡ ✇✐t❤ ❛ ♠♦r❡ ❣❡♥❡r❛❧ s❡tt✐♥❣✳ ❙♦ t❤❡
♠❛✐♥ t❤❡♦r❡♠ ✐♥ ❙❡❝t✐♦♥ ✷✳✸✳✸ ❝❛♥ ❜❡ ❛♣♣❧✐❡❞ ❢♦r ♠❛♥② ❞✐✛❡r❡♥t ❢✉♥❝t✐♦♥ s♣❛❝❡s✱ ✇❤❡♥
t❤❡② s❛t✐s❢② t❤❡ κ✲❝♦♥❞✐t✐♦♥✱ s❡❡ ❉❡✜♥✐t✐♦♥ ✷✳✶✼✳
❆s ❛ ♣r❡♣❛r❛t✐♦♥ ✇❡ ✐♥tr♦❞✉❝❡ ✐♥ ❙❡❝t✐♦♥ ✷✳✶ t❤❡ ❝♦♥❝❡♣t ♦❢ ❛t♦♠s ❛♥❞ ✇❛✈❡❧❡ts ❛♥❞ ✇❤❛t
✇❡ ✉♥❞❡rst❛♥❞ ❜② t❤✐s✱ s✐♥❝❡ t❤❡r❡ ❡①✐st ♠❛♥② ❞✐✛❡r❡♥t ❦✐♥❞s ♦❢ t❤❡s❡✳
■♥ ❙❡❝t✐♦♥ ✷✳✷ ✇❡ ❝♦❧❧❡❝t t❤❡ ❛t♦♠✐❝ r❡♣r❡s❡♥t❛t✐♦♥s ❢♦r t❤❡ ❢✉♥❝t✐♦♥ s♣❛❝❡s✱ ✐♥ ✇❤✐❝❤ ✇❡
❛r❡ ♣❛rt✐❝✉❧❛r❧② ✐♥t❡r❡st❡❞✳ ❋✐♥❛❧❧② ✐♥ ❙❡❝t✐♦♥ ✷✳✹ ✇❡ s❤♦✇ t❤❡ ✇❛✈❡❧❡t ❝❤❛r❛❝t❡r✐③❛t✐♦♥
❢♦r ♦✉r ❞♦✉❜❧✐♥❣ ✇❡✐❣❤t❡❞ ❇❡s♦✈✲❚r✐❡❜❡❧✲▲✐③♦r❦✐♥ s♣❛❝❡s ❜② ✉s✐♥❣ t❤❡ ♠❛✐♥ ❚❤❡♦r❡♠ ✷✳✷✸✳
❆❞❞✐t✐♦♥❛❧❧② ✇❡ ♣r♦✈❡ t❤❡ ✇❛✈❡❧❡t ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ❢♦r s♦♠❡ ❢✉rt❤❡r ❢✉♥❝t✐♦♥ s♣❛❝❡s ❛♥❞
❝♦♠♣❛r❡ t❤✐s ✇✐t❤ t❤❡ ✇❡❧❧✲❦♥♦✇♥ r❡s✉❧ts ❢r♦♠ t❤❡ ❧✐t❡r❛t✉r❡✳
❚❤❡ r❡s✉❧ts ♦❢ t❤✐s ❝❤❛♣t❡r ❛r❡ ❝♦♥t❛✐♥❡❞ ✐♥ t❤❡ ❥♦✐♥❡❞ ♣❛♣❡r ❬❍❙❚✶✻❪ ✇❤✐❝❤ ✐s s✉❜♠✐tt❡❞
❢♦r ♣✉❜❧✐❝❛t✐♦♥✳
✷✳✶ ❆t♦♠s ❛♥❞ ✇❛✈❡❧❡ts
■♥ t❤❡ t❤❡♦r② ♦❢ ❢✉♥❝t✐♦♥ s♣❛❝❡s ✐t ✐s ✉s❡❢✉❧ t♦ ❤❛✈❡ ✈❛r✐♦✉s r❡♣r❡s❡♥t❛t✐♦♥s ♦❢ ❛ ❢✉♥❝t✐♦♥
f ❢r♦♠ t❤❡ ✉♥❞❡r❧②✐♥❣ ❢✉♥❝t✐♦♥ s♣❛❝❡✱
f =
∑
j,m
λj,maj,m.
■♥ ♠♦st ♦❢ t❤❡♠ ♦♥❡ ❞❡❝♦♠♣♦s❡s t❤❡ ❢✉♥❝t✐♦♥ f ✐♥t♦ s♣❡❝✐❛❧ ❜✉✐❧❞✐♥❣ ❜❧♦❝❦s✱ ❢♦r ❡①❛♠✲
♣❧❡✱ ❛t♦♠s✱ ✇❛✈❡❧❡ts✱ q✉❛r❦s✱ ♠♦❧❡❝✉❧❡s✳ ❋♦r ♠♦r❡ ✐♥❢♦r♠❛t✐♦♥ ❛❜♦✉t t❤✐s ✇❡ r❡❢❡r ❢♦r
❡①❛♠♣❧❡ t♦ ❬❚r✐✵✻✱ ❚r✐✵✶✱ ❲♦❥✾✼❪✳ ❚❤❡s❡ ❜✉✐❧❞✐♥❣ ❜❧♦❝❦s ❛r❡ ✒♥✐❝❡✏ ❢✉♥❝t✐♦♥s ✇✐t❤ ❝♦♥✈❡✲
♥✐❡♥t ♣r♦♣❡rt✐❡s s✉❝❤ ❛s s♠♦♦t❤♥❡ss ♦r ❝♦♠♣❛❝t s✉♣♣♦rts✳ ❍❡r❡ ✇❡ ❛♠♣❧✐❢② t❤❡ ❛t♦♠✐❝
❛♥❞ ✇❛✈❡❧❡t r❡♣r❡s❡♥t❛t✐♦♥✳ ❲❡ st❛rt ✇✐t❤ t❤❡ L∞−♥♦r♠❛❧✐③❡❞ (K,L, d)✲❛t♦♠s✱ ✇❤❡r❡
K ∈ N0, L ∈ N0, d > 1✱ ❝❢✳ ❬❚r✐✵✻✱ ❚r✐✵✽❪✳
✺✽ ✷✳ ❉❡❝♦♠♣♦s✐t✐♦♥s
❉❡✜♥✐t✐♦♥ ✷✳✶✳ ▲❡t K ∈ N0✱ L ∈ N0 ❛♥❞ d > 1✳
❚❤❡ ❝♦♠♣❧❡①✲✈❛❧✉❡❞ ❢✉♥❝t✐♦♥s aj,m ∈ CK(Rn) ❛r❡ ❝❛❧❧❡❞ (K,L, d)✲❛t♦♠s ✐❢
supp aj,m ⊂ d Qj,m, j ∈ N0, m ∈ Zn, ✭✷✳✶✮
|Dηaj,m(x)| ≤ 2j|η|, j ∈ N0, m ∈ Zn, |η| ≤ K, ✭✷✳✷✮∫
Rn
xθaj,m(x) dx = 0, j ∈ N, m ∈ Zn, |θ| < L. ✭✷✳✸✮
❈❤♦♦s✐♥❣ L = 0 ✐♥ ✭✷✳✸✮ ♠❡❛♥s t❤❛t ♥♦ ♠♦♠❡♥t ❝♦♥❞✐t✐♦♥s ❛r❡ r❡q✉✐r❡❞✳ ❋♦r ❝♦♥✲
✈❡♥✐❡♥❝❡ t❤❡ ✜①❡❞ ♥✉♠❜❡r d > 1 ✇✐❧❧ ♥♦t ❜❡ ✐♥❞✐❝❛t❡❞ ✐♥ t❤❡ s❡q✉❡❧✳ ❋✉rt❤❡r♠♦r❡✱ ✐❢
K = L ∈ N ✇❡ ❞❡♥♦t❡ t❤❡ r❡s♣❡❝t✐✈❡ ❢✉♥❝t✐♦♥s aj,m ❛s L✲❛t♦♠s✱ ❬❚r✐✵✽✱ ❚r✐✶✵❪✳
❚❤❡ ✐❞❡❛ ♦❢ ❛t♦♠✐❝ ❞❡❝♦♠♣♦s✐t✐♦♥s ✐♥ Bsp,q(R
n) ❛♥❞ F sp,q(R
n) ❣♦❡s ❡ss❡♥t✐❛❧❧② ❜❛❝❦ t♦
❋r❛③✐❡r ❛♥❞ ❏❛✇❡rt❤ ✐♥ t❤❡✐r s❡r✐❡s ♦❢ ♣❛♣❡rs ❬❋❏✽✺❪✱ ❬❋❏✾✵❪✱ ❬❋❏❲✾✶❪✱ s❡❡ ❛❧s♦ ❬❚r✐✾✼✱
❙❡❝t✐♦♥ ✶✸❪ ❢♦r ❛♥ ❛❧t❡r♥❛t✐✈❡ ✇❛② ❜❛s❡❞ ♦♥ s♦✲❝❛❧❧❡❞ ❧♦❝❛❧ ♠❡❛♥s✳ ❋♦r ❛ ❞❡t❛✐❧❡❞ ♦✈❡r✈✐❡✇
❛❜♦✉t t❤❡ ❝♦♠♣❧❡① ❤✐st♦r② ♦❢ ❛t♦♠s ✐♥ ✈❛r✐♦✉s ❢✉♥❝t✐♦♥ s♣❛❝❡s ✇❡ r❡❢❡r t♦ ❬❚r✐✾✷✱ ❙❡❝t✐♦♥
✶✳✾❪✱ s❡❡ ❛❧s♦ ❬❚r✐✵✻✱ ❘❡♠❛r❦ ✶✳✹✽❪✳
❆t♦♠s ❤❛✈❡ ♥✐❝❡ ♣r♦♣❡rt✐❡s✱ ❢♦r ❡①❛♠♣❧❡✱ s✉✣❝✐❡♥t❧② ❤✐❣❤ s♠♦♦t❤♥❡ss✱ ❝♦♠♣❛❝t s✉♣✲
♣♦rt ❛♥❞ ♠♦♠❡♥t ❝♦♥❞✐t✐♦♥s✳ ❚❤❡ ❞✐s❛❞✈❛♥t❛❣❡ ♦❢ t❤❡ ❛t♦♠s ✐s t❤❛t t❤❡ r❡♣r❡s❡♥t❛t✐♦♥ ✐s
♥♦t ✉♥✐q✉❡✱ ✐✳❡✳✱ ❢♦r ❛ ✜①❡❞ ❢✉♥❝t✐♦♥ f ♦♥❡ ❝❛♥ ✜♥❞ ❞✐✛❡r❡♥t ❞❡❝♦♠♣♦s✐t✐♦♥s
f =
∑
j,m
λj,maj,m.
❖♥ t❤❡ ♦t❤❡r s✐❞❡ ♦♥❡ ❤❛s ♠♦r❡ ❢r❡❡❞♦♠ ❛t t❤❡ ❝❤♦✐❝❡ ♦❢ t❤❡ ❢✉♥❝t✐♦♥s aj,m s✐♥❝❡ t❤❡
str✉❝t✉r❡ ✐s ♥♦t ❝♦♠♣❧❡t❡❧② ✜①❡❞✳ ❙♦♠❡t✐♠❡s t❤✐s ✐s ❛❞✈❛♥t❛❣❡♦✉s✱ ❢♦r ❡①❛♠♣❧❡✱ ✐❢ ♦♥❡
✇♦r❦s ✇✐t❤ tr❛❝❡s✱ ❜❡❝❛✉s❡ t❤❡r❡ ♦♥❡ ❞♦❡s ♥♦t ♥❡❡❞ t❤❡ ✐s♦♠♦r♣❤✐s♠ ❜❡t✇❡❡♥ t❤❡ ❢✉♥❝t✐♦♥
s♣❛❝❡ ❛♥❞ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ s❡q✉❡♥❝❡ s♣❛❝❡✳ ❇✉t ✐❢ ♦♥❡ ✐s ✐♥t❡r❡st❡❞ ✐♥ ❡♠❜❡❞❞✐♥❣s✱ ❛s
✇❡ ❞♦✱ t❤❡♥ ✐t ✐s ❜❡tt❡r t♦ ✇♦r❦ ✇✐t❤ ✇❛✈❡❧❡t ✐s♦♠♦r♣❤✐s♠s✳ ❚❤✉s ♥❡①t ✇❡ ✐♥tr♦❞✉❝❡ t❤❡
❝♦♥❝❡♣t ♦❢ ✭s♠♦♦t❤✮ ✇❛✈❡❧❡t s②st❡♠s✳ ❋♦r t❤✐s ✇❡ ❣✐✈❡ ❛ ❜r✐❡❢ ❞❡s❝r✐♣t✐♦♥ ♦❢ s♦♠❡ ✇❡❧❧✲
❦♥♦✇♥ ❛ss❡rt✐♦♥s ❛❜♦✉t ✇❛✈❡❧❡t ❜❛s❡s ✐♥ L2(Rn) ❛♥❞ ♠✉❧t✐r❡s♦❧✉t✐♦♥ ❛♥❛❧②s✐s✱ s❡❡ ❬❚r✐✵✻✱
❙❡❝t✐♦♥ ✶✳✼❪✳ ❚❤❡ st❛♥❞❛r❞ r❡❢❡r❡♥❝❡s ❤❡r❡ ❛r❡ ❬▼❛❧✽✾❪✱ ❬▼❛❧✾✽❪✱ ❬▼❡②✽✼❪✱ ❬▼❡②✾✷❪✱ ❬❉❛✉✽✽❪✱
❬❉❛✉✾✷❪✱ ❬❲♦❥✾✼❪✳
❲❡ ❧♦♦❦ ✜rst ❛t t❤❡ ♦♥❡✲❞✐♠❡♥s✐♦♥❛❧ ❝❛s❡✳
❉❡✜♥✐t✐♦♥ ✷✳✷✳ ❆♥ ✭✐♥❤♦♠♦❣❡♥❡♦✉s✮ ♠✉❧t✐r❡s♦❧✉t✐♦♥ ❛♥❛❧②s✐s ✐s ❛ s❡q✉❡♥❝❡ {Vj : j ∈ N0}
♦❢ s✉❜s♣❛❝❡s ♦❢ L2(Rn) s✉❝❤ t❤❛t
✭✐✮ V0 ⊂ V1 ⊂ · · · ⊂ Vj ⊂ Vj+1 ⊂ · · · ; span
⋃∞
j=0 Vj = L2(R)✱
✭✐✐✮ f ∈ V0 ✐❢✱ ❛♥❞ ♦♥❧② ✐❢✱ f(x−m) ∈ V0 ❢♦r ❛♥② m ∈ Z✱
✭✐✐✐✮ f ∈ Vj ✐❢✱ ❛♥❞ ♦♥❧② ✐❢✱ f(2−jx) ∈ V0 ❢♦r ❛❧❧ j ∈ N✱
✭✐✈✮ t❤❡r❡ ✐s ❛ ❢✉♥❝t✐♦♥ ψF ∈ V0 s✉❝❤ t❤❛t {ψF (x−m) : m ∈ Z} ✐s ❛♥ ♦rt❤♦♥♦r♠❛❧ ❜❛s✐s
✐♥ V0✳
✷✳✶ ❆t♦♠s ❛♥❞ ✇❛✈❡❧❡ts ✺✾
❘❡♠❛r❦ ✷✳✸✳ ❚❤❡ ❢✉♥❝t✐♦♥ ψF ✐s ❝❛❧❧❡❞ s❝❛❧✐♥❣ ❢✉♥❝t✐♦♥ ✭♦r ❢❛t❤❡r ✇❛✈❡❧❡t✱ ✇❤❡r❡ t❤❡ F
❝♦♠❡s ❢r♦♠✳✮ ❇② ✭✐✐✐✮ ❛♥❞ ✭✐✈✮ ✐t ❢♦❧❧♦✇s t❤❛t{
2j/2ψF (2
jx−m) : m ∈ Z} , j ∈ N0,
✐s ❛♥ ♦rt❤♦♥♦r♠❛❧ ❜❛s✐s ✐♥ Vj✳ ▲❡t Wj ⊂ L2(R) t❤❡ ♦rt❤♦❣♦♥❛❧ ❝♦♠♣❧❡♠❡♥t s✉❝❤ t❤❛t
Vj+1 = Wj ⊕ Vj; j ∈ N0.
❚❤❡♥ ✭✐✮ ❝❛♥ ❜❡ r❡❢♦r♠✉❧❛t❡❞ ❛s
L2(R) = V0 ⊕
∞⊕
j=0
Wj,
t❤❡ ♦rt❤♦❣♦♥❛❧ ❞❡❝♦♠♣♦s✐t✐♦♥✳
❖♥❡ ♦❢ t❤❡ ♠❛✐♥ ❛ss❡rt✐♦♥s ♦❢ ♠✉❧t✐r❡s♦❧✉t✐♦♥ ❛♥❛❧②s✐s ✐s t♦ ♣r♦✈❡ t❤❛t t❤❡r❡ ❛r❡ ❢✉♥❝t✐♦♥s
ψM ∈ L2(R)✱ ❝❛❧❧❡❞ ❛♥ ❛ss♦❝✐❛t❡❞ ❢✉♥❝t✐♦♥ ✭♦r ♠♦t❤❡r ✇❛✈❡❧❡t✮✱ s✉❝❤ t❤❛t
{ψM(x−m) : m ∈ Z} ✐s ❛♥ ♦rt❤♦♥♦r♠❛❧ ❜❛s✐s ✐♥ W0,
❛♥❞ t♦ ❝♦♥str✉❝t t❤❡♠ st❛rt✐♥❣ ❢r♦♠ ψF ✳ ❚❤❡♥ ✐t ❤♦❧❞s
ψjm(x) =
ψF (x−m), ✐❢ j = 0, m ∈ Z,2j−1/2ψM(2j−1x−m), ✐❢ j ∈ N, m ∈ Z,
✐s ❛♥ ♦rt❤♦♥♦r♠❛❧ ❜❛s✐s ✐♥ L2(R)✳
❚❤❡ ❡①t❡♥s✐♦♥ ❢r♦♠ ♦♥❡ ❞✐♠❡♥s✐♦♥ t♦ n ❞✐♠❡♥s✐♦♥s ❢♦❧❧♦✇s ❜② t❤❡ st❛♥❞❛r❞ ♣r♦❝❡❞✉r❡s ♦❢
t❡♥s♦r ♣r♦❞✉❝ts✳ ▲❡t G = (G1, . . . , Gn) ∈ G∗ := {F,M}n∗✱ ✇❤❡r❡ Gr ✐s ❡✐t❤❡r F ♦r M ❛♥❞
✇❤❡r❡ ∗ ✐♥❞✐❝❛t❡s t❤❛t ❛t ❧❡❛st ♦♥❡ ♦❢ t❤❡ ❝♦♠♣♦♥❡♥ts ♦❢ G ♠✉st ❜❡ ❛♥ M ✳ ❚❤❡♥ ✇❡ s❡t
ΨjG,m(x) := 2
jn/2
n∏
r=1
ψGr
(
2jxr −mr
)
, G ∈ G∗ = {F,M}n∗, j ∈ N0, m ∈ Zn, ✭✷✳✹✮
❛♥❞ t❤❡ st❛rt✐♥❣ t❡r♠s ❛r❡ ❣✐✈❡♥ ❜②
Ψm(x) :=
n∏
r=1
ψF (xr −mr), m ∈ Zn. ✭✷✳✺✮
❚❤❡♥
{
Ψm,Ψ
j
G,m : m ∈ Zn, j ∈ N0, G ∈ G∗
}
✐s ❛♥ ♦rt❤♦♥♦r♠❛❧ ❜❛s✐s ✐♥ L2(Rn)✳
❋♦r ♦✉r ♣✉r♣♦s❡ ✇❡ ❝♦♥s✐❞❡r ❤❡r❡ s♠♦♦t❤ ✇❛✈❡❧❡ts✱ ♠♦r❡ ♣r❡❝✐s❡❧② ❝♦♠♣❛❝t❧② s✉♣♣♦rt❡❞
❉❛✉❜❡❝❤✐❡s ✇❛✈❡❧❡ts✳
❉❡✜♥✐t✐♦♥ ✷✳✹✳ ▲❡t L ∈ N✳ ▲❡t ψF ✱ ψM ∈ CL(R) ❛r❡ r❡❛❧✲✈❛❧✉❡❞ ❝♦♠♣❛❝t❧② s✉♣♣♦rt❡❞
✭L2✲♥♦r♠❛❧✐③❡❞✮ ❢✉♥❝t✐♦♥s ✇✐t❤∫
R
ψF (t)dt = 1,
∫
R
ψM(t) t
l dt = 0, l < L. ✭✷✳✻✮
❚❤❡♥
{
Ψm,Ψ
j
G,m : m ∈ Zn, j ∈ N0, G ∈ G∗
}
✱ ❝♦♥str✉❝t❡❞ ✐♥ t❤❡ ❛❜♦✈❡ s❡♥s❡✱ ✐s ❝❛❧❧❡❞ ❛
✭❉❛✉❜❡❝❤✐❡s✮ ✇❛✈❡❧❡t s②st❡♠✳
✻✵ ✷✳ ❉❡❝♦♠♣♦s✐t✐♦♥s
❚❤❡ ❡①✐st❡♥❝❡ ♦❢ t❤❡ ❢✉♥❝t✐♦♥s ψF ❛♥❞ ψM ✐♥ ❉❡✜♥✐t✐♦♥ ✷✳✹ ✐s ❣✐✈❡♥ ❜② ❬▼❡②✾✷❪ ❛♥❞
❬❉❛✉✾✷❪✱ s❡❡ ❛❧s♦ ❬❲♦❥✾✼❪ ♦r ❬❚r✐✵✻✱ ❚❤♠✳ ✶✳✻✶❪✳ ❍❡♥❝❡ t❤❡ ❛❜♦✈❡ ❞❡✜♥✐t✐♦♥ ♠❛❦❡s s❡♥s❡✳
❘❡♠❛r❦ ✷✳✺✳ ❚❤❡ str✉❝t✉r❡ ♦❢ t❤❡ ✇❛✈❡❧❡t s②st❡♠
{
Ψm,Ψ
j
G,m : m ∈ Zn, j ∈ N0, G ∈
G∗
}
✐s r❛t❤❡r ✜①❡❞✳ ❲❡ st❛rt ✇✐t❤ t✇♦ ✭♥♦t ❡①♣❧✐❝✐t❧② ❦♥♦✇♥✮ ❢✉♥❝t✐♦♥s ψM ✱ ψF ❛♥❞ ❜✉✐❧❞
t❤❡ r❡st ✐♥ ❛ ✜①❡❞ ♣❛tt❡r♥✳ ❚❤✐s str✉❝t✉r❡ s❛✈❡s ✉s t❤❡ ✐s♦♠♦r♣❤✐s♠✳ ❲❡ ❦♥♦✇ t❤❛t t❤✐s
s②st❡♠ ♦❢ ❢✉♥❝t✐♦♥s
{
Ψm,Ψ
j
G,m : m ∈ Zn, j ∈ N0, G ∈ G∗
}
❜✉✐❧❞s ❛♥ ♦rt❤♦♥♦r♠❛❧ ❜❛s✐s
✐♥ L2(Rn)✱ ✐❢ t❤❡ st❛rt✐♥❣ ❢✉♥❝t✐♦♥s ψF ✱ ψM ❛r❡ L2−♥♦r♠❛❧✐③❡❞✳ ❋✉rt❤❡r♠♦r❡✱ ❢♦r s♦♠❡
c > 0✱ {
cΨm, c2
−jn/2ΨjG,m
}
❛r❡ L∞✲♥♦r♠❛❧✐③❡❞ L✲❛t♦♠s,
❝❢✳ ❬❚r✐✵✻✱ ❈❤❛♣t❡r ✸❪✳ ❚❤✐s ♠❡❛♥s✱ t❤❛t ✇❛✈❡❧❡ts ❝❛♥ ❛❧✇❛②s ❜❡ ❝♦♥s✐❞❡r❡❞ ❛s ❛t♦♠s✳
■♥ ♦t❤❡r ✇♦r❞s✱ ✐❢ ✇❡ ❤❛✈❡ ❛ ✇❛✈❡❧❡t ❝❤❛r❛❝t❡r✐③❛t✐♦♥✱ t❤❡♥ ✇❡ ❤❛✈❡ ❛❧s♦ ❛♥ ❛t♦♠✐❝ r❡✲
♣r❡s❡♥t❛t✐♦♥✳ ▲❛t❡r ✐♥ ❙❡❝t✐♦♥ ✷✳✸ ✇❡ s❤❛❧❧ ❞✐s❝✉ss t❤❡ ❝♦♥✈❡rs❡ q✉❡st✐♦♥✱ t❤❛t ✐s✱ ✉♥❞❡r
✇❤✐❝❤ ✭❛❞❞✐t✐♦♥❛❧✮ ❝♦♥❞✐t✐♦♥s ✇❡ ♦❜t❛✐♥ ❛ ✇❛✈❡❧❡t ✐s♦♠♦r♣❤✐s♠✱ ✇❤❡♥ ✇❡ ❤❛✈❡ ❛♥ ❛t♦♠✐❝
r❡♣r❡s❡♥t❛t✐♦♥✳
✷✳✷ ❆t♦♠✐❝ ❞❡❝♦♠♣♦s✐t✐♦♥ ✻✶
✷✳✷ ❆t♦♠✐❝ ❞❡❝♦♠♣♦s✐t✐♦♥
■♥ ❝♦♥♥❡❝t✐♦♥ ✇✐t❤ ❛t♦♠s ❛♥❞ ❢✉♥❝t✐♦♥ s♣❛❝❡s ✇❡ ❛❧✇❛②s ❤❛✈❡ s❡q✉❡♥❝❡ s♣❛❝❡s ❢♦r t❤❡
s❡q✉❡♥❝❡s ♦❢ t❤❡ ❝♦❡✣❝✐❡♥ts✱ ✇❤✐❝❤ ✇✐❧❧ ❛♣♣❡❛r ✐♥ ❛t♦♠✐❝ ❞❡❝♦♠♣♦s✐t✐♦♥s✳
❘❡❝❛❧❧ ♦✉r ❞❡✜♥✐t✐♦♥ ♦❢ Qj,m✱ ✇❤❡r❡ m ∈ Zn✱ j ∈ N0✱ ✐♥ t❤❡ ❜❡❣✐♥♥✐♥❣✳ ❋♦r 0 < p <∞✱
j ∈ N0 ❛♥❞ m ∈ Zn ✇❡ ❞❡♥♦t❡ ❜② χ(p)j,m t❤❡ p✲♥♦r♠❛❧✐s❡❞ ❝❤❛r❛❝t❡r✐st✐❝ ❢✉♥❝t✐♦♥ ♦❢ t❤❡
❝✉❜❡ Qj,m ❞❡✜♥❡❞ ❜②
χ
(p)
j,m(x) = 2
jn
p χj,m(x) =
2
jn
p , ✐❢ x ∈ Qj,m,
0, ✐❢ x /∈ Qj,m.
✭✷✳✼✮
■t ✐s ❡❛s② t♦ s❡❡ t❤❛t ||χ(p)j,m|Lp(Rn)|| = 1✳
❉❡✜♥✐t✐♦♥ ✷✳✻✳
✭✐✮ ▲❡t 0 < p ≤ ∞✱ 0 < q ≤ ∞✱ s ∈ R ❛♥❞ w ❜❡ ❛ ❞♦✉❜❧✐♥❣ ✇❡✐❣❤t✳ ❚❤❡♥
b¯sp,q(w) =
{
λ = {λj,m}j,m : λj,m ∈ C,
∥∥λ|b¯sp,q(w)∥∥ <∞}
❛♥❞
∥∥λ|b¯sp,q(w)∥∥ = ∥∥∥∥{2j(s−np )∥∥∥ ∑
m∈Zn
|λj,m|χ(p)j,m
∣∣∣Lp(w)∥∥∥}
j∈N0
∣∣∣ℓq∥∥∥∥ ✭✷✳✽✮
✭✇✐t❤ ♦❜✈✐♦✉s ♠♦❞✐✜❝❛t✐♦♥ ❢♦r p =∞ ♦r q =∞✮✳
✭✐✐✮ ▲❡t 0 < p <∞✱ 0 < q ≤ ∞✱ s ∈ R✱ ❛♥❞ w ❜❡ ❛ ❞♦✉❜❧✐♥❣ ✇❡✐❣❤t✳ ❚❤❡♥
f¯ sp,q(w) =
{
λ = {λj,m}j,m : λj,m ∈ C,
∥∥λ|f¯ sp,q(w)∥∥ <∞}
❛♥❞
∥∥λ|f¯ sp,q(w)∥∥ = ∥∥∥∥ ( ∞∑
j=0
2j(s−
n
p
)q
∣∣∣ ∑
m∈Zn
|λj,m|χ(p)j,m(·)
∣∣∣q)1/q ∣∣∣∣Lp(w)∥∥∥∥ ✭✷✳✾✮
✭✇✐t❤ ♦❜✈✐♦✉s ♠♦❞✐✜❝❛t✐♦♥ ❢♦r q =∞✮✳
❘❡♠❛r❦ ✷✳✼✳ ❲❡ ❝❛♥ r❡✇r✐t❡ t❤❡ b¯sp,q(w)✲♥♦r♠ ❛s ❢♦❧❧♦✇s
∥∥λ|b¯sp,q(w)∥∥ = ( ∞∑
j=0
2jsq
( ∑
m∈Zn
|λj,m|pw(Qj,m)
) q
p
)1/q
✭✷✳✶✵✮
✭✇✐t❤ ♦❜✈✐♦✉s ♠♦❞✐✜❝❛t✐♦♥ ❢♦r p =∞ ♦r q =∞✮✳
✻✷ ✷✳ ❉❡❝♦♠♣♦s✐t✐♦♥s
❘❡♠❛r❦ ✷✳✽✳ ◆♦t❡ t❤❛t t❤❡ ❝✉❜❡s Qj,m ❤❛✈❡ ♥♦ ♦✈❡r❧❛♣ ♦♥ t❤❡ s❛♠❡ ❧❡✈❡❧ j✳ ▼♦❞✐❢②∥∥·|f¯ sp,q(w)∥∥ ❜②
∥∥λ|f¯ sp,q(w)∥∥ = ∥∥∥∥ ( ∑
j∈N0,m∈Zn
2jsq|λj,m|qχj,m(·)
)1/q ∣∣∣∣Lp(w)∥∥∥∥. ✭✷✳✶✶✮
❘❡♠❛r❦ ✷✳✾✳ ■♥ t❤❡ ✉♥✇❡✐❣❤t❡❞ ❝❛s❡✱ ✐✳❡✳✱ ✇❤❡♥ w ≡ 1✱ ✇❡ ❣❡t
∥∥λ|b¯sp,q∥∥ = ( ∞∑
j=0
2j(s−
n
p
)q
( ∑
m∈Zn
|λj,m|p
) q
p
)1/q
✭✷✳✶✷✮
❛♥❞
∥∥λ|f¯ sp,q∥∥ = ∥∥∥∥( ∑
j∈N0,m∈Zn
2jsq|λj,m|qχj,m(·)
)1/q ∣∣∣∣Lp∥∥∥∥ ✭✷✳✶✸✮
✭✇✐t❤ ♦❜✈✐♦✉s ♠♦❞✐✜❝❛t✐♦♥ ❢♦r p =∞ ♦r q =∞✮✳
❘❡♠❛r❦ ✷✳✶✵✳ ❚❤❡ ♥❡①t r❡s✉❧t t❤❛t ✇❡ ✇❛♥t t♦ ❛♣♣❧② ✐s ❢r♦♠ ❇♦✇♥✐❦✱ s❡❡ ❬❇♦✇✵✺❪ ❛♥❞
❬❇♦✇✵✼❪✱ r❡s♣❡❝t✐✈❡❧②✳ ◆♦t❡✱ t❤❛t ❇♦✇♥✐❦ ❞❡❛❧t ✇✐t❤ ❛♥✐s♦tr♦♣✐❝ ❇❡s♦✈✲❚r✐❡❜❡❧✲▲✐③♦r❦✐♥
s♣❛❝❡s ✇✐t❤ ❡①♣❛♥s✐✈❡ ❞✐❧❛t✐♦♥ ♠❛tr✐❝❡s ❛♥❞ ♠♦r❡ ❣❡♥❡r❛❧ ❞♦✉❜❧✐♥❣ ♠❡❛s✉r❡s✳ ❚❤❡ ❞✐✛❡✲
r❡♥❝❡ ✐s t❤❛t t❤❡r❡ ❛r❡ ✉s❡❞ q✉❛s✐✲♥♦r♠s ̺A ❛ss♦❝✐❛t❡❞ ✇✐t❤ ❛♥ ❡①♣❛♥s✐✈❡ ♠❛tr✐① A✳ ■♥
t❤❡ st❛♥❞❛r❞ ❞②❛❞✐❝ ❝❛s❡ A = 2I ❛ q✉❛s✐✲♥♦r♠ ̺A s❛t✐s✜❡s ̺A(2x) = 2n̺A(x) ✐♥st❡❛❞ ♦❢
t❤❡ ✉s✉❛❧ s❝❛❧❛r ❤♦♠♦❣❡♥❡✐t②✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ̺A(x) = |x|n ✐s ❛♥ ❡①❛♠♣❧❡ ❢♦r ❛ q✉❛s✐✲♥♦r♠
❢♦r A = 2I✳
■♥st❡❛❞ ♦❢ t❤✐s q✉❛s✐✲♥♦r♠ | · |n ✇❡ ✇✐❧❧ ✉s❡ t❤❡ ✉s✉❛❧ ❊✉❝❧✐❞❡❛♥ ♥♦r♠ | · | ✐♥ Rn✳ ❋♦r
♠♦r❡ ❞❡t❛✐❧s ✇❡ r❡❢❡r t♦ ❬❇♦✇✵✸✱ ▲❘✾✹❪✳ ❲❡ r❡❝❛❧❧ t❤❛t ❛❧❧ q✉❛s✐✲♥♦r♠s ❛ss♦❝✐❛t❡❞ t♦ ❛
✜①❡❞ ❞✐❧❛t✐♦♥ ♠❛tr✐① A ❛r❡ ❡q✉✐✈❛❧❡♥t✳ ▼♦r❡♦✈❡r✱ t❤❡r❡ ❛❧✇❛②s ❡①✐sts ❛ q✉❛s✐✲♥♦r♠ ̺A✱
✇❤✐❝❤ ✐s C∞ ♦♥ Rn ❡①❝❡♣t t❤❡ ♦r✐❣✐♥✳
◆♦t❡ ❛❧s♦ t❤❛t ❇♦✇♥✐❦ ❞❡❛❧t ✇✐t❤ ❛ ❞✐✛❡r❡♥t ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ ✉♥✐t②✱ ❜✉t ✇❡ ❣❡t ❡q✉✐✲
✈❛❧❡♥t q✉❛s✐✲♥♦r♠s✳ ■♥ t❤❡ ♠❛✐♥ ♣❛rt ♦❢ ❬❇♦✇✵✺❪ ❛♥❞ ❬❇♦✇✵✼❪✱ r❡s♣❡❝t✐✈❡❧②✱ ❇♦✇♥✐❦ ✇♦r❦s
✇✐t❤ ❤♦♠♦❣❡♥❡♦✉s s♣❛❝❡s✱ ❧❛t❡r ❤❡ s❤♦✇❡❞ t❤❛t t❤❡s❡ r❡s✉❧ts ❛❧s♦ ❤♦❧❞ ❢♦r ✐♥❤♦♠♦❣❡♥❡♦✉s
s♣❛❝❡s✳ ❋✉rt❤❡r♠♦r❡ t❤❡ ❛t♦♠s ❛♥❞ t❤❡ s❡q✉❡♥❝❡ s♣❛❝❡s ❛r❡ L2✲♥♦r♠❛❧✐s❡❞✳ ■♥ ♦✉r ❝❛s❡
✇❡ ❤❛✈❡ ❛♥ L∞✲♥♦r♠❛❧✐s❛t✐♦♥✳
❋♦r ❝♦♥✈❡♥✐❡♥❝❡ ✇❡ ❛❞♦♣t t❤❡ ✉s✉❛❧ ♥♦t❛t✐♦♥s
σp = n
(
1
p
− 1
)
+
, σp,q = n
(
1
min(p, q)
− 1
)
+
, ✭✷✳✶✹✮
❢♦r 0 < p, q ≤ ∞✳
❚❤❡♥ t❤❡ ❛t♦♠✐❝ ❞❡❝♦♠♣♦s✐t✐♦♥ r❡s✉❧t ✉s❡❞ ❜❡❧♦✇ r❡❛❞s ❛s ❢♦❧❧♦✇s✱ s❡❡ ❬❇♦✇✵✺✱ ❚❤♠✳
✺✳✶✵❪ ❛♥❞ ❬❇♦✇✵✼✱ ❚❤❡♦r❡♠ ✺✳✼✱ ❘❡♠❛r❦ ✺✳✽❪ ✇✐t❤ t❤❡ ❛❜♦✈❡✲❞❡s❝r✐❜❡❞ ♠♦❞✐✜❝❛t✐♦♥s✳
✷✳✷ ❆t♦♠✐❝ ❞❡❝♦♠♣♦s✐t✐♦♥ ✻✸
Pr♦♣♦s✐t✐♦♥ ✷✳✶✶✳ ▲❡t 0 < p < ∞✱ 0 < q ≤ ∞✱ s ∈ R ❛♥❞ w ❜❡ ❛ ❞♦✉❜❧✐♥❣ ✇❡✐❣❤t ✇✐t❤
❞♦✉❜❧✐♥❣ ❝♦♥st❛♥t β✳
✭✐✮ ▲❡t K ∈ N0, L ∈ N0, d ∈ R ✇✐t❤
K > s ❛♥❞ L >
n(β − 1)
p
+ σp − s ✭✷✳✶✺✮
❛♥❞ d > 1 ❜❡ ✜①❡❞✳ ❚❤❡♥ ❛ t❡♠♣❡r❡❞ ❞✐str✐❜✉t✐♦♥ f ∈ S ′(Rn) ❜❡❧♦♥❣s t♦ Bsp,q(w) ✐❢✱
❛♥❞ ♦♥❧② ✐❢✱ ✐t ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s ❛ s❡r✐❡s
f =
∞∑
j=0
∑
m∈Zn
λj,maj,m, ❝♦♥✈❡r❣✐♥❣ ✐♥ S ′(Rn), ✭✷✳✶✻✮
✇❤❡r❡ aj,m ❛r❡ (K,L)✲❛t♦♠s ❛❝❝♦r❞✐♥❣ t♦ ❉❡✜♥✐t✐♦♥ ✷✳✶ ❛♥❞ λ = {λj,m}j,m ∈ b¯sp,q(w)✳
❋✉rt❤❡r♠♦r❡
inf ||λ|b¯sp,q(w)|| ✭✷✳✶✼✮
✐s ❛♥ ❡q✉✐✈❛❧❡♥t q✉❛s✐✲♥♦r♠ ✐♥ Bsp,q(w)✱ ✇❤❡r❡ t❤❡ ✐♥✜♠✉♠ r❛♥❣❡s ♦✈❡r ❛❧❧ ❛❞♠✐ss✐❜❧❡
r❡♣r❡s❡♥t❛t✐♦♥s ✭✷✳✶✻✮✳
✭✐✐✮ ▲❡t K ∈ N0, L ∈ N0, d ∈ R ✇✐t❤
K > s ❛♥❞ L >
n(β − 1)
p
+ σp,q − s ✭✷✳✶✽✮
❛♥❞ d > 1 ❜❡ ✜①❡❞✳ ❚❤❡♥ ❛ t❡♠♣❡r❡❞ ❞✐str✐❜✉t✐♦♥ f ∈ S(Rn) ❜❡❧♦♥❣s t♦ F sp,q(w) ✐❢✱
❛♥❞ ♦♥❧② ✐❢✱ ✐t ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s ❛ s❡r✐❡s
f =
∞∑
j=0
∑
m∈Zn
λj,maj,m, ❝♦♥✈❡r❣✐♥❣ ✐♥ S ′(Rn), ✭✷✳✶✾✮
✇❤❡r❡ aj,m ❛r❡ (K,L)✲❛t♦♠s ❛❝❝♦r❞✐♥❣ t♦ ❉❡✜♥✐t✐♦♥ ✷✳✶ ❛♥❞ λ = {λj,m}j,m ∈ f¯ sp,q(w)✳
❋✉rt❤❡r♠♦r❡
inf ||λ|f¯ sp,q(w)|| ✭✷✳✷✵✮
✐s ❛♥ ❡q✉✐✈❛❧❡♥t q✉❛s✐✲♥♦r♠ ✐♥ F sp,q(w)✱ ✇❤❡r❡ t❤❡ ✐♥✜♠✉♠ r❛♥❣❡s ♦✈❡r ❛❧❧ ❛❞♠✐ss✐❜❧❡
r❡♣r❡s❡♥t❛t✐♦♥s ✭✷✳✶✾✮✳
❲❡ ❡①❡♠♣❧✐❢② t❤❡ ❛❜♦✈❡ r❡s✉❧t ✐♥ t✇♦ ❝❛s❡s ❛♥❞ ❝♦♠♣❛r❡ ✐t ✇✐t❤ ❦♥♦✇♥ r❡s✉❧ts✳
❊①❛♠♣❧❡ ✷✳✶✷✳ ▲❡t w ≡ 1✳ ❚❤❡♥ ✇❡ ❤❛✈❡ ❜② ❊①❛♠♣❧❡ ✶✳✷✵ t❤❛t β = 1✱ s✉❝❤ t❤❛t ✭✷✳✶✺✮
r❡❛❞s ❛s K > s ❛♥❞ L > σp − s✳ ❚❤❡♥ t❤❡ r❡s✉❧t ❝♦✐♥❝✐❞❡s ✇✐t❤ ❬❚r✐✾✼✱ ❚❤❡♦r❡♠ ✶✸✳✽❪ ♦r
❬❚r✐✵✻✱ ❚❤❡♦r❡♠ ✶✳✶✾❪✱ r❡s♣❡❝t✐✈❡❧②✳
✻✹ ✷✳ ❉❡❝♦♠♣♦s✐t✐♦♥s
❊①❛♠♣❧❡ ✷✳✶✸✳ ▲❡t w ∈ A∞✳ ❚❤❡♥ ❜② ❊①❛♠♣❧❡ ✶✳✷✶ ✇❡ ❤❛✈❡ β = c rw s✉❝❤ t❤❛t ✭✷✳✶✺✮
r❡❛❞s ❛s
K > s ❛♥❞ L >
n(c rw − 1)
p
+ σp − s. ✭✷✳✷✶✮
❚❤✐s r❡s✉❧t ✐s ❝♦♥t❛✐♥❡❞ ✐♥ ❬❍P✵✽✱ ❚❤❡♦r❡♠ ✸✳✶✵❪✱ ❜❡❝❛✉s❡ ❛ss✉♠♣t✐♦♥ ✭✷✳✷✶✮ ✐s ✐♥ t❤✐s
❝❛s❡ s❧✐❣❤t❧② str♦♥❣❡r t❤❛♥ t❤❡ ❛ss✉♠♣t✐♦♥ ♦♥ L ✐♥ ❬❍P✵✽✱ ❚❤❡♦r❡♠ ✸✳✶✵❪✳ ❈♦♥s❡q✉❡♥t❧②✱
t❤❡ r❡s✉❧t ♦❢ ❬❍P✵✽❪ ❤❛s ❜❡tt❡r q✉❛♥t✐t❛t✐✈❡ ❝❤❛r❛❝t❡r✐st✐❝s t❤❛♥ t❤❡ ♦♥❡s ♦❜t❛✐♥❡❞ ❤❡r❡
❛s ❧♦♥❣ ❛s ✇❡ st❛② ✐♥ t❤❡ r❡❛❧♠ ♦❢ A∞ ✇❡✐❣❤ts✳ ❚❤✐s ✐s ❛ ♣r✐③❡ t♦ ♣❛② ❜② st✉❞②✐♥❣ ❇❡s♦✈✲
❚r✐❡❜❡❧✲▲✐③♦r❦✐♥ s♣❛❝❡s ✇✐t❤ ❞♦✉❜❧✐♥❣ ✇❡✐❣❤ts ✐♥st❡❛❞ ♦❢ A∞ ✇❡✐❣❤ts✳
❘❡♠❛r❦ ✷✳✶✹✳ ❲❡✐❣❤t❡❞ ❇❡s♦✈ s♣❛❝❡s ❛♥❞ t❤❡✐r ❛t♦♠✐❝ ✭❛♥❞ ✇❛✈❡❧❡t✮ ❞❡❝♦♠♣♦s✐t✐♦♥s ✐♥
❝❛s❡ ♦❢ ❛❞♠✐ss✐❜❧❡ ✇❡✐❣❤ts ❤❛✈❡ ❜❡❡♥ st✉❞✐❡❞ ✐♥ s♦♠❡ ❞❡t❛✐❧ ✐♥ ❬❍❚✾✹✱ ❍❚✵✺✱ ❑▲❙❙✵✻❛✱
❑▲❙❙✵✻❜✱ ❑▲❙❙✵✼❪✳ ❆s ❢❛r ❛s ❧♦❝❛❧ ▼✉❝❦❡♥❤♦✉♣t ✇❡✐❣❤ts Alocp ❛r❡ ❝♦♥❝❡r♥❡❞✱ ✇❡ r❡❢❡r t♦
❬❘②❝✵✶✱ ❲♦❥✶✷❛✱ ❲♦❥✶✶✱ ❲♦❥✶✷❜❪✳
✷✳✸ ❋r♦♠ ❛t♦♠s t♦ ✇❛✈❡❧❡ts✿ t❤❡ κ✲❝♦♥♥❡❝t✐♦♥ ✻✺
✷✳✸ ❋r♦♠ ❛t♦♠s t♦ ✇❛✈❡❧❡ts✿ t❤❡ κ✲❝♦♥♥❡❝t✐♦♥
✷✳✸✳✶ ❚❤❡ ❙❡tt✐♥❣
❲❡ ❜❡❣✐♥ ♦✉r ❡①♣♦s✐t✐♦♥ ✐♥ ❛ ❣❡♥❡r❛❧ s❡tt✐♥❣✳ ▲❡t a(Rn) ❜❡ ❛ q✉❛s✐✲❇❛♥❛❝❤ s❡q✉❡♥❝❡ s♣❛❝❡✱
❝♦♥s✐st✐♥❣ ♦❢ ❛❧❧ s❡q✉❡♥❝❡s
µ = {µj,m ∈ C : j ∈ N0, m ∈ Zn}, ‖µ |a(Rn)‖ <∞, ✭✷✳✷✷✮
✇✐t❤ t❤❡ st❛♥❞❛r❞ ♣r♦♣❡rt✐❡s ♦❢ q✉❛s✐✲❇❛♥❛❝❤ ❧❛tt✐❝❡s✿
■❢ |µ| = {|µj,m|} ❛♥❞ µ′ = {µ′j,m} ✇✐t❤ |µ′j,m| ≤ |µj,m|✱ t❤❡♥∥∥ |µ| |a(Rn)∥∥ = ‖µ |a(Rn)‖, ‖µ′ |a(Rn)‖ ≤ ‖µ |a(Rn)‖. ✭✷✳✷✸✮
▲❡t a0(Rn) ❜❡ t❤❡ s✉❜s♣❛❝❡ ♦❢ a(Rn) ❝♦♥s✐st✐♥❣ ♦❢ ❛❧❧ s❡q✉❡♥❝❡s{
µj,m : µ0,m = µm, µj,m = 0 ✇❤❡r❡ j ∈ N✱ m ∈ Zn
}
. ✭✷✳✷✹✮
❚❤❡♥ t❤❡ ✇❛✈❡❧❡t ✈❡rs✐♦♥ aw(Rn) ♦❢ a(Rn) ❝♦❧❧❡❝ts ❛❧❧ s❡q✉❡♥❝❡s
µ =
{
µm ∈ C, µj,Gm ∈ C : m ∈ Zn, j ∈ N0, G ∈ G∗
}
, ✭✷✳✷✺✮
q✉❛s✐✲♥♦r♠❡❞ ❜②
‖µ |aw(Rn)‖ = ‖{µm}m |a0(Rn)‖+
∑
G∈G∗
∥∥{µj,Gm }j,m |a(Rn)∥∥ <∞. ✭✷✳✷✻✮
❋♦r ❡①❛♠♣❧❡ t❤❡ ❝❧❛ss✐❝❛❧ ℓp✲s♣❛❝❡s ✜t ✐♥t♦ t❤✐s s❝❤❡♠❡✳ ❲❡ ❛r❡ ✐♥t❡r❡st❡❞ ✐♥ s❡q✉❡♥❝❡
s♣❛❝❡s ♦❢ b¯sp,q✱ f¯
s
p,q✲t②♣❡✱ ❛❧s♦ ✇✐t❤ s♦♠❡ ✇❡✐❣❤t ❢✉♥❝t✐♦♥s✱ ❡s♣❡❝✐❛❧❧② ✇✐t❤ ❞♦✉❜❧✐♥❣ ✇❡✐❣❤ts✳
❚❤❡s❡ s♣❛❝❡s ❛❧s♦ ✜t ✐♥t♦ t❤✐s s❝❤❡♠❡ ♦❢ q✉❛s✐✲❇❛♥❛❝❤ s❡q✉❡♥❝❡ s♣❛❝❡s a(Rn)✳
❖♥ t❤❡ ♦t❤❡r s✐❞❡ ✇❡ ❞❡❛❧ ✇✐t❤ ✭✐s♦tr♦♣✐❝✱ ✐♥❤♦♠♦❣❡♥❡♦✉s✮ q✉❛s✐✲❇❛♥❛❝❤ ❢✉♥❝t✐♦♥
s♣❛❝❡s A(Rn) ✐♥ Rn✱ ✇❤✐❝❤ s❛t✐s❢②
S(Rn) →֒ A(Rn) →֒ S ′(Rn), ✭✷✳✷✼✮
✇❤❡r❡ S(Rn) ❛♥❞ S ′(Rn) ❤❛✈❡ t❤❡✐r ✉s✉❛❧ ♠❡❛♥✐♥❣ ❤❡r❡✱ ❝❢✳ ❙❡❝t✐♦♥ ✶✳✶✳ ❆❞❞✐t✐♦♥❛❧❧②
A(Rn) ❝❛♥ ❜❡ ❝❤❛r❛❝t❡r✐③❡❞ ✐♥ t❡r♠s ♦❢ L✲❛t♦♠✐❝ r❡♣r❡s❡♥t❛t✐♦♥s✿
f ∈ S ′(Rn) ❜❡❧♦♥❣s t♦ A(Rn) ✐❢✱ ❛♥❞ ♦♥❧② ✐❢✱ ✐t ❝❛♥ ❜❡ r❡♣r❡s❡♥t❡❞ ❛s
f =
∑
j∈N0
∑
m∈Zn
µj,m aj,m, µ ∈ a(Rn), ✭✷✳✷✽✮
✉♥❝♦♥❞✐t✐♦♥❛❧ ❝♦♥✈❡r❣❡♥❝❡ ❜❡✐♥❣ ✐♥ S ′(Rn) ✇✐t❤
‖f |A(Rn)‖ ∼ inf ‖µ |a(Rn)‖, ✭✷✳✷✾✮
✻✻ ✷✳ ❉❡❝♦♠♣♦s✐t✐♦♥s
✇❤❡r❡ a(Rn) ✐s ❛ s❡q✉❡♥❝❡ s♣❛❝❡ ❛s ✐♥tr♦❞✉❝❡❞ ❛❜♦✈❡ ❛♥❞ {aj,m} ❛r❡ L✲❛t♦♠s✳ ❚❤❡ ✐♥✜♠✉♠
✐♥ ✭✷✳✷✾✮ ✐s t❛❦❡♥ ♦✈❡r ❛❧❧ ❛❞♠✐ss✐❜❧❡ r❡♣r❡s❡♥t❛t✐♦♥s ✭✷✳✷✽✮✳
❚❤❡ q✉❡st✐♦♥ ❛r✐s❡s ✉♥❞❡r ✇❤✐❝❤ ✐ss✉❡ L✲❛t♦♠✐❝ r❡♣r❡s❡♥t❛t✐♦♥s ♦❢ A(Rn)✱ ❜❛s❡❞ ♦♥ a(Rn)✱
❛❞♠✐t ❝♦rr❡s♣♦♥❞✐♥❣ L✲✇❛✈❡❧❡t ❝❤❛r❛❝t❡r✐③❛t✐♦♥s ♥♦✇ ❜❛s❡❞ ♦♥ t❤❡ ✇❛✈❡❧❡t ✈❡rs✐♦♥ ♦❢
aw(Rn) ♦❢ a(Rn) ❛❝❝♦r❞✐♥❣ t♦ ✭✷✳✷✺✮✱ ✭✷✳✷✻✮✳ ❚❤❡ ❞❡s✐r❡❞ r❡s✉❧t ✐♥ t❤✐s ❝♦♥t❡①t r❡❛❞s ❛s
❢♦❧❧♦✇s✿
f ∈ S ′(Rn) ❜❡❧♦♥❣s t♦ A(Rn) ✐❢✱ ❛♥❞ ♦♥❧② ✐❢✱ ✐t ❝❛♥ ❜❡ r❡♣r❡s❡♥t❡❞ ✐♥ t❡r♠s ♦❢ L✲✇❛✈❡❧❡ts
❛s
f =
∑
m∈Zn
λmΨm +
∑
G∈G∗
∑
j∈N0
∑
m∈Zn
λj,Gm 2
−jn/2ΨjG,m, λ ∈ aw(Rn), ✭✷✳✸✵✮
✉♥❝♦♥❞✐t✐♦♥❛❧ ❝♦♥✈❡r❣❡♥❝❡ ❜❡✐♥❣ ✐♥ S ′(Rn)✳ ❚❤❡ r❡♣r❡s❡♥t❛t✐♦♥ ✭✷✳✸✵✮ ✐s ✉♥✐q✉❡✱
λj,Gm = λ
j,G
m (f) = 2
jn/2
(
f,ΨjG,m
)
, λm = (f,Ψm), ✭✷✳✸✶✮
m ∈ Zn✱ j ∈ N0✱ G ∈ G∗ ❛♥❞
I : f 7→ {λm, λj,Gm } ✭✷✳✸✷✮
✐s ❛♥ ✐s♦♠♦r♣❤✐❝ ♠❛♣ ♦❢ A(Rn) ♦♥t♦ aw(Rn)✳
❆s ❛❧r❡❛❞② ♠❡♥t✐♦♥❡❞✱ ✐❢ ♦♥❡ ❤❛s s✉❝❤ ❛♥ L✲✇❛✈❡❧❡t r❡♣r❡s❡♥t❛t✐♦♥✱ t❤❡♥ t❤✐s ❛✉t♦♠❛t✐✲
❝❛❧❧② ♣r♦✈✐❞❡s ❛♥ L✲❛t♦♠✐❝ ❝♦✉♥t❡r♣❛rt✳ ❍♦✇❡✈❡r✱ t❤❡ st❡♣ ❢r♦♠ L✲❛t♦♠✐❝ r❡♣r❡s❡♥t❛t✐♦♥s
t♦ L✲✇❛✈❡❧❡t ❝❤❛r❛❝t❡r✐③❛t✐♦♥s ❝❛✉s❡s s❡✈❡r❛❧ ♣r♦❜❧❡♠s✳ ❋♦r♠❛❧❧② ♦♥❡ ❤❛s t♦ s❤♦✇ t❤❛t
‖λ |aw(Rn)‖ ≤ c ‖µ |a(Rn)‖, ✭✷✳✸✸✮
✇✐t❤ λ ❛s ✐♥ ✭✷✳✸✶✮ ❛♥❞ ❛ ❝♦♥st❛♥t c > 0 ✇❤✐❝❤ ✐s ✐♥❞❡♣❡♥❞❡♥t ♦❢ ❛❧❧ ❛❞♠✐tt❡❞ s❡q✉❡♥❝❡s
µ ✐♥ ✭✷✳✷✽✮✱ ✭✷✳✷✾✮✳ ❋♦r t❤✐s ♣✉r♣♦s❡ ♦♥❡ ❤❛s ♥♦t ♦♥❧② t♦ ❝❧❛r✐❢② ✇❤❛t ✐s ♠❡❛♥t ❜② t❤❡ ❞✉❛❧
♣❛✐r✐♥❣s (f,ΨjG,m)✱ (f,Ψm) ♦❢ f ∈ A(Rn) ❛♥❞ L✲✇❛✈❡❧❡ts✱ ❜✉t ❛❧s♦ t♦ ❡♥s✉r❡ f = g ∈ A(Rn)
✐❢ (
f,ΨjG,m
)
=
(
g,ΨjG,m
)
, (f,Ψm) = (g,Ψm), ✭✷✳✸✹✮
❢♦r ❛❧❧ ΨjG,m✱ Ψm✳ ❚❤✐s ✐s ❛ ♠❛tt❡r ♦❢ ❞✉❛❧✐t② ✇❤✐❝❤ r❡q✉✐r❡s s♦♠❡ ❝❛r❡✳
▲❛t❡r ✐♥ t❤✐s ✇♦r❦ ✇❡ ✇❛♥t t♦ ❛♣♣❧② t❤❡ ❛❜♦✈❡ ♠❡♥t✐♦♥❡❞ ❝♦♥❝❡♣t ♦❢ q✉❛s✐✲❇❛♥❛❝❤ s❡✲
q✉❡♥❝❡ s♣❛❝❡s a(Rn) ❛♥❞ q✉❛s✐✲❇❛♥❛❝❤ ❢✉♥❝t✐♦♥ s♣❛❝❡s A(Rn) t♦ s✉❝❤ ♣r♦♠✐♥❡♥t ❡①❛♠♣❧❡s
❧✐❦❡ Bsp,q(w)✱ F
s
p,q(w) ❛♥❞ b¯
s
p,q(w)✱ f¯
s
p,q(w)✱ ✇❤❡r❡ B
s
p,q(w)✱ F
s
p,q(w) ❛♥❞ b¯
s
p,q(w)✱ f¯
s
p,q(w) ❛r❡
t❤❡ ❛❜♦✈❡ ✐♥tr♦❞✉❝❡❞ s❡q✉❡♥❝❡ ❛♥❞ ❢✉♥❝t✐♦♥ s♣❛❝❡s✳
❲❡ ❤❛✈❡ t❤❡ ❡ss❡♥t✐❛❧ ❡♠❜❡❞❞✐♥❣s
S(Rn) →֒ Bsp,q(w), F sp,q(w) →֒ S ′(Rn), ✭✷✳✸✺✮
❢♦r ❛❧❧ 0 < p < ∞✱ 0 < q ≤ ∞✱ s ∈ R ❛♥❞ w ❜❡ ❞♦✉❜❧✐♥❣✱ ❝❢✳ Pr♦♣♦s✐t✐♦♥ ✶✳✹✹✳ ❚❤✉s t❤❡
✭❞♦✉❜❧✐♥❣ ✇❡✐❣❤t❡❞✮ s♣❛❝❡s Bsp,q(w) ❛♥❞ F
s
p,q(w) s❤♦✉❧❞ ✜t ✐♥t♦ ♦✉r s❝❤❡♠❡ ♦❢ ✭✐s♦tr♦♣✐❝✱
✐♥❤♦♠♦❣❡♥❡♦✉s✮ q✉❛s✐✲❇❛♥❛❝❤ ❢✉♥❝t✐♦♥ s♣❛❝❡s A(Rn) ✭✐❢ ✇❡ ❤❛✈❡ ✐♥ ❛❞❞✐t✐♦♥ ❛♥ ❛t♦♠✐❝
r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ t❤❡♠✮✳
✷✳✸ ❋r♦♠ ❛t♦♠s t♦ ✇❛✈❡❧❡ts✿ t❤❡ κ✲❝♦♥♥❡❝t✐♦♥ ✻✼
❘❡♠❛r❦ ✷✳✶✺✳ ▲❡t 0 < p, q ≤ ∞ ❜❡ ✜①❡❞✳ ❚❤❡♥
S(Rn) =
⋂
α∈R,s∈R
Bsp,q(R
n, wα) ❛♥❞ S ′(Rn) =
⋃
α∈R,s∈R
Bsp,q(R
n, wα), ✭✷✳✸✻✮
✇❤❡r❡ wα(x) = (1 + |x|2)α/2✱ α ∈ R✱ ✐s t❤❡ ❛❞♠✐ss✐❜❧❡ ✇❡✐❣❤t ❢r♦♠ ❊①❛♠♣❧❡ ✶✳✷✽✳ ❆
❞❡t❛✐❧❡❞ ♣r♦♦❢ ♦❢ t❤✐s ♠♦r❡ ♦r ❧❡ss ❦♥♦✇♥ ❛ss❡rt✐♦♥ ♠❛② ❜❡ ❢♦✉♥❞ ✐♥ ❬❑❛❜✵✽❪✳ ❲❡ r❡♠✐♥❞✱
t❤❛t
Bs∞,∞(R
n, wα) = Cs(Rn, wα),
❝❢✳ ✭✶✳✻✵✮ ✐♥ ❘❡♠❛r❦ ✶✳✹✶✳ ❖❢ ✐♥t❡r❡st ❢♦r ✉s ✐s ❛ s♣❡❝✐❛❧ ❝❛s❡ ❢r♦♠ ✭✷✳✸✻✮
S(Rn) =
⋂
α∈R,s∈R
Cs(Rn, wα) =
⋂
α,s∈R
◦
Cs(Rn, wα), ✭✷✳✸✼✮
✇❤❡r❡
◦
Cs(Rn, wα) ✐s t❤❡ ❝♦♠♣❧❡t✐♦♥ ♦❢ D(Rn) = C∞0 (Rn) ✐♥ Cs(Rn, wα)✳ ❚❤❡ s❡❝♦♥❞ ❡q✉❛✲
❧✐t② ❢♦❧❧♦✇s ❢r♦♠
Cs+ε(Rn, wα+ε) →֒
◦
Cs(Rn, wα), ε > 0, ✭✷✳✸✽✮
✇❤✐❝❤ ❝❛♥ ❜❡ ❥✉st✐✜❡❞ ❜② t❤❡ ✇❛✈❡❧❡t ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ❢♦r s♣❛❝❡s ♦❢ t②♣❡ Bsp,q(R
n, wα)✱
❬❚r✐✵✻✱ ❚❤❡♦r❡♠ ✻✳✶✺❪✳
‖g |Cs(Rn, wα)‖ ∼ sup
j,G,m
2js
(
1 + |2−jm|)α|λj,Gm (g)|. ✭✷✳✸✾✮
❘❡♠❛r❦ ✷✳✶✻✳ ■❢ A(Rn) ✐s ❛ ❇❛♥❛❝❤ s♣❛❝❡✱ t❤❡♥ ✐t ❢♦❧❧♦✇s ❢r♦♠ ✭✷✳✷✼✮✱ ✭✷✳✸✼✮ ❛♥❞ ✇❡❧❧
❦♥♦✇♥ ♣r♦♣❡rt✐❡s ♦❢ ❡♠❜❡❞❞✐♥❣s ♦❢ ❧♦❝❛❧❧② ❝♦♥✈❡① s♣❛❝❡s ❛❝❝♦r❞✐♥❣ t♦ ❬❨♦s✽✵✱ ❚❤❡♦r❡♠
✶✱ ❙❡❝t✐♦♥ ■✱✻✱ ♣✳✹✷❪ t❤❛t
◦
Cs(Rn, wα) →֒ A(Rn), ✭✷✳✹✵✮
❢♦r s♦♠❡ s ∈ R ❛♥❞ s♦♠❡ α ∈ R✳ ■❢ ✐♥ ❛❞❞✐t✐♦♥ S(Rn) ✐s ❞❡♥s❡ ✐♥ t❤❡ ❇❛♥❛❝❤ s♣❛❝❡s
A(Rn)✱ t❤❡♥ ✭✷✳✹✵✮ ❝❛♥ ❜❡ ❝♦♠♣❧❡♠❡♥t❡❞ ❜②
A′(Rn) →֒ ( ◦Cs(Rn, wα))′ = B−s1,1(Rn, w−α). ✭✷✳✹✶✮
■❢ A(Rn) ✐s ❛ q✉❛s✐✲❇❛♥❛❝❤ s♣❛❝❡ ✭✐♥ ♣❛rt✐❝✉❧❛r ♥♦t ♥❡❝❡ss❛r✐❧② ❧♦❝❛❧❧② ❝♦♥✈❡①✮✱ t❤❡♥ ✐t ✐s
♥♦t ❝❧❡❛r ✇❤❡t❤❡r ✭✷✳✷✼✮ ❡♥s✉r❡s ✭✷✳✹✵✮ ❢♦r s♦♠❡ s, α ❛♥❞ ✭✷✳✹✶✮✳ ❇✉t✱ ✇❡ s❤❛❧❧ s❡❡ t❤❛t
❛ ✇❡❛❦ ❧♦❝❛❧ ❞✉❛❧✐t② ♦❢ ✭✷✳✹✵✮ ✇✐❧❧ ❜❡ s✉✣❝✐❡♥t t♦ ❥✉st✐❢②
(
f,ΨjG,m
)
❛♥❞ f = g ✐❢ ♦♥❡ ❤❛s
✭✷✳✸✹✮✳
✷✳✸✳✷ ❲❡❧❧✲❞❡✜♥❡❞♥❡ss ♦❢ t❤❡ ❞✉❛❧ ♣❛✐r✐♥❣
❲❡ ❞❡❛❧ ✇✐t❤ s❡q✉❡♥❝❡ s♣❛❝❡s a(Rn) ✇✐t❤ ✭✷✳✷✷✮✱ ✭✷✳✷✸✮ ❛❞❛♣t❡❞ t♦ ❛t♦♠✐❝ ❞❡❝♦♠♣♦s✐t✐♦♥s✳
▲❡t m ∈ Zn✱ j, J ∈ N0✱ d > 1✱ C1 > 0✳ ❋♦r ❝♦♥✈❡♥✐❡♥❝❡ ❧❡t ✉s ❞❡♥♦t❡ ❜②
IjJ(m) = {M ∈ Zn : dQJ,M ∩ C1Qj,m 6= ∅} ⊂ Zn. ✭✷✳✹✷✮
✻✽ ✷✳ ❉❡❝♦♠♣♦s✐t✐♦♥s
◆♦t❡ t❤❛t t❤❡ ❝❛r❞✐♥❛❧✐t② #IjJ(m) s❛t✐s✜❡s
#IjJ(m) ∼
1, J ≤ j,2n(J−j), J > j, ✭✷✳✹✸✮
✇✐t❤ ❝♦♥st❛♥ts ✐♥❞❡♣❡♥❞❡♥t ♦❢ j, J ∈ N0 ❛♥❞ m ∈ Zn✳
❉❡✜♥✐t✐♦♥ ✷✳✶✼✳ ▲❡t κ > 0✳ ❚❤❡♥ a(Rn) ✐s ❝❛❧❧❡❞ ❛ κ✲s❡q✉❡♥❝❡ s♣❛❝❡ ✐❢
✭✐✮ ❢♦r ❛♥② d > 1✱ C1 > 0✱ ❛♥❞ ❛❧❧ µ ∈ a(Rn) ❛♥② s❡q✉❡♥❝❡
λ = {λj,m ∈ C : j ∈ N0,m ∈ Zn}
✇✐t❤
|λj,m| ≤ C1
∑
J∈N0
2−κ|J−j|
∑
M∈Ij
J
(m)
2−n(J−j)+ |µJ,M |, j ∈ N0, m ∈ Zn, ✭✷✳✹✹✮
❜❡❧♦♥❣s t♦ a(Rn) ❛♥❞ s❛t✐s✜❡s
‖λ|a(Rn)‖ ≤ C2 ‖µ|a(Rn)‖ ✭✷✳✹✺✮
❢♦r s♦♠❡ C2 > 0 ✇❤✐❝❤ ♠❛② ❞❡♣❡♥❞ ♦♥ d✱ C1✱ κ ❛♥❞ n ∈ N❀
✭✐✐✮ ❢♦r ❛♥② ❝✉❜❡ Q t❤❡r❡ ✐s ❛ ❝♦♥st❛♥t cQ > 0 s✉❝❤ t❤❛t ❢♦r ❛❧❧ µ ∈ a(Rn)✱
|µJ,M | ≤ cQ 2Jκ ‖µ|a(Rn)‖ ❢♦r ❛❧❧ J ∈ N0 ❛♥❞ M ∈ Zn ✇✐t❤ QJ,M ⊂ Q.
✭✷✳✹✻✮
❘❡♠❛r❦ ✷✳✶✽✳ ❚❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ κ✲s❡q✉❡♥❝❡ s♣❛❝❡ ✐s ✈❡r② t❡❝❤♥✐❝❛❧✳ ■t ❝♦♠❡s ♦✉t
❢r♦♠ t❤❡ ♣r♦♦❢ ♦❢ ♦✉r ♠❛✐♥ t❤❡♦r❡♠ ❜❡❧♦✇✱ ✇❤❡r❡ ✭✐✮ ✐s ✉s❡❞ ✐♥ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✷✳✷✸
❛♥❞ ✭✐✐✮ ✐♥ t❤❡ ♣r♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✷✳✷✵✳ ❲❡ ❛❞❞ ❛ r❡s♣❡❝t✐✈❡ ❝♦♠♠❡♥t ✐♥ ❘❡♠❛r❦ ✷✳✸✾
❜❡❧♦✇✳
❘❡♠❛r❦ ✷✳✶✾✳ ■❢ J ≤ j✱ t❤❡♥ t❤❡ s✉♠ ♦✈❡r QJ,M ✐♥ ✭✷✳✹✹✮ ❤❛s ♦♥❧② ✜♥✐t❡❧② ♠❛♥② t❡r♠s✱
✐♥❞❡♣❡♥❞❡♥t ♦❢ Qj,m✳ ■❢ J > j✱ t❤❡♥ t❤✐s s✉♠ ❤❛s ∼ 2n(J−j) t❡r♠s ❛♥❞∑
M∈Ij
J
(m)
2−n(J−j)|µJ,M | ≤ c max
M∈Ij
J
(m)
|µJ,M | ✭✷✳✹✼✮
❢♦r s♦♠❡ c > 0 ✇❤✐❝❤ ❛❣❛✐♥ ✐s ✐♥❞❡♣❡♥❞❡♥t ♦❢ Qj,m✳
■❢ ✇❡ r❡♠✐♥❞ t♦ t❤❡ ❧❛st s❡❝t✐♦♥✱ t❤❡♥ ✐t ✐s ♦✉r ✜rst ❛✐♠ t♦ ❡①♣❧❛✐♥ t❤❡ ✇❡❧❧✲❞❡✜♥❡❞♥❡ss
♦❢ t❤❡ ❞✉❛❧ ♣❛✐r✐♥❣s (f,ΨjG,m)✱ (f,Ψm) ✐♥ ✭✷✳✸✶✮ ♦❢ f ∈ A(Rn) ❛♥❞ t❤❡ L✲✇❛✈❡❧❡ts Ψm✱
ΨjG,m✳
✷✳✸ ❋r♦♠ ❛t♦♠s t♦ ✇❛✈❡❧❡ts✿ t❤❡ κ✲❝♦♥♥❡❝t✐♦♥ ✻✾
▲❡t Ω ❜❡ ❛ ❜♦✉♥❞❡❞ C∞ ❞♦♠❛✐♥ ✐♥ Rn ❛♥❞ ̺ ∈ R✳ ❚❤❡♥
◦
C̺(Ω) ✐s t❤❡ ❝♦♠♣❧❡t✐♦♥ ♦❢
D(Ω) = C∞0 (Ω) ✐♥ C̺(Rn)✳ ▲❡t ❛❣❛✐♥ (f, ϕ) ✇✐t❤ f ∈ A(Rn) ❛♥❞ ϕ ∈ D(Ω) ❜❡ t❤❡ ✉s✉❛❧
❞✉❛❧ ♣❛✐r✐♥❣ ✐♥ t❤❡ ❝♦♥t❡①t ♦❢
(S(Rn),S ′(Rn))✳ ■❢ ♦♥❡ ❤❛s ✐♥ ❛❞❞✐t✐♦♥
|(f, ϕ)| ≤ cΩ ‖f |A(Rn)‖ · ‖ϕ |C̺(Rn)‖, f ∈ A(Rn), ϕ ∈ D(Ω), ✭✷✳✹✽✮
t❤❡♥ ♦♥❡ ❝❛♥ ❡①t❡♥❞ t❤❡ ❛❜♦✈❡ ❞✉❛❧ ♣❛✐r✐♥❣ t♦ (f, g) ✇✐t❤ f ∈ A(Rn) ❛♥❞ g ∈
◦
C̺(Ω)
❜② st❛♥❞❛r❞ ❛r❣✉♠❡♥ts ✐♥ t❤❡ ❞✉❛❧✐t② t❤❡♦r② ♦❢ ❢✉♥❝t✐♦♥ s♣❛❝❡s✳ ❲❡ r❡❢❡r t♦ q✉❡st✐♦♥s ♦❢
t❤✐s t②♣❡ ✐♥ ❬❚r✐✽✸✱ ❙❡❝t✐♦♥ ✷✳✶✶❪ ❢♦r ❛ ❞❡t❛✐❧❡❞ ❞✐s❝✉ss✐♦♥✳ ❚❤❡♥ ✇❡ ✇✐❧❧ s❛② t❤❛t t❤❡ ❞✉❛❧
♣❛✐r✐♥❣ (f, g) ✇✐t❤ f ∈ A(Rn) ❛♥❞ g ∈
◦
C̺(Ω) ✐s ✇❡❧❧ ❞❡✜♥❡❞✳
Pr♦♣♦s✐t✐♦♥ ✷✳✷✵✳ ▲❡t A(Rn) ❜❡ ❛ ❢✉♥❝t✐♦♥ s♣❛❝❡ ✇❤✐❝❤ ❝❛♥ ❜❡ r❡♣r❡s❡♥t❡❞ ❜② t❤❡ L✲
❛t♦♠✐❝ ❡①♣❛♥s✐♦♥s ✭✷✳✷✽✮✱ ✭✷✳✷✾✮ ✇❤❡r❡ a(Rn) ✐s ❛ κ✲s❡q✉❡♥❝❡ s♣❛❝❡ ❛❝❝♦r❞✐♥❣ t♦ ❉❡✜♥✐t✐♦♥
✷✳✶✼ ✇✐t❤ 0 < κ < L ∈ N✳ ▲❡t ̺ > κ✳ ▲❡t Ω ❜❡ ❛ ❜♦✉♥❞❡❞ C∞ ❞♦♠❛✐♥ ✐♥ Rn✳ ❚❤❡♥ t❤❡
❞✉❛❧ ♣❛✐r✐♥❣
(f, g) ✇✐t❤ f ∈ A(Rn), g ∈
◦
C̺(Ω) ✭✷✳✹✾✮
✐s ✇❡❧❧ ❞❡✜♥❡❞ ❛♥❞ t❤❡r❡ ✐s ❛ ❝♦♥st❛♥t cΩ > 0 s✉❝❤ t❤❛t
|(f, g)| ≤ cΩ ‖f |A(Rn)‖ · ‖g |C̺(Rn)‖, f ∈ A(Rn), g ∈
◦
C̺(Ω). ✭✷✳✺✵✮
Pr♦♦❢✳ ❲❡ ♠❛② ❛ss✉♠❡ κ < ̺ < L✳ ▲❡t g ∈
◦
C̺(Ω)✳ ❙✐♥❝❡
◦
C̺(Ω) →֒ C̺(Ω) ❛♥❞
◦
C̺(Ω) ✐s
t❤❡ ❝♦♠♣❧❡t✐♦♥ ♦❢ D(Ω)✱ g ❤❛s ❝♦♠♣❛❝t s✉♣♣♦rt ✐♥ Ω ❛♥❞ ✇❡ ❝❛♥ ❡①t❡♥❞ g ♦♥ Rn ✭❜② ③❡r♦✮✳
❚❤✉s g ∈ C˜̺(Ω) := {h ∈ C̺(Rn) : supp (h) ⊂ Ω} ⊂ C̺(Rn)✳ ❖♥ C̺(Rn) = B̺∞,∞(Rn) ✇❡
❤❛✈❡ ❛ ✇❛✈❡❧❡t ❝❤❛r❛❝t❡r✐③❛t✐♦♥✱ s❡❡ ❬❚r✐✵✻✱ ❚❤❡♦r❡♠ ✸✳✺❪ ♦r ❬❚r✐✵✽✱ ❚❤❡♦r❡♠ ✶✳✷✵❪✳ ▲❡t
g =
∑
j,G,m
λj,Gm (g) 2
−jn/2ΨjG,m ✭✷✳✺✶✮
❜❡ t❤❡ L✲✇❛✈❡❧❡t ❡①♣❛♥s✐♦♥ ♦❢ g ∈ C˜̺(Ω)✱ ✐♥❝♦r♣♦r❛t✐♥❣ ♥♦✇ t❤❡ st❛rt✐♥❣ t❡r♠s Ψm✱ s❡❡
✭✷✳✸✵✮✳ ❚❤❡♥
‖g |C̺(Rn)‖ ∼ sup
j,G,m
2j̺
∣∣λj,Gm (g)∣∣. ✭✷✳✺✷✮
❲❡ ♠❛② ❛ss✉♠❡ ‖g |C̺(Rn)‖ = 1✳ ▲❡t f ∈ A(Rn) ❜❡ ❡①♣❛♥❞❡❞ ❜② L✲❛t♦♠s ❛❝❝♦r❞✐♥❣ t♦
✭✷✳✷✽✮✳ ❚❤❡♥
(f, g) =
∑
J,M
µJ,M
(
aJ,M , gJ + g
J
)
, ✭✷✳✺✸✮
✇❤❡r❡
gJ =
∑
j<J,
G,m
λj,Gm (g) 2
−jn/2ΨjG,m, g
J =
∑
j≥J,
G,m
λj,Gm (g) 2
−jn/2ΨjG,m. ✭✷✳✺✹✮
✼✵ ✷✳ ❉❡❝♦♠♣♦s✐t✐♦♥s
❋♦r♠❛❧❧② ✭✷✳✺✸✮ ❤❛s t♦ ❜❡ ❥✉st✐✜❡❞✳ ❇✉t ♦♥❡ ❝❛♥ ✜rst ❞❡❛❧ ✇✐t❤ ✜♥✐t❡ s✉♠s ❛♥❞ ❞❡✜♥❡s
❛❢t❡r✇❛r❞s ✭✷✳✺✸✮ ❜② st❛♥❞❛r❞ ❧✐♠✐t✐♥❣ ❛r❣✉♠❡♥ts ❜❛s❡❞ ♦♥ ✇❤❛t ❢♦❧❧♦✇s✳
|(f, g)| ≤
∑
J,M
|µJ,M ||(aJ,M , gJ)|+
∑
J,M
|µJ,M ||(aJ,M , gJ)|
≤
∑
J,M
|µJ,M |
∑
j<J,
G,m
|λj,Gm (g)| |(aJ,M , 2−jn/2ΨjG,m)|
+
∑
J,M
|µJ,M |
∑
j≥J,
G,m
|λj,Gm (g)| |(aJ,M , 2−jn/2ΨjG,m)|.
❚❤❡ s✉♠s ♦✈❡r m ∈ Zn ❤❛✈❡ ♦♥❧② ✜♥✐t❡❧② ♠❛♥② t❡r♠s s✐♥❝❡ ❜♦t❤ t❤❡ ❛t♦♠s ❛♥❞ ✇❛✈❡❧❡ts
❤❛✈❡ ❝♦♠♣❛❝t s✉♣♣♦rt ❝♦♥❞✐t✐♦♥s✳ ❲❡ ✉s❡ t❤❡ ✐♥❞❡① s❡t
IjJ(M) = {m ∈ Zn : dQJ,M ∩ C1Qj,m 6= ∅} ,
✇❤❡r❡ dQJ,M ❞❡♥♦t❡s t❤❡ s✉♣♣♦rt ♦❢ aJ,M ❛♥❞ C1Qj,m ❞❡♥♦t❡s t❤❡ s✉♣♣♦rt ♦❢ Ψ˜Gj,m :=
2−jn/2ΨjG,m✳ ❚❤❡♥
#IjJ(M) ∼
1, j < J,2n(j−J), j ≥ J.
❋✉rt❤❡r♠♦r❡ ❜♦t❤ t❤❡ L✲❛t♦♠s ❛♥❞ L✲✇❛✈❡❧❡ts ❤❛✈❡ ❝❧❛ss✐❝❛❧ ❞❡r✐✈❛t✐✈❡s ✉♣ t♦ ♦r❞❡r L
❛♥❞ ❝❛♥❝❡❧❧❛t✐♦♥s ♦❢ t②♣❡ ✭✷✳✸✮✱ ✭✷✳✻✮✳ ❋♦r ✜①❡❞ J,M ❛♥❞ j < J ✱ m ∈ IjJ(M) ✇❡ ✉s❡ ❛
❚❛②❧♦r ❡①♣❛♥s✐♦♥ ♦❢ Ψ˜Gj,m ✐♥ x0 = 2
−JM ✉♣ t♦ t❤❡ ♦r❞❡r L− 1✱
Ψ˜Gj,m(y) =
∑
|α|<L
DαΨ˜Gj,m(x0)
α!
(y − x0)α +
∑
|α|=L
DαΨ˜Gj,m(ξ)
α!
(y − x0)α
✇❤❡r❡ ξ ❧✐❡s ❜❡t✇❡❡♥ x0 ❛♥❞ y✳
■♥s❡rt t❤✐s ❚❛②❧♦r ❡①♣❛♥s✐♦♥ ❛♥❞ ✉s❡ t❤❡ ♠♦♠❡♥t ❝♦♥❞✐t✐♦♥s ♦❢ aJ,M ✉♣ t♦ t❤❡ ♦r❞❡r L−1✳
❚❤❡♥ ♦♥❡ ♦❜t❛✐♥s ❢♦r ✜①❡❞ J,M ❛♥❞ j < J ✱ m ∈ IjJ(M)∣∣(aJ,M , Ψ˜Gj,m)∣∣ = ∣∣ ∫
Rn
aJ,M(y) Ψ˜
G
j,m(y) dy
∣∣
≤ c1
∣∣ ∑
|α|<L
cα
∫
Rn
yαaJ,M(y) dy︸ ︷︷ ︸
=0, ∀ |α|<L
∣∣ ✭✷✳✺✺✮
+ c1
∑
|α|=L
sup
x∈Rn
∣∣DαΨ˜Gj,m(x)∣∣︸ ︷︷ ︸
≤c′ 2j|α|=c′ 2jL
∫
Rn
∣∣aJ,M(y)∣∣∣∣y − 2−JM ∣∣L dy
≤ c2 2jL
∫
dQJ,M
∣∣aJ,M(y)∣∣︸ ︷︷ ︸
≤1
∣∣y − 2−JM ∣∣L︸ ︷︷ ︸
≤ c 2−JL
dy
≤ c3 2jL 2−JL 2−Jn = c3 2(j−J)L 2−Jn. ✭✷✳✺✻✮
✷✳✸ ❋r♦♠ ❛t♦♠s t♦ ✇❛✈❡❧❡ts✿ t❤❡ κ✲❝♦♥♥❡❝t✐♦♥ ✼✶
❖♥ t❤❡ ♦t❤❡r ❤❛♥❞ ❢♦r ✜①❡❞ j ≥ J ✇❡ ❝❤❛♥❣❡ t❤❡ r♦❧❡s✱ ✐✳❡✳✱ ✇❡ ✉s❡ ❛ ❚❛②❧♦r ❡①♣❛♥s✐♦♥ ♦❢
aJ,M ✐♥ x0 = 2−jm ✉♣ t♦ t❤❡ ♦r❞❡r L− 1✱
aJ,M(y) =
∑
|α|<L
DαaJ,M(x0)
α!
(y − x0)α +
∑
|α|=L
DαaJ,M(ξ)
α!
(y − x0)α
❛♥❞ ✉s❡ t❤❡♥ t❤❡ ♠♦♠❡♥t ❝♦♥❞✐t✐♦♥s ♦❢ Ψ˜Gj,m✳ ❚❤❡♥ t❤❡ ❝♦✉♥t❡r♣❛rt ♦❢ ✭✷✳✺✻✮ ✐s∣∣(aJ,M , Ψ˜Gj,m)∣∣ = ∣∣ ∫
Rn
aJ,M(y) Ψ˜
G
j,m(y) dy
∣∣
≤ c1
∣∣ ∑
|α|<L
cα
∫
Rn
yαΨ˜Gj,m(y) dy︸ ︷︷ ︸
=0, ∀ |α|<L
∣∣ ✭✷✳✺✼✮
+ c1
∑
|α|=L
sup
x∈Rn
∣∣DαaJ,M(x)∣∣︸ ︷︷ ︸
≤c′ 2J|α|=c′ 2JL
∫
Rn
∣∣Ψ˜Gj,m(y)∣∣∣∣y − 2−jm∣∣L dy
≤ c2 2JL
∫
C1Qj,m
∣∣Ψ˜Gj,m(y)∣∣︸ ︷︷ ︸
≤c
∣∣y − 2−jm∣∣L︸ ︷︷ ︸
≤ c 2−jL
dy
≤ c3 2JL 2−jL 2−jn = c3 2(J−j)L 2−jn. ✭✷✳✺✽✮
❲❡ ✉s❡ |λj,Gm (g)| ≤ c 2−j̺ ❛♥❞ κ < ̺ < L✳ ❙✐♥❝❡ Ω ✐s ❜♦✉♥❞❡❞ ♦♥❡ ❤❛s ∼ 2Jn r❡❧❡✈❛♥t
t❡r♠s ❢♦r ✜①❡❞ J ✐♥ t❤❡ s✉♠ ♦✈❡r M ✳ ▲❡t
∑
J,M
Ω ❜❡ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ s✉♠✳ ◆♦t❡ t❤❛t ✇❡
❤❛✈❡ ∼ 1 r❡❧❡✈❛♥t j✲t❡r♠s ✐❢ j < J ✳ ❚❤❡♥ ♦♥❡ ❤❛s ❜② ✭✷✳✹✻✮✱∑
J,M
|µJ,M | |(aJ,M , gJ)| ≤ c
∑
J,M
Ω |µJ,M |
(∑
j<J,
G,m
2−j̺ 2−L(J−j) 2−Jn
)
≤ c′
∑
J,M
Ω 2−Jn |µJ,M | 2−LJ
(∑
j<J
2−j(̺−L)︸ ︷︷ ︸
∼2−J(̺−L)
)
≤ cΩ sup
J,M
Ω|µJ,M | 2−J̺
≤ c′Ω ‖µ |a(Rn)‖.
✭✷✳✺✾✮
❋✉rt❤❡r♠♦r❡ ❢♦r j ≥ J ✇❡ ❤❛✈❡ ∼ 2n(j−J) r❡❧❡✈❛♥t j✲t❡r♠s✱ s✉❝❤ t❤❛t∑
J,M
|µJ,M | |(aJ,M , gJ)| ≤ c
∑
J,M
Ω |µJ,M |
(∑
j≥J
2n(j−J) 2−j̺ 2−L(j−J) 2−jn
)
≤ c′
∑
J,M
Ω2−Jn |µJ,M |
(∑
j≥J
2−j̺ 2−L(j−J)
)
≤ cΩ sup
J,M
Ω|µJ,M | 2−J̺
(∑
j≥0
2−j(L+̺)︸ ︷︷ ︸
<∞
)
≤ c′Ω ‖µ |a(Rn)‖.
✭✷✳✻✵✮
✼✷ ✷✳ ❉❡❝♦♠♣♦s✐t✐♦♥s
❇② ✭✷✳✺✸✮ ❛♥❞ ✭✷✳✷✾✮ ♦♥❡ ♦❜t❛✐♥s
|(f, g)| ≤ cΩ ‖f |A(Rn)‖ ✭✷✳✻✶✮
❢♦r g ∈
◦
C̺(Ω) ✇✐t❤ ‖g |C̺(Rn)‖ = 1✳ ❚❤✐s ♣r♦✈❡s ❛❧s♦ ✭✷✳✺✵✮ ❢♦r ❛❧❧ g ∈
◦
C̺(Ω)✳ 
❘❡♠❛r❦ ✷✳✷✶✳ ❚❤❡ ❛❜♦✈❡ ♣r♦♣♦s✐t✐♦♥ ✐s ❛ ✇❡❛❦ ❛♥❞✱ ✐♥ ♣❛rt✐❝✉❧❛r✱ ❧♦❝❛❧ ❞✉❛❧✐t② ❛ss❡rt✐♦♥✳
❇✉t t❤✐s ✇✐❧❧ ❜❡ s✉✣❝✐❡♥t t♦ s❤♦✇ t❤❛t ✭✷✳✸✹✮ ✐♠♣❧✐❡s f = g✳
❘❡♠❛r❦ ✷✳✷✷✳ ■♥ ✭✷✳✺✾✮ ❛♥❞ ✭✷✳✻✵✮ ✇❡ ✉s❡ ✭✷✳✹✻✮✱ t❤✉s t❤❡r❡ ❝♦♠❡s t❤❡ ✭✐✐✮ ❝♦♥❞✐t✐♦♥ ❛t
κ ♦✉t✳
✷✳✸✳✸ ▼❛✐♥ t❤❡♦r❡♠
❘❡❝❛❧❧ t❤❛t aw(Rn) ✐s t❤❡ ✇❛✈❡❧❡t ✈❡rs✐♦♥ ♦❢ a(Rn) ❛s ✐♥tr♦❞✉❝❡❞ ✐♥ ✭✷✳✷✺✮✱ ✭✷✳✷✻✮✳
❚❤❡♦r❡♠ ✷✳✷✸✳ ▲❡t A(Rn) ❜❡ ❛♥ (✐s♦tr♦♣✐❝✱ ✐♥❤♦♠♦❣❡♥❡♦✉s) ❢✉♥❝t✐♦♥ s♣❛❝❡ ✇❤✐❝❤ ❝❛♥ ❜❡
r❡♣r❡s❡♥t❡❞ ❜② t❤❡ L✲❛t♦♠✐❝ ❡①♣❛♥s✐♦♥s ✭✷✳✷✼✮✲✭✷✳✷✾✮ ✇❤❡r❡ a(Rn) ✐s ❛ κ✲s❡q✉❡♥❝❡ s♣❛❝❡
❛❝❝♦r❞✐♥❣ t♦ ❉❡✜♥✐t✐♦♥ ✷✳✶✼ ✇✐t❤ 0 < κ < L ∈ N✳ ❚❤❡♥ f ∈ S ′(Rn) ❜❡❧♦♥❣s t♦ A(Rn) ✐❢✱
❛♥❞ ♦♥❧② ✐❢✱ ✐t ❝❛♥ ❜❡ r❡♣r❡s❡♥t❡❞ ✐♥ t❡r♠s ♦❢ L✲✇❛✈❡❧❡ts ❛s
f =
∑
m∈Zn
λmΨm +
∑
G∈G∗
∑
j∈N0
∑
m∈Zn
λj,Gm 2
−jn/2ΨjG,m, λ ∈ aw(Rn), ✭✷✳✻✷✮
✉♥❝♦♥❞✐t✐♦♥❛❧ ❝♦♥✈❡r❣❡♥❝❡ ❜❡✐♥❣ ✐♥ S ′(Rn)✳ ❚❤❡ r❡♣r❡s❡♥t❛t✐♦♥ ✭✷✳✻✷✮ ✐s ✉♥✐q✉❡✱
λj,Gm = λ
j,G
m (f) = 2
jn/2
(
f,ΨjG,m
)
, λm = λm(f) = (f,Ψm), ✭✷✳✻✸✮
m ∈ Zn✱ j ∈ N0✱ G ∈ G∗✱ ❛♥❞
I : f 7→ {λm(f), λj,Gm (f)} ✭✷✳✻✹✮
✐s ❛♥ ✐s♦♠♦r♣❤✐❝ ♠❛♣ ♦❢ A(Rn) ♦♥t♦ aw(Rn)✳
Pr♦♦❢✳ ❙t❡♣ ✶✳ ❇② ✭✷✳✷✺✮✱ ✭✷✳✷✻✮ t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ ♦❢ ✭✷✳✻✷✮ ❝❛♥ ❜❡ ✐♥t❡r♣r❡t❡❞ ❛s ❛♥
L✲❛t♦♠✐❝ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ f ✳ ❍❡♥❝❡ f ∈ A(Rn) ❛♥❞
‖f |A(Rn)‖ ≤ c ‖λ |aw(Rn)‖. ✭✷✳✻✺✮
❙t❡♣ ✷✳❲❡ ♣r♦✈❡ t❤❡ ❝♦♥✈❡rs❡✳ ❆t ✜rst ✇❡ s❤♦✇ t❤❡ ✇❡❧❧✲❞❡✜♥❡❞♥❡ss ♦❢ ✭✷✳✻✸✮✳ ❚❤❡ ❝♦✉♥t❡r✲
♣❛rt ♦❢ ✭✷✳✸✽✮ ②✐❡❧❞s ✉s t❤❛t ❢♦r ❡✈❡r② ✇❛✈❡❧❡t ΨjG,m ✭✐♥❝❧✉❞✐♥❣ t❤❡ st❛rt✐♥❣ t❡r♠s Ψm✮ t❤❡r❡
❡①✐sts ❛ ❜♦✉♥❞❡❞ C∞ ❞♦♠❛✐♥ Ω ✐♥ Rn ❛♥❞ ❛♥ ε > 0 s✉❝❤ t❤❛t ΨjG,m ∈ C̺+ε(Ω) →֒
◦
C̺(Ω)✳
❚❤✉s ✇❡ ❝❛♥ ❛♣♣❧② Pr♦♣♦s✐t✐♦♥ ✷✳✷✵ ✇✐t❤ κ < ̺ < L t♦ ΨjG,m ✇✐t❤ ❛ ❝♦rr❡s♣♦♥❞✐♥❣ ❜♦✉♥✲
❞❡❞ C∞ ❞♦♠❛✐♥ Ω ❛♥❞ f ∈ A(Rn)✳ ❚❤❡r❡❢♦r❡ ✭✷✳✻✸✮ ✐s ✇❡❧❧ ❞❡✜♥❡❞✳
❙t❡♣ ✸✳ ◆❡①t ✇❡ ♣r♦✈❡ t❤❛t λ(f) =
{
λm(f), λ
j,G
m (f)
} ∈ aw(Rn) ❛♥❞ ‖λ(f) |aw(Rn)‖ ≤
✷✳✸ ❋r♦♠ ❛t♦♠s t♦ ✇❛✈❡❧❡ts✿ t❤❡ κ✲❝♦♥♥❡❝t✐♦♥ ✼✸
c ‖f |A(Rn)‖✳ ❙✐♥❝❡ f ∈ A(Rn) ✇❡ ❤❛✈❡ ❛♥ ❛❞♠✐ss✐❜❧❡ ❛t♦♠✐❝ r❡♣r❡s❡♥t❛t✐♦♥ ✇✐t❤ ✭✷✳✷✽✮✱
✭✷✳✷✾✮
f =
∑
J∈N0
∑
M∈Zn
µJ,M aJ,M , µ ∈ a(Rn).
❋♦r ❝♦♥✈❡♥✐❡♥❝❡ ✇❡ ✇✐❧❧ ✐❣♥♦r❡ t❤❡ st❛rt✐♥❣ t❡r♠s λm(f) ✐♥ ✭✷✳✻✸✮ ❛♥❞ ❝♦♥❝❡♥tr❛t❡ ♦♥
λj,Gm (f)✳ ❚❤❡ ♠♦❞✐✜❝❛t✐♦♥s ♦t❤❡r✇✐s❡ ❛r❡ ♦❜✈✐♦✉s✳ ❋♦r ✜①❡❞ j, G,m ✇❡ ✐♥s❡rt t❤❡ ❛t♦♠✐❝
r❡♣r❡s❡♥t❛t✐♦♥ ✐♥ λj,Gm (f) ❛❝❝♦r❞✐♥❣ t♦ ✭✷✳✻✸✮✱ ❤❡♥❝❡
λj,Gm (f) = 2
jn
∑
J∈N0
∑
M∈Zn
µJ,M
(
aJ,M , 2
−jn/2ΨjG,m
)
. ✭✷✳✻✻✮
❋♦r♠❛❧❧② ♦♥❡ ♠❛② ✐♥s❡rt ✜rst ♦♥❧② ✜♥✐t❡ ♣❛rt✐❛❧ s✉♠s ♦❢ ✭✷✳✷✽✮ ❝♦♠♣❧❡♠❡♥t❡❞ ❛❢t❡r✇❛r❞s
❜② st❛♥❞❛r❞ ❧✐♠✐t✐♥❣ ❛r❣✉♠❡♥ts ❜❛s❡❞ ♦♥ Pr♦♣♦s✐t✐♦♥ ✷✳✷✵ ❛♥❞ ✇❤❛t ❢♦❧❧♦✇s✳ ❲❡ ✇✐❧❧ ♥♦t
str❡ss t❤✐s ♣♦✐♥t✳ ❚❤❡ s✐t✉❛t✐♦♥ ♥♦✇ ✐s ✈❡r② s✐♠✐❧❛r t♦ t❤❡ ♣r♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✷✳✷✵✳ ❲❡
❤❛✈❡ t✇♦ ❝❛s❡s ❢♦r
(
aJ,M , 2
−jn/2ΨjG,m
)
✱ ✐❢ J ≤ j ❛♥❞ ✐❢ J > j✳ ❲❡ ❞♦ ❛ ❚❛②❧♦r ❡①♣❛♥s✐♦♥
❜♦t❤ ♦♥ aJ,M ❛♥❞ ♦♥ Ψ˜Gj,m := 2
−jn/2ΨjG,m ❛♥❞ ✉s❡ ❛❧t❡r♥❛t❡❧② t❤❡ s✉♣♣♦rt✱ ❜♦✉♥❞❛r② ❛♥❞
♠♦♠❡♥t ❝♦♥❞✐t✐♦♥s ♦❢ aJ,M ❛♥❞ Ψ˜Gj,m✱ ✭✷✳✶✮✱✭✷✳✷✮✱✭✷✳✸✮✱✭✷✳✻✮✳ ❲❡ ✉s❡ t❤❡ ✐♥❞❡① s❡t
IjJ(m) = {M ∈ Zn : dQJ,M ∩ C1Qj,m 6= ∅},
s❡❡ ✭✷✳✹✷✮✳
❚❤❡♥ ✇❡ ♦❜t❛✐♥ ❢♦r ✜①❡❞ j,m ❛♥❞ J ≤ j✱ M ∈ IjJ(m)✱ t❤❛t∣∣(aJ,M , Ψ˜Gj,m)∣∣ ≤ c 2(J−j)L 2−jn ✭✷✳✻✼✮
❛♥❞ ❢♦r ✜①❡❞ j,m ❛♥❞ J > j✱ M ∈ IjJ(m)✱∣∣(aJ,M , Ψ˜Gj,m)∣∣ ≤ c 2(j−J)L 2−Jn. ✭✷✳✻✽✮
❘❡❝❛❧❧ t❤❛t t❤❡ s❡t IjJ(m) ❤❛s ✜♥✐t❡❧② ♠❛♥② t❡r♠s✱ s❡❡ ✭✷✳✹✸✮✳ ■❢ J ≤ j t❤❡♥ ✇❡ ❛♣♣❧②
✭✷✳✻✼✮ t♦ ∼ 1 r❡❧❡✈❛♥t t❡r♠s ❛♥❞ ✐❢ J > j✱ t❤❡♥ ✇❡ ❛♣♣❧② ✭✷✳✻✽✮ t♦ ∼ 2n(J−j) r❡❧❡✈❛♥t
t❡r♠s✳ ❍❡♥❝❡
|λj,Gm (f)| ≤ 2jn
∑
J≤j
∑
M∈Ij
J
(m)
|µJ,M | |
(
aJ,M , 2
−jn/2ΨjG,m
)|
+ 2jn
∑
J>j
∑
M∈Ij
J
(m)
|µJ,M | |
(
aJ,M , 2
−jn/2ΨjG,m
)|
≤ c 2jn
∑
J≤j
∑
M∈Ij
J
(m)
|µj,m| 2−L(j−J) 2−jn
+ c 2jn
∑
J>j
∑
M∈Ij
J
(m)
|µj,m| 2−L(J−j) 2−Jn. ✭✷✳✻✾✮
❘❡❝❛❧❧ t❤❛t κ < L✳ ❚❤❡♥ ♦♥❡ ♦❜t❛✐♥s ❜② ✭✷✳✹✹✮✱ ✭✷✳✹✺✮✱ ✐♥ ✈✐❡✇ ♦❢ ✭✷✳✻✾✮ t❤❛t λ(f) ∈ aw(Rn)
❛♥❞
‖λ(f) |aw(Rn)‖ ≤ c ‖µ |a(Rn)‖, ✭✷✳✼✵✮
✼✹ ✷✳ ❉❡❝♦♠♣♦s✐t✐♦♥s
✇❤❡r❡ c > 0 ✐s ✐♥❞❡♣❡♥❞❡♥t ♦❢ µ✳ ❇② ✭✷✳✷✾✮ ♦♥❡ ♦❜t❛✐♥s
‖λ(f) |aw(Rn)‖ ≤ c ‖f |A(Rn)‖. ✭✷✳✼✶✮
❙t❡♣ ✹✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ✐❢ f ∈ A(Rn)✱ t❤❡♥ ♦♥❡ ❤❛s
g :=
∑
m∈Zn
λm(f)Ψm +
∑
G∈G∗
∑
j∈N0
∑
m∈Zn
λj,Gm (f) 2
−jn/2ΨjG,m ∈ A(Rn), ✭✷✳✼✷✮
s✐♥❝❡ {Ψm, 2−jn/2ΨjG,m} ❝❛♥ ❜❡ ❛❧s♦ ❝♦♥s✐❞❡r❡❞ ❛s ❛t♦♠s ❛♥❞ ❜② ✭✷✳✼✵✮ λ(f) ❛❧s♦ ❜❡❧♦♥❣s
t♦ a(Rn)✳
❇✉t ♥♦✇ ✇❡ ❛r❡ ✐♥ t❤❡ s❛♠❡ ♣♦s✐t✐♦♥ ❛s ✐♥ ❬❚r✐✵✻✱ ♣✳✶✺✺❪ r❡❧②✐♥❣ ♦♥ Pr♦♣♦s✐t✐♦♥ ✷✳✷✵
✐♥st❡❛❞ ♦❢ t❤❡ ❞✉❛❧✐t② r❡❧❛t✐♦♥s ❢♦r Asp,q(R
n) ✉s❡❞ t❤❡r❡✳ ❘❡❝❛❧❧ t❤❛t {Ψm,ΨjG,m} ✐s ❛♥
♦rt❤♦♥♦r♠❛❧ ❜❛s✐s ✐♥ L2(Rn)✳ ■♥ ♣❛rt✐❝✉❧❛r✱(
g,ΨjG,m
)
= 2−jn/2λj,Gm (f) =
(
f,ΨjG,m
)
❛♥❞ (g,Ψm) = (f,Ψm) ✭✷✳✼✸✮
❢♦r ❛❧❧ ❛❞♠✐tt❡❞ j, G,m✳ ❲❡ ❛♣♣❧② Pr♦♣♦s✐t✐♦♥ ✷✳✷✵ ❛♥❞ t❤❡ L✲✇❛✈❡❧❡t ❡①♣❛♥s✐♦♥ ✭✷✳✺✶✮
t♦ ϕ ∈ D(Rn)✱ ❤❡♥❝❡
ϕ = lim
j→∞
ϕj ✇✐t❤ ϕj =
∑
J≤j,G,M
λJ,GM (ϕ) 2
−Jn/2ΨJG,M . ✭✷✳✼✹✮
❙✐♥❝❡ ϕj ❛r❡ ✜♥✐t❡ ❧✐♥❡❛r ❝♦♠❜✐♥❛t✐♦♥s ♦❢ ΨJG,M ♦♥❡ ❝❛♥ ❡①t❡♥❞ ✭✷✳✼✸✮ t♦
(g, ϕj) = (f, ϕj), j ∈ N. ✭✷✳✼✺✮
❋✉rt❤❡r♠♦r❡✱
‖ϕ− ϕj |C̺(Rn)‖ ∼ sup
J≥j,M,G
2J̺ |λJ,GM (ϕ)| ≤ c 2−j(L−̺). ✭✷✳✼✻✮
❍❡♥❝❡ ϕj → ϕ ✐♥ C̺(Rn) ✇✐t❤ κ < ̺ < L✳ ❚❤❡♥ ♦♥❡ ♦❜t❛✐♥s ❢r♦♠ Pr♦♣♦s✐t✐♦♥ ✷✳✷✵ ❛♥❞
✭✷✳✼✺✮
(f, ϕ) = (g, ϕ), ϕ ∈ D(Rn). ✭✷✳✼✼✮
❚❤✐s ❝❛♥ ❜❡ ❡①t❡♥❞❡❞ t♦ ϕ ∈ S(Rn) ❜② st❛♥❞❛r❞ ❛r❣✉♠❡♥ts✳ ❍❡♥❝❡ f = g✳ ❚❤✐s ♣r♦✈❡s
✭✷✳✻✷✮✳ ■♥ t❤❡ s❛♠❡ ✇❛② ♦♥❡ ♦❜t❛✐♥s t❤❡ ✉♥✐q✉❡♥❡ss ♦❢ t❤❡ r❡♣r❡s❡♥t❛t✐♦♥ ✭✷✳✻✷✮✳ ❋r♦♠
✭✷✳✻✺✮ ❛♥❞ ✭✷✳✼✶✮ ✐t ❢♦❧❧♦✇s t❤❛t I ✐♥ ✭✷✳✻✹✮ ✐s ❛♥ ✐s♦♠♦r♣❤✐❝ ♠❛♣✳ 
❘❡♠❛r❦ ✷✳✷✹✳ ❙♦ ❢❛r ✇❡ r❡❧✐❡❞ ♦♥ L✲❛t♦♠s ✭❜❡tt❡r (L, d)✲❛t♦♠s ✇✐t❤ s♦♠❡ ✜①❡❞ d >
1✮ ❛❝❝♦r❞✐♥❣ t♦ ✭✷✳✶✮✲✭✷✳✸✮ ✇✐t❤ K = L✳ ❇✉t K ❛♥❞ L ♣❧❛② ✐♥ t❤❡ t❤❡♦r② ♦❢ ❛t♦♠✐❝
r❡♣r❡s❡♥t❛t✐♦♥s ❞✐✛❡r❡♥t r♦❧❡s✱ ❬❚r✐✵✽✱ ♣♣✳✹✴✺✱ ❚❤❡♦r❡♠ ✶✳✼❪✳ ❋♦r ❡①❛♠♣❧❡ L = 0 ✐s ✉s❡❢✉❧
❢♦r ♣♦✐♥t✇✐s❡ ♠✉❧t✐♣❧✐❡rs✳ ❚❤❡ s✐t✉❛t✐♦♥ ❢♦r ✇❛✈❡❧❡ts ✐s ❞✐✛❡r❡♥t ✇❤❡r❡ ✇❡ r❡❧✐❡❞ ♦♥ K =
L = u ❛s ✐♥ ❬❚r✐✵✽✱ ♣✳✶✸❪✳
✷✳✸ ❋r♦♠ ❛t♦♠s t♦ ✇❛✈❡❧❡ts✿ t❤❡ κ✲❝♦♥♥❡❝t✐♦♥ ✼✺
❘❡♠❛r❦ ✷✳✷✺✳ ❚♦ ✉s❡ t❤❡ s❛♠❡ L ∈ N ✐♥ ❚❤❡♦r❡♠ ✷✳✷✸ ❢♦r ❛t♦♠s✱ ✇❛✈❡❧❡ts ❛♥❞ t❤❡ κ✲
s❡q✉❡♥❝❡ s♣❛❝❡s ✇✐t❤ κ < L ✐s ❝♦♥✈❡♥✐❡♥t✳ ❖♥❡ ♠❛② ❛s❦ ❢♦r ❜❡tt❡r ♦♣t✐♠❛❧ ❝❤♦✐❝❡s ✭♠❛②❜❡
❛ s✉✐t❛❜❧❡ ❞❡❝♦✉♣❧✐♥❣✮✳ ❇✉t ✐♥ t❤❡ ❝❛s❡ ♦❢ a(Rn) = bsp,q ❛♥❞ ✭❡✈❡♥ ♠♦r❡✮ a(R
n) = f sp,q
✐♥ t❤❡ ♣r♦♦❢ ♦❢ ❬❚r✐✵✽✱ ❚❤❡♦r❡♠ ✶✳✶✺✱ ♣♣✳✼✲✶✷❪ ♦♥❡ ♥❡❡❞s L ❧❛r❣❡ ❡♥♦✉❣❤ t♦ ❝♦♠♣❡♥s❛t❡
2j(s−
n
p
) ❝♦♠♣❛r❡❞ ✇✐t❤ 2J(s−
n
p
) ❛♥❞ ❢♦r f sp,q ✐♥ ❛❞❞✐t✐♦♥ t♦ ❝♦♠♣❡♥s❛t❡ ❡st✐♠❛t❡s ❢♦r r❡❧❛t❡❞
♠❛①✐♠❛❧ ❢✉♥❝t✐♦♥s✳ ❲❡ r❡❝❛❧❧ t❤❡ t②♣✐❝❛❧ ❛r❣✉♠❡♥t✳ ▲❡t J > j✱
QJ,M ⊂ Qj,m, x ∈ Qj,m, w = min(1, p, q). ✭✷✳✼✽✮
▲❡t M ❜❡ t❤❡ ✉s✉❛❧ ❍❛r❞②✲▲✐tt❧❡✇♦♦❞ ♠❛①✐♠❛❧ ❢✉♥❝t✐♦♥✱ ✇❤✐❝❤ ✇❡ ✐♥tr♦❞✉❝❡❞ ✐♥ ❙❡❝t✐♦♥
✶✳✷✳✶✳ ❚❤❡♥ t❤❡ ❡st✐♠❛t❡
χj,m(x) ≤ c 2(J−j) nw
(MχJ,M)(x)1/w ✭✷✳✼✾✮
❢♦r t❤❡ r❡❧❛t❡❞ ❝❤❛r❛❝t❡r✐st✐❝ ❢✉♥❝t✐♦♥s ❢♦❧❧♦✇s ❢r♦♠
(MχJ,M)(x)1/w ≥ c
( 1
|Qj,m|
∫
QJ,M
dy
)1/w
= c 2−(J−j)
n
w , x ∈ Qj,m. ✭✷✳✽✵✮
❍❡♥❝❡ κ ✐♥ ❉❡✜♥✐t✐♦♥ ✷✳✶✼ ♠✉st ❜❡ ❧❛r❣❡ ❡♥♦✉❣❤ t♦ ❡♥s✉r❡ ✭✷✳✹✺✮ ✐♥ t❤❡s❡ ❝❛s❡s✳
✷✳✸✳✹ ❆♣♣❧✐❝❛t✐♦♥s ❛♥❞ ❊①❛♠♣❧❡s
❘❡❝❛❧❧ t❤❛t
σp = n
(
1
p
− 1
)
+
, 0 < p ≤ ∞. ✭✷✳✽✶✮
❲❡ ❝♦♥s✐❞❡r ✜rst t❤❡ ✉♥✇❡✐❣❤t❡❞ s❡q✉❡♥❝❡ s♣❛❝❡ b¯sp,q ❞❡✜♥❡❞ ❜② ✭✷✳✶✷✮✳
Pr♦♣♦s✐t✐♦♥ ✷✳✷✻✳ ▲❡t 0 < p, q ≤ ∞✱ s ∈ R✳ ❚❤❡♥ b¯sp,q ✐s ❛ κ✲s❡q✉❡♥❝❡ s♣❛❝❡ ❢♦r ❛♥② κ
κ > max
(
s,
n
p
− s
)
. ✭✷✳✽✷✮
Pr♦♦❢✳ ❙t❡♣ ✶✳ ◆♦t❡ t❤❛t ✭✷✳✽✷✮ ❛❧s♦ ✐♠♣❧✐❡s
κ > max (s, σp − s) ≥ 0. ✭✷✳✽✸✮
❚❤✐s ❝❛♥ ❜❡ s❡❡♥ ❛s ❢♦❧❧♦✇s✳ ❲❡ ❡①♣❧✐❝❛t❡ ✭✷✳✹✹✮ ❛♥❞ ♦❜t❛✐♥
|λj,m| ≤ C1
j∑
J=0
2−κ(j−J)
∑
M∈Ij
J
(m)
|µJ,M |+ C1
∑
J>j
2−(J−j)(κ+n)
∑
M∈Ij
J
(m)
|µJ,M |. ✭✷✳✽✹✮
✼✻ ✷✳ ❉❡❝♦♠♣♦s✐t✐♦♥s
■❢ 0 < p ≤ 1✱ t❤❡♥ t❤✐s ❝❛♥ ❜❡ ❝♦♥t✐♥✉❡❞ ✐♠♠❡❞✐❛t❡❧② ❜②
∑
m∈Zn
|λj,m|p
≤ C1
j∑
J=0
2−(j−J)κp
∑
m∈Zn
∑
M∈Ij
J
(m)
|µJ,M |p + C1
∑
J>j
2−(J−j)(κ+n)p
∑
m∈Zn
∑
M∈Ij
J
(m)
|µJ,M |p
≤ C1
j∑
J=0
2−(j−J)κp
∑
M∈Zn
|µJ,M |p
∑
m∈IJj (M)
1
︸ ︷︷ ︸
∼2n(j−J)
+C1
∑
J>j
2−(J−j)(κ+n)p
∑
M∈Zn
|µJ,M |p
∑
m∈IJj (M)
1
︸ ︷︷ ︸
∼1
≤ C2
j∑
J=0
2−(j−J)(κ−
n
p
)p
∑
M∈Zn
|µJ,M |p + C2
∑
J>j
2−(J−j)(κ+n)p
∑
M∈Zn
|µJ,M |p. ✭✷✳✽✺✮
■❢ 1 < p <∞✱ t❤❡♥ ❛♣♣❧②✐♥❣ ❍ö❧❞❡r✬s ✐♥❡q✉❛❧✐t② t✇✐❝❡ ②✐❡❧❞s ❢♦r s♦♠❡ ε > 0✱
j∑
J=0
2−κ(j−J)
∑
M∈Ij
J
(m)
|µJ,M |
≤ C1
(
j∑
J=0
2−(j−J)(κ−ε)p
( ∑
M∈Ij
J
(m)
|µJ,M |
)p)1/p( j∑
J=0
2−(j−J)εp
′
)1/p′
︸ ︷︷ ︸
<∞
≤ c1
(
j∑
J=0
2−(j−J)(κ−ε)p
∑
M∈Ij
J
(m)
|µJ,M |p
( ∑
M∈Ij
J
(m)
1p
′
)p/p′
︸ ︷︷ ︸
∼1
)1/p
≤ c2
(
j∑
J=0
2−(j−J)(κ−ε)p
∑
M∈Ij
J
(m)
|µJ,M |p
)1/p
, ✭✷✳✽✻✮
✇❤❡r❡ ✇❡ ❛❧s♦ ❛♣♣❧✐❡❞ ✭✷✳✹✸✮✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ✇❤❡♥ J > j✱ s✐♠✐❧❛r ❛r❣✉♠❡♥ts ❧❡❛❞ t♦
∑
J>j
2−(J−j)(κ+n)
∑
M∈Ij
J
(m)
|µJ,M |
≤ c3
(∑
J>j
2−(J−j)(κ+n−ε)p
∑
M∈Ij
J
(m)
|µJ,M |p
( ∑
M∈Ij
J
(m)
1p
′
)p/p′
︸ ︷︷ ︸
∼2n(J−j)(p−1)
)1/p
= c4
(∑
J>j
2−(J−j)(κ−ε+
n
p
)p
∑
M∈Ij
J
(m)
|µJ,M |p
)1/p
. ✭✷✳✽✼✮
✷✳✸ ❋r♦♠ ❛t♦♠s t♦ ✇❛✈❡❧❡ts✿ t❤❡ κ✲❝♦♥♥❡❝t✐♦♥ ✼✼
❈♦♠❜✐♥✐♥❣ ✭✷✳✽✻✮ ❛♥❞ ✭✷✳✽✼✮✱ t❤❡ ❝♦✉♥t❡r♣❛rt ♦❢ ✭✷✳✽✺✮ ❢♦r 1 < p <∞ t❤✉s r❡❛❞s ❛s
∑
m∈Zn
|λj,m|p ≤ C3
j∑
J=0
2−(j−J)(κ−ε−
n
p
)p
∑
M∈Zn
|µJ,M |p
+ C3
∑
J>j
2−(J−j)(κ−ε+
n
p
)p
∑
M∈Zn
|µJ,M |p. ✭✷✳✽✽✮
❯s✐♥❣ t❤❡ ♥♦t❛t✐♦♥ ✭✷✳✽✶✮ ✇❡ ❝❛♥ ✉♥✐❢② ✭✷✳✽✺✮ ❛♥❞ ✭✷✳✽✽✮ ❜②
∑
m∈Zn
|λj,m|p ≤ C3
j∑
J=0
2−(j−J)(κ−ε−
n
p
)p
∑
M∈Zn
|µJ,M |p
+ C3
∑
J>j
2−(J−j)(κ−ε+
n
p
−σp)p ∑
M∈Zn
|µJ,M |p. ✭✷✳✽✾✮
◆♦✇ ❛ss✉♠❡ ✜rst 0 < q ≤ p✱ t❤❡♥ ❛s ❜❡❢♦r❡✱
2j(s−
n
p
)q
(∑
m∈Zn
|λj,m|p
)q/p
≤ C4
j∑
J=0
2(j−J)(s−
n
p
)q 2−(j−J)(κ−ε−
n
p
)q 2J(s−
n
p
)q
(∑
M∈Zn
|µJ,M |p
)q/p
+ C4
∑
J>j
2(j−J)(s−
n
p
)q 2−(J−j)(κ−ε+
n
p
−σp)q 2J(s−
n
p
)q
(∑
M∈Zn
|µJ,M |p
)q/p
= C4
j∑
J=0
2−(j−J)(κ−ε−s)q 2J(s−
n
p
)q
(∑
M∈Zn
|µJ,M |p
)q/p
+ C4
∑
J>j
2−(J−j)(κ−ε+s−σp)q 2J(s−
n
p
)q
(∑
M∈Zn
|µJ,M |p
)q/p
,
✼✽ ✷✳ ❉❡❝♦♠♣♦s✐t✐♦♥s
s✉❝❤ t❤❛t ✜♥❛❧❧②
∞∑
j=0
2j(s−
n
p
)q
(∑
m∈Zn
|λj,m|p
)q/p
≤ C4
∞∑
j=0
j∑
J=0
2−(j−J)(κ−ε−s)q 2J(s−
n
p
)q
(∑
M∈Zn
|µJ,M |p
)q/p
+ C4
∞∑
j=0
∑
J>j
2−(J−j)(κ−ε+s−σp)q 2J(s−
n
p
)q
(∑
M∈Zn
|µJ,M |p
)q/p
≤ C5
∞∑
J=0
2J(s−
n
p
)q
(∑
M∈Zn
|µJ,M |p
)q/p∑
j≥J
2−(j−J)(κ−ε−s)q︸ ︷︷ ︸
<∞
+ C5
∞∑
J=0
2J(s−
n
p
)q
(∑
M∈Zn
|µJ,M |p
)q/p∑
j<J
2−(J−j)(κ−ε+s−σp)q︸ ︷︷ ︸
<∞
≤ C6
∥∥µ|b¯sp,q∥∥q ,
✇❤❡r❡ ✇❡ ♠❛② ❛❧✇❛②s ❝❤♦♦s❡ ε s✉❝❤ t❤❛t
0 < ε < min (κ − s,κ + s− σp) = κ −max (s, σp − s)
✐♥ ✈✐❡✇ ♦❢ ✭✷✳✽✸✮✳ ❚❤✐s ❣✐✈❡s ✭✷✳✹✺✮ ❢♦r a = b¯sp,q✳ ■♥ ❝❛s❡ ♦❢ p < q < ∞ ❛♥❞ ❛❧s♦ ❢♦r
p < ∞, q = ∞ t❤❡ ❛r❣✉♠❡♥t ✐s s✐♠✐❧❛r✱ ✇❡ ♠❛❦❡ ✉s❡ ♦❢ ❍ö❧❞❡r✬s ✐♥❡q✉❛❧✐t② ❛❣❛✐♥ ❛♥❞
♠❛② ❝❤♦♦s❡ ε s✉✣❝✐❡♥t❧② s♠❛❧❧ s✉❝❤ t❤❛t✱ s❛②✱ 2ε < κ−max (s, σp − s)✳ ❚❤❡ ❝❛s❡ p =∞✱
q =∞ ❝❛♥ ❜❡ ❤❛♥❞❧❡❞ ❛♥❛❧♦❣♦✉s❧② ✇✐t❤ t❤❡ ✉s❡ ♦❢ ❘❡♠❛r❦ ✷✳✶✾✱ s❡❡ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣✱
sup
m∈Zn
|λj,m|
✭✷✳✹✼✮
≤ C ′1
j∑
J=0
2−(j−J)κ sup
m∈Zn
max
M∈Ij
J
(m)
|µJ,M |
+ C ′1
∑
J>j
2−(J−j)(κ+n) sup
m∈Zn
2n(J−j) max
M∈Ij
J
(m)
|µJ,M |
≤ C ′2
j∑
J=0
2−(j−J)κ sup
M∈Zn
|µJ,M |+ C ′2
∑
J>j
2−(J−j)κ sup
M∈Zn
|µJ,M |.
✷✳✸ ❋r♦♠ ❛t♦♠s t♦ ✇❛✈❡❧❡ts✿ t❤❡ κ✲❝♦♥♥❡❝t✐♦♥ ✼✾
❚❤❡♥ ✇❡ ❤❛✈❡
sup
j∈N0
2js sup
m∈Zn
|λj,m| ≤ C ′1 sup
j∈N0
j∑
J=0
2(j−J)s 2−(j−J)κ 2Js sup
M∈Zn
|µJ,M |
+ C ′1 sup
j∈N0
∑
J>j
2(j−J)s 2−(J−j)κ 2Js sup
M∈Zn
|µJ,M |
≤ C ′1 sup
J∈N0
2Js sup
M∈Zn
|µJ,M |
∑
j≥J
2−(j−J)(κ−s)
+ C ′1 sup
J∈N0
2Js sup
M∈Zn
|µJ,M |
∑
j<J
2−(J−j)(κ+s)
≤ C ′2 ||µ|b¯s∞,∞||,
✇❤❡r❡ ✇❡ ❤❛✈❡ t♦ ❝❤♦♦s❡
κ > max(−s, s) = |s|.
❙t❡♣ ✷✳ ■t r❡♠❛✐♥s t♦ ✈❡r✐❢② ✭✐✐✮✱ t❤❛t ✐s✱ ✭✷✳✹✻✮✳ ❇② t❤❡ ♠♦♥♦t♦♥✐❝✐t② ♦❢ t❤❡ s♣❛❝❡s b¯sp,q ✐♥
0 < q ≤ ∞✱ ✐t ✐s s✉✣❝✐❡♥t t♦ s❤♦✇
2−jκ|µj,m| ≤ cQ
∥∥µ|b¯sp,∞(Rn)∥∥ ∼ cQ sup
ν∈N0
2ν(s−
n
p
)
(∑
k∈Zn
|µν,k|p
)1/p
❢♦r ❛❧❧ j ∈ N0✱ m ∈ Zn ✇✐t❤ Qj,m ⊂ Q✳ ▲❡t ℓQ ❜❡ t❤❡ s✐❞❡✲❧❡♥❣t❤ ♦❢ t❤❡ ❝✉❜❡ Q✱ t❤❡♥ t❤❡
❛ss✉♠♣t✐♦♥ Qj,m ⊂ Q ❣✐✈❡s t❤❡ r♦✉❣❤ ❡st✐♠❛t❡ 2j ≥ ℓ−1Q ✳ ❍❡♥❝❡
sup
ν∈N0
2ν(s−
n
p
)
(∑
k∈Zn
|µν,k|p
)1/p
≥ 2j(s−np )|µj,m| = 2j(s−
n
p
+κ)2−jκ|µj,m|
≥ ℓ−(s−
n
p
+κ)
Q 2
−jκ|µj,m| =: 1
cQ
2−jκ|µj,m|
✐❢ κ ≥ n
p
− s✳ 
❲❡ ♥♦✇ ❝♦♥s✐❞❡r t❤❡ ✇❡✐❣❤t❡❞ s♣❛❝❡s b¯sp,q(w) ✇❤❡r❡ w ✐s s♦♠❡ ▼✉❝❦❡♥❤♦✉♣t ✇❡✐❣❤t✳
Pr♦♣♦s✐t✐♦♥ ✷✳✷✼✳ ▲❡t 0 < p < ∞✱ 0 < q ≤ ∞✱ s ∈ R ❛♥❞ w ∈ A∞✳ ❚❤❡♥ b¯sp,q(w) ✐s ❛
κ✲s❡q✉❡♥❝❡ s♣❛❝❡ ❢♦r ❛♥② κ
κ > max
(
s+
n
p
,
n rw
p
− s
)
. ✭✷✳✾✵✮
✽✵ ✷✳ ❉❡❝♦♠♣♦s✐t✐♦♥s
Pr♦♦❢✳ ❙t❡♣ ✶✳ ❲❡ r❡t✉r♥ t♦ ✭✷✳✽✹✮ ❛♥❞ ✐♥❝❧✉❞❡ t❤❡ ✇❡✐❣❤t t❡r♠s ❛❝❝♦r❞✐♥❣ t♦ ✭✷✳✶✵✮✱
|λj,m| w(Qj,m)
1
p ≤ C1
j∑
J=0
2−κ(j−J)
∑
M∈Ij
J
(m)
|µJ,M | w(Qj,m)
1
p︸ ︷︷ ︸
≤w(QJ,M )
1
p
+ C1
∑
J>j
2−(J−j)(κ+n)
∑
M∈Ij
J
(m)
|µJ,M | w(QJ,M)
1
p
(
w(Qj,m)
w(QJ,M)
) 1
p
︸ ︷︷ ︸
✭✶✳✷✵✮
≤ 2−(j−J)nr·
1
p
≤ C2
j∑
J=0
2−κ(j−J)
∑
M∈Ij
J
(m)
|µJ,M | w(QJ,M)
1
p
+ C2
∑
J>j
2−(J−j)(κ+n−n
r
p
)
∑
M∈Ij
J
(m)
|µJ,M | w(QJ,M)
1
p ,
✇❤❡r❡ ✇❡ ✉s❡❞ w ≥ 0 ❛✳❡✳ ✐♥ Rn ❢♦r t❤❡ ✜rst t❡r♠✱ ❛♥❞ ✭✶✳✷✵✮ ❢♦r t❤❡ s❡❝♦♥❞ t❡r♠ ✇✐t❤
r > rw✳ Pr♦❝❡❡❞✐♥❣ ♥♦✇ ❛s ❛❜♦✈❡ ✇❡ ❛rr✐✈❡ ❛t t❤❡ ❝♦✉♥t❡r♣❛rt ♦❢ ✭✷✳✽✾✮✱
2jsp
∑
m∈Zn
|λj,m|p w(Qj,m)
≤ C3
j∑
J=0
2−(j−J)(κ−ε−s−
n
p
)p 2Jsp
∑
M∈Zn
|µJ,M |pw(QJ,M)
+ C3
∑
J>j
2−(J−j)(κ−ε+
n
p
−n r
p
+s−σp)p 2Jsp
∑
M∈Zn
|µJ,M |pw(QJ,M). ✭✷✳✾✶✮
❚❤❡ r❡st ♦❢ t❤❡ ❛r❣✉♠❡♥t❛t✐♦♥ ✐s ♥♦✇ t❤❡ s❛♠❡ ❛s ✐♥ t❤❡ ♣r♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✷✳✷✻✱ t❤❛t
✐s✱ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ ❍ö❧❞❡r✬s ✐♥❡q✉❛❧✐t② ✭✇❤❡♥ q > p✮ ♦r ♠♦♥♦t♦♥✐❝✐t② ✭✇❤❡♥ q ≤ p✮✱ s✉❝❤
t❤❛t ✇❡ ❛rr✐✈❡ ❛t ∥∥λ|b¯sp,q(w)∥∥ ≤ C ∥∥µ|b¯sp,q(w)∥∥
❛ss✉♠✐♥❣ t❤❛t
0 < ε < min
(
κ − s− n
p
,κ + s− σp − n rw − 1
p
)
= κ −max
(
s+
n
p
, σp − s+ n rw − 1
p
)
. ✭✷✳✾✷✮
◆♦t❡ t❤❛t ✭✷✳✾✵✮ ✐♠♣❧✐❡s ✭✷✳✾✷✮✳ ❆♥❛❧♦❣♦✉s❧② t♦ t❤❡ ✉♥✇❡✐❣❤t❡❞ ❝❛s❡ ✇❡ ♦❜t❛✐♥ t❤❡ s❛♠❡
r❡s✉❧t ❢♦r q =∞✳ ❋♦r p =∞, q =∞ t❤❡ s♣❛❝❡s b¯sp,q(w) ❝♦✐♥❝✐❞❡ ✇✐t❤ t❤❡ ✉♥✇❡✐❣❤t❡❞ b¯sp,q✳
❙♦ ✇❡ ❞♦ ♥♦t ❝♦♥s✐❞❡r ✐t ❤❡r❡✳
❙t❡♣ ✷✳ ❆s ❢♦r ✭✐✐✮✱ t❤❛t ✐s✱ ✭✷✳✹✻✮✱ ✇❡ ♠❛② ❛❣❛✐♥ r❡str✐❝t ♦✉rs❡❧✈❡s t♦ t❤❡ ❝❛s❡ q = ∞ ❜②
♠♦♥♦t♦♥✐❝✐t②✱ t❤❛t ✐s✱ ✐t ✐s s✉✣❝✐❡♥t t♦ s❤♦✇
2−jκ|µj,m| ≤ cQ
∥∥µ|b¯sp,∞(w)∥∥ ∼ cQ sup
ν∈N0
2νs
(∑
k∈Zn
|µν,k|p w(Qν,k)
)1/p
✷✳✸ ❋r♦♠ ❛t♦♠s t♦ ✇❛✈❡❧❡ts✿ t❤❡ κ✲❝♦♥♥❡❝t✐♦♥ ✽✶
❢♦r ❛❧❧ j ∈ N0✱ m ∈ Zn ✇✐t❤ Qj,m ⊂ Q✳ ▲❡t ❛❣❛✐♥ ℓQ ❜❡ t❤❡ s✐❞❡✲❧❡♥❣t❤ ♦❢ t❤❡ ❝✉❜❡ Q✱
t❤❡♥ Qj,m ⊂ Q ✐♠♣❧✐❡s 2j ≥ ℓ−1Q ✳ ❍❡♥❝❡
sup
ν∈N0
2νs
(∑
k∈Zn
|µν,k|p w(Qν,k)
) 1
p
≥ 2js|µj,m| w(Qj,m)
1
p = 2j(s+κ)2−jκ|µj,m|
(
w(Qj,m)
w(Q)
) 1
p
w(Q)
1
p
≥ c 2j(s+κ−nrp ) w(Q) 1p |Q|− rp 2−jκ|µj,m|
≥ ℓ−(s−
nr
p
+κ)
Q w(Q)
1
p |Q|− rp 2−jκ|µj,m| =: c−1Q 2−jκ|µj,m|
✐❢ κ ≥ nr
p
− s✱ ✇❤❡r❡ ✇❡ ❛♣♣❧✐❡❞ ✭✶✳✷✵✮ ✇✐t❤ r > rw ❛❣❛✐♥✳ ❙♦ ✇❡ ❛rr✐✈❡ ❛t
κ > max
(
s+
n
p
,
n rw
p
− s
)
.

■♥ t❤❡ ♥❡①t ❡①❛♠♣❧❡ ✇❡ ❝♦♥s✐❞❡r t❤❡ ✇❡✐❣❤t❡❞ s❡q✉❡♥❝❡ s♣❛❝❡s b¯sp,q(w) ✇❤❡r❡ w ✐s ❛
❞♦✉❜❧✐♥❣ ✇❡✐❣❤t✳
Pr♦♣♦s✐t✐♦♥ ✷✳✷✽✳ ▲❡t 0 < p < ∞✱ 0 < q ≤ ∞✱ s ∈ R ❛♥❞ w ❜❡ ❛ ❞♦✉❜❧✐♥❣ ✇❡✐❣❤t ✇✐t❤
❞♦✉❜❧✐♥❣ ❝♦♥st❛♥t γ✳ ❚❤❡♥ b¯sp,q(w) ✐s ❛ κ✲s❡q✉❡♥❝❡ s♣❛❝❡ ❢♦r ❛♥② κ
κ > max
(
s+
n
p
,
n γ
p
− s
)
. ✭✷✳✾✸✮
Pr♦♦❢✳ ❙t❡♣ ✶✳ ❆♥❛❧♦❣♦✉s❧② t♦ t❤❡ ✉♥✇❡✐❣❤t❡❞ ❝❛s❡ ✇❡ ❤❛✈❡
|λj,m|p ≤ c1
j∑
J=0
2−(j−J)(κ−ε)p
∑
M∈Ij
J
(m)
|µJ,M |p + c1
∑
J>j
2−(J−j)(κ−ε+
n
p
−σp)p ∑
M∈Ij
J
(m)
|µJ,M |p.
❆❧✇❛②s ✇❡ ❤❛✈❡ t♦ ❝♦♥s✐❞❡r t❤❡ t✇♦ ❝❛s❡s J ≤ j ❛♥❞ J > j✳
❋♦r J ≤ j ✐t ✐s ❝❧❡❛r✿ w(Qj,m) ≤ w(QJ,M) ✭♠❛②❜❡ ✇✐t❤ s♦♠❡ ❝♦♥st❛♥t ❜❡❝❛✉s❡ ♦❢ t❤❡
♦✈❡r❧❛♣ ✐♥ IjJ(m)✮✳
❋♦r J > j ✇❡ ❜❧♦✇ t❤❡ ❝✉❜❡ QJ,M l✲t✐♠❡s ✉♣ ✉♥t✐❧ ✇❡ ❝♦✈❡r t❤❡ ❝✉❜❡ Qj,m✳ ❲❡ ❝❤♦♦s❡
l = J − j + 1✳ ❚❤❡♥ ✇❡ ❤❛✈❡ ✇✐t❤ t❤❡ ✉s❡ ♦❢ t❤❡ ❞♦✉❜❧✐♥❣ ♣r♦♣❡rt② ✭✶✳✹✵✮
w(Qj,m) ≤ w(2l QJ,M) ≤ 2lnγw(QJ,M). ✭✷✳✾✹✮
✽✷ ✷✳ ❉❡❝♦♠♣♦s✐t✐♦♥s
❚❤✉s ✇❡ ❣❡t
∑
m∈Zn
|λj,m|p w(Qj,m) ≤ c2
j∑
J=0
2−(j−J)(κ−ε−
n
p
)p
∑
M∈Zn
|µJ,M |pw(QJ,M)
+ c2
∑
J>j
2−(J−j)(κ−ε+
n
p
−σp)p ∑
M∈Zn
|µJ,M |p 2(J−j)nγ 2nγw(QJ,M)
≤ c3
j∑
J=0
2−(j−J)(κ−ε−
n
p
)p
∑
M∈Zn
|µJ,M |pw(QJ,M)
+ c3
∑
J>j
2−(J−j)(κ−ε+
n
p
−σp−nγp )p
∑
M∈Zn
|µJ,M |pw(QJ,M). ✭✷✳✾✺✮
❙✐♠✐❧❛r t♦ t❤❡ ✉♥✇❡✐❣❤t❡❞ ❝❛s❡ ✇❡ ❤❛✈❡ t♦ ✉s❡ ❍ö❧❞❡r✬s ✐♥❡q✉❛❧✐t② ❛❣❛✐♥ ✭✇❤❡♥ q > p✮ ♦r
♠♦♥♦t♦♥✐❝✐t② ✭✇❤❡♥ q ≤ p✮✳ ❋✐♥❛❧❧② ✇❡ ❣❡t
∞∑
j=0
2jsq
( ∑
m∈Zn
|λj,m|p w(Qj,m)
)q/p
≤ c4
∞∑
J=0
2Jsq
( ∑
M∈Zn
|µJ,M |pw(QJ,M)
)q/p∑
j≥J
2−(j−J)(κ−ε−s−
n
p
)q
+ c4
∞∑
J=0
2Jsq
( ∑
M∈Zn
|µJ,M |pw(QJ,M)
)q/p∑
j<J
2−(J−j)(κ−ε+
n
p
+s−σp−nγp )q
≤ c5||µ|b¯sp,q(w)||q, ✭✷✳✾✻✮
✇❤❡r❡ ✇❡ ❛ss✉♠❡ ε s✉❝❤ t❤❛t
0 < ε < min
(
κ − s− n
p
,κ + s− σp − n
p
(γ − 1)
)
= κ −max
(
s+
n
p
, σp − s+ n
p
(γ − 1)
)
. ✭✷✳✾✼✮
◆♦t❡ ❛❣❛✐♥ t❤❛t ✭✷✳✾✸✮ ✐♠♣❧✐❡s ✭✷✳✾✼✮✳
❙t❡♣ ✷✳ ◆♦✇ ❧❡t ✉s ♣r♦✈❡ ✭✐✐✮✳❲❡ ♠❛② ❛❣❛✐♥ r❡str✐❝t ♦✉rs❡❧✈❡s t♦ t❤❡ ❝❛s❡ q = ∞ ❜②
♠♦♥♦t♦♥✐❝✐t②✳ ▲❡t Q ❜❡ ❛♥ ❛r❜✐tr❛r② ❝✉❜❡ ✇✐t❤ s✐❞❡❧❡♥❣t❤ ℓQ✳ ▲❡t Qj,m ⊂ Q ❢♦r ✜①❡❞
j ∈ N0✱ m ∈ Zn✳ ❚❤✐s ✐♠♣❧✐❡s 2j ≥ ℓ−1Q ✳ ❲❡ ❜❧♦✇ Qj,m l✲t✐♠❡s ✉♣ t♦ ❝♦✈❡r t❤❡ ❝✉❜❡ Q✱ ✐✳❡✳✱
2lQj,m = Qj−l,2−lm ⊃ Q✱ ✇❤❡r❡ ✇❡ ❛ss✉♠❡ 2−j+l ≥ 2ℓQ✳ ❙♦ ✇❡ ❝❤♦♦s❡ l = ⌊log2(ℓQ)⌋+j+1✳
✷✳✸ ❋r♦♠ ❛t♦♠s t♦ ✇❛✈❡❧❡ts✿ t❤❡ κ✲❝♦♥♥❡❝t✐♦♥ ✽✸
❇❡❝❛✉s❡ ♦❢ Qj,m ⊂ Q✱ t❤❡ ♥✉♠❜❡r l ✐s ❛❧✇❛②s ♥❛t✉r❛❧✳ ❍❡♥❝❡
||µ|b¯sp,∞(w)|| = sup
ν∈N0
2νs
(∑
k∈Zn
|µν,k|p w(Qν,k)
) 1
p
≥ 2j(s+κ)2−jκ|µj,m|w(Qj,m)
1
p
≥ 2j(s+κ) 2−nγ l 1pw(2l Qj,m)
1
p 2−jκ|µj,m|
≥ 2j(s+κ−nγp ) 2−nγp (⌊log2(ℓQ)⌋+1)w(Q) 1p 2−jκ|µj,m|
≥ ℓ−(s+κ−
nγ
p
)
Q 2
−nγ
p
(⌊log2(ℓQ)⌋+1)w(Q) 1p 2−jκ|µj,m|
=: c−1Q 2
−jκ|µj,m|
✐❢ κ ≥ nγ
p
− s✳ ❚❤✐s t♦❣❡t❤❡r ✇✐t❤ ✭✷✳✾✼✮ ②✐❡❧❞s ✭✷✳✾✸✮✳ 
◆♦✇ ❧❡t ✉s ❝♦♥s✐❞❡r t❤❡ f¯ sp,q✲s♣❛❝❡s✳ ❚❤❡r❡❢♦r❡ ✇❡ ♥❡❡❞ s♦♠❡ ♣r❡❧✐♠✐♥❛r② ❝♦♥s✐❞❡r❛t✐♦♥s✳
❘❡❝❛❧❧ t❤❛t M st❛♥❞s ❢♦r t❤❡ ❍❛r❞②✲▲✐tt❧❡✇♦♦❞ ♠❛①✐♠❛❧ ♦♣❡r❛t♦r
(Mg)(x) = sup
Q∋x
1
|Q|
∫
Q
|g(y)| dy,
✇❤❡r❡ t❤❡ s✉♣r❡♠✉♠ ✐s t❛❦❡♥ ♦✈❡r ❛❧❧ ❝✉❜❡s ❝♦♥t❛✐♥✐♥❣ x ❛♥❞ g ✐s ❛ ❧♦❝❛❧❧② ✐♥t❡❣r❛❜❧❡
❢✉♥❝t✐♦♥✳ ■♥ t❤✐s s✐t✉❛t✐♦♥ ✇❡ ♥❡❡❞ ❝✉❜❡s✳ ❲❡ r❡❢❡r t♦ ❙❡❝t✐♦♥ ✶✳✷✳✶✳
❖✉r ❧❛t❡r ❛r❣✉♠❡♥ts r❡❧② ♦♥ t❤❡ ✈❡❝t♦r✲✈❛❧✉❡❞ ♠❛①✐♠❛❧ ✐♥❡q✉❛❧✐t② ♦❢ ❋❡✛❡r♠❛♥✲❙t❡✐♥ ❞✉❡
t♦ ❬❋❙✼✶❪✳
Pr♦♣♦s✐t✐♦♥ ✷✳✷✾✳ ▲❡t 0 < p < ∞✱ 0 < q ≤ ∞✱ 0 < ̺ < min(p, q)✳ ❚❤❡♥ t❤❡r❡ ❡①✐sts ❛
❝♦♥st❛♥t C s✉❝❤ t❤❛t∥∥∥∥∥
( ∞∑
k=0
M(|gk|̺)(·)q/̺)1/q|Lp(Rn)
∥∥∥∥∥ ≤ c
∥∥∥∥∥
( ∞∑
k=0
|gk(·)|q
)1/q
|Lp(Rn)
∥∥∥∥∥. ✭✷✳✾✽✮
❋♦r ❛ ♣r♦♦❢ ✇❡ r❡❢❡r t♦ ❬❋❙✼✶❪✳
■♥ ✈✐❡✇ ♦❢ t❤❡ κ✲❝♦♥❞✐t✐♦♥ ❢♦r ❞♦✉❜❧✐♥❣ ✇❡✐❣❤t❡❞ f¯ sp,q(w)✲s♣❛❝❡s ✇❡ ♥❡❡❞ ❛ ❧✐tt❧❡ ♠♦❞✐✜❝❛✲
t✐♦♥ ♦❢ t❤❡ ♠❛①✐♠❛❧ ♦♣❡r❛t♦r M✳
❉❡✜♥✐t✐♦♥ ✷✳✸✵✳ ▲❡t w ❜❡ ❛ ❞♦✉❜❧✐♥❣ ✇❡✐❣❤t ❛♥❞ g ∈ Lloc1 (Rn)✳ ❚❤❡ ✇❡✐❣❤t❡❞ ❍❛r❞②✲
▲✐tt❧❡✇♦♦❞ ♠❛①✐♠❛❧ ♦♣❡r❛t♦r Mw ✐s ❞❡✜♥❡❞ ❜②
(Mwg)(x) = sup
Q∋x
1
w(Q)
∫
Q
|g(y)|w(y) dy, x ∈ Rn, ✭✷✳✾✾✮
✇❤❡r❡ t❤❡ s✉♣r❡♠✉♠ ✐s t❛❦❡♥ ♦✈❡r ❛❧❧ ♦♣❡♥ ❝✉❜❡s Q ❝♦♥t❛✐♥✐♥❣ x✳
❋♦r t❤✐s ♦♣❡r❛t♦r Mw ❡①✐sts ❛ ♠♦❞✐✜❡❞ ✇❡✐❣❤t❡❞ ✈❡❝t♦r✲✈❛❧✉❡❞ ♠❛①✐♠❛❧ ✐♥❡q✉❛❧✐t② ♦❢
❋❡✛❡r♠❛♥✲❙t❡✐♥✳
✽✹ ✷✳ ❉❡❝♦♠♣♦s✐t✐♦♥s
▲❡♠♠❛ ✷✳✸✶✳ ▲❡t 1 < p <∞✱ 1 < q ≤ ∞ ❛♥❞ w ❜❡ ❛ ❞♦✉❜❧✐♥❣ ✇❡✐❣❤t✳ ❚❤❡♥ t❤❡r❡ ❡①✐sts
❛ ❝♦♥st❛♥t C s✉❝❤ t❤❛t∥∥∥∥∥
( ∞∑
k=0
|Mwgk|q
)1/q
|Lp(w)
∥∥∥∥∥ ≤ C
∥∥∥∥∥
( ∞∑
k=0
|gk|q
)1/q
|Lp(w)
∥∥∥∥∥ ✭✷✳✶✵✵✮
❤♦❧❞s ❢♦r ❛♥② (gk)k ⊂ Lp(w)✳
❋♦r ❛ ♣r♦♦❢ ✇❡ r❡❢❡r t♦ ❬❇♦✇✵✼✱ Pr♦♣✳ ✷✳✽❪✳
❆♥ ✐♠♠❡❞✐❛t❡ ❝♦♥❝❧✉s✐♦♥ ♦❢ t❤✐s ❧❡♠♠❛ ✐s t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦r♦❧❧❛r②✳
❈♦r♦❧❧❛r② ✷✳✸✷✳ ▲❡t 0 < p < ∞✱ 0 < q ≤ ∞✱ 0 < ̺ < min(p, q) ❛♥❞ w ❜❡ ❛ ❞♦✉❜❧✐♥❣
✇❡✐❣❤t✳ ❚❤❡♥ t❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t C s✉❝❤ t❤❛t∥∥∥∥∥
( ∞∑
k=0
Mw
(|gk|̺)(·)q/̺)1/q|Lp(w)
∥∥∥∥∥ ≤ c
∥∥∥∥∥
( ∞∑
k=0
|gk|q
)1/q
|Lp(w)
∥∥∥∥∥. ✭✷✳✶✵✶✮
Pr♦♦❢✳ ❙✐♥❝❡ 0 < ̺ < min(p, q)✱ ✐t ❢♦❧❧♦✇s t❤❛t 1 < p
̺
< ∞ ❛♥❞ 1 < q
̺
≤ ∞✳ ❚❤❡♥
❈♦r♦❧❧❛r② ✷✳✸✷ ✐s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ ▲❡♠♠❛ ✷✳✸✶ ❛♥❞ g˜k := |gk|̺✳ 
◆♦✇ ❧❡t ✉s ❝♦♥s✐❞❡r t❤❡ κ✲❝♦♥❞✐t✐♦♥ ❢♦r t❤❡ f¯ sp,q✲s♣❛❝❡✳ ❲❡ st❛rt ✇✐t❤ t❤❡ ✉♥✇❡✐❣❤t❡❞
❝❛s❡✳
Pr♦♣♦s✐t✐♦♥ ✷✳✸✸✳ ▲❡t 0 < p < ∞✱ 0 < q ≤ ∞✱ s ∈ R✳ ❚❤❡♥ f¯ sp,q ✐s ❛ κ✲s❡q✉❡♥❝❡ s♣❛❝❡
❢♦r ❛♥② κ
κ > max
(
s,
n
p
− s, σp,q − s
)
, ✭✷✳✶✵✷✮
✇❤❡r❡ σp,q ✐s ❣✐✈❡♥ ❜②
σp,q = n
( 1
min(p, q)
− 1
)
+
=
n
min(1, p, q)
− n. ✭✷✳✶✵✸✮
Pr♦♦❢✳ ❙t❡♣ ✶✳ ■♥ t❤❡ ✜rst st❡♣ ✇❡ ❤❛✈❡ t♦ ♣r♦✈❡ ✭✷✳✹✺✮ ✉♥❞❡r t❤❡ ❛ss✉♠♣t✐♦♥ ♦❢ ✭✷✳✹✹✮✳
❚❤✐s ♣❛rt ✐s ❜❛s❡❞ ♦♥ t❤❡ ✈❡❝t♦r✲✈❛❧✉❡❞ ♠❛①✐♠❛❧ ✐♥❡q✉❛❧✐t② ♦❢ ❋❡✛❡r♠❛♥✲❙t❡✐♥✱ ❝❢✳ ✭✷✳✾✽✮✳
❲❡ r❡t✉r♥ t♦ ✭✷✳✽✹✮
|λj,m| ≤ C1
j∑
J=0
2−κ(j−J)
∑
M∈Ij
J
(m)
|µJ,M |+ C1
∑
J>j
2−(J−j)(κ+n)
∑
M∈Ij
J
(m)
|µJ,M |.
▲❡t ✜rst J ≤ j✳ ❲❡ ❛ss✉♠❡ q < ∞ ❛♥❞ ε > 0✱ t❤❡♥ ✇❡ ♦❜t❛✐♥ ✭❜② ❍ö❧❞❡rs ✐♥❡q✉❛❧✐t② ♦r
♠♦♥♦t♦♥✐❝✐t②✮✱
2jsq|λj,m|qχj,m(x) ≤ C2
j∑
J=0
2−(j−J)(κ−s−ε)q
∑
M∈Ij
J
(m)
2Jsq|µJ,M |qχj,m(x).
✷✳✸ ❋r♦♠ ❛t♦♠s t♦ ✇❛✈❡❧❡ts✿ t❤❡ κ✲❝♦♥♥❡❝t✐♦♥ ✽✺
❙✉♠♠❛t✐♦♥ ♦✈❡r m ∈ Zn ❞❡❧✐✈❡rs
∑
m∈Zn
2jsq|λj,m|qχj,m(x) ≤ C3
j∑
J=0
2−(j−J)(κ−s−ε)q
∑
M∈Zn
2Jsq|µJ,M |q
∑
m∈Zn:M∈Ij
J
(m)
χj,m(x).
❆♥❛❧♦❣♦✉s❧② t♦ t❤❡ ♣r♦♦❢ ♦❢ ❚❤♠✳ ✶✳✶✺ ✐♥ ❬❚r✐✵✽❪✱ s❡❡ ♣❛❣❡ ✶✶✱ ✇❡ ❛r❣✉❡ t❤❛t ❢♦r ✜①❡❞
x ∈ Rn✱ j, J ∈ N0 ❛♥❞ M ∈ Zn t❤❡ s✉♠♠❛t✐♦♥
∑
χj,m(x) ♦✈❡r t❤♦s❡ m ∈ Zn ✇✐t❤
M ∈ IjJ(m) ✐s ❝♦♠♣❛r❛❜❧❡ ✇✐t❤ χJ,M(x) ❛♥❞ ❝❛♥ ❜❡ ❡st✐♠❛t❡❞ ❢r♦♠ ❛❜♦✈❡ ❜② ✐ts ♠❛①✐♠❛❧
❢✉♥❝t✐♦♥✳ ❍❡♥❝❡ ✇❡ ♦❜t❛✐♥ ❢♦r ❛♥② ̺ > 0✱
∑
m∈Zn
2jsq|λj,m|qχj,m(x) ≤ C4
j∑
J=0
2−(j−J)(κ−s−ε)q
∑
M∈Zn
M
(
2Js̺|µJ,M |̺χJ,M(·)
)
(x)q/̺.
✭✷✳✶✵✹✮
❆s ❢♦r t❤❡ ❝❛s❡ J > j✱ ✇❡ ❤❛✈❡
2js|λj,m|χj,m(x) ≤ C2 χj,m(x)
∑
J>j
2−(J−j)(κ+s+n)
∑
M∈Ij
J
(m)
2Js|µJ,M |.
❆ss✉♠❡ 0 < ̺ < 1 ❛♥❞ x ∈ Rn ✇✐t❤ χj,m(x) = 1✱ t❤❡♥ ✇❡ ❝❛♥ ❡st✐♠❛t❡ t❤❡ ❧❛st s✉♠ ❜②( ∑
M∈Ij
J
(m)
2Js|µJ,M |
)̺
≤
∑
M∈Ij
J
(m)
2Js̺|µJ,M |̺ · 1|QJ,M |
∫
Rn
χJ,M(y) dy
≤ c 2Jn 2−jn 2jn
∫
Rn
∑
M∈Ij
J
(m)
2Js̺|µJ,M |̺χJ,M(y) dy
≤ c′ 2(J−j)nM
( ∑
M∈Ij
J
(m)
2Js̺|µJ,M |̺χJ,M(·)
)
(x).
■♥s❡rt t❤✐s ❛❜♦✈❡✳ ❆ss✉♠✐♥❣ ❛❣❛✐♥ q <∞ ♦♥❡ ♦❜t❛✐♥s ❢♦r ❛♥② ✜①❡❞ ε > 0 t❤❛t
2jsq|λj,m|qχj,m(x) ≤ c3
∑
J>j
2−(J−j)(κ+s+n−
n
̺
−ε)qM
( ∑
M∈Ij
J
(m)
2Js̺|µJ,M |̺χJ,M(·)
)
(x)q/̺.
❋✐rst ✇❡ ❝♦♥s✐❞❡r t❤❡ s✉♠♠❛t✐♦♥ ♦✈❡r m ∈ Zn✳ ❲✐t❤ J = j + t ✇❡ ❤❛✈❡∑
m∈Zn
2jsq|λj,m|qχj,m(x)
≤ c3
∞∑
t=1
2−t(κ+s+n−
n
̺
−ε)q ∑
m∈Zn
M
( ∑
M∈Ijj+t(m)
2(j+t)s̺|µj+t,M |̺χj+t,M(·)
)
(x)q/̺. ✭✷✳✶✵✺✮
▲❡t ✉s ❝♦♥s✐❞❡r t❤❡ s✉♠ ∑
M∈Ijj+t(m)
(
2(j+t)s|µj+t,M |χj+t,M(x)
)̺
✽✻ ✷✳ ❉❡❝♦♠♣♦s✐t✐♦♥s
❢♦r ✜①❡❞ j ∈ N0✱ t ∈ N✱ m ∈ Zn ❛♥❞ x ∈ Rn✳ ❚❤❡ ❝✉❜❡ Qj,m ✐s ❞✐✈✐❞❡❞ ✐♥ t❤❡ ❝✉❜❡s
Qj+t,M ✳ ◆♦t❡✱ t❤❛t t❤❡ ✒s♠❛❧❧✏ ❝✉❜❡s Qj+t,M ❛r❡ ❛❧❧ ❞✐s❥♦✐♥t t♦ ❡❛❝❤ ♦t❤❡r✳ ❙♦ ✇❡ ❤❛✈❡
∑
M∈Ijj+t(m)
(
2(j+t)s|µj+t,M |χj+t,M(x)
)̺
=
( ∑
M∈Ijj+t(m)
2(j+t)s|µj+t,M |χj+t,M(x)
)̺
=: gtj,m(x)
̺.
❚❤✉s ✇❡ ❣❡t ✇✐t❤ ✭✷✳✶✵✹✮ ❛♥❞ ✭✷✳✶✵✺✮ t♦❣❡t❤❡r ❛♥❞ s✉♠♠❛t✐♦♥ ♦✈❡r j
∑
j∈N0
∑
m∈Zn
2jsq|λj,m|qχj,m(x)
≤ C5
∞∑
J=0
∑
M∈Zn
M
(
2Js̺|µJ,M |̺χJ,M(·)
)
(x)q/̺
∑
j≥J
2−(j−J)(κ−s−ε)q︸ ︷︷ ︸
<∞
+ c4
∞∑
t=1
2−t(κ+s+n−
n
̺
−ε)q
∞∑
j=0
∑
m∈Zn
M(gtj,m(·)̺)(x)q/̺,
✇✐t❤ 0 < ε < κ − s✳ ❋✐♥❛❧❧② ✇❡ ❤❛✈❡
||λ|f¯ sp,q|| ≤ C6
∥∥∥( ∞∑
J=0
∑
M∈Zn
M
(
2Js̺|µJ,M |̺χJ,M
)
(·)q/̺
)1/q∣∣Lp∥∥∥
+ c5
∥∥∥( ∞∑
t=1
2−t(κ+s+n−
n
̺
−ε)q
∞∑
j=0
∑
m∈Zn
M((gtj,m)̺)(·)q/̺)1/q∣∣Lp∥∥∥.
❲✐t❤ ❛♥ ❛❞❞✐t✐♦♥❛❧ ✉s❡ ♦❢ ❍ö❧❞❡rs ✐♥❡q✉❛❧✐t② ✭❢♦r 0 < q < 1✮ ❛♥❞ ❛♥ ❛❞❞✐t✐♦♥❛❧ ε ✇❡ ❝❛♥
t❛❦❡ t❤❡ s✉♠ ♦✈❡r t ♦✉t ♦❢ t❤❡ Lp✲♥♦r♠✱
||λ|f¯ sp,q|| ≤ C6
∥∥∥( ∞∑
J=0
∑
M∈Zn
M
(
2Js̺|µJ,M |̺χJ,M
)
(·)q/̺
)1/q∣∣Lp∥∥∥
+ c6
∞∑
t=1
2−t(κ+s+n−
n
̺
−2ε)
∥∥∥( ∞∑
j=0
∑
m∈Zn
M((gtj,m)̺)(·)q/̺)1/q∣∣Lp∥∥∥.
❙✐♥❝❡ 0 < ̺ < min(1, p, q) ✇❡ ❝❛♥ ❛♣♣❧② t❤❡ ✈❡❝t♦r✲✈❛❧✉❡❞ ♠❛①✐♠❛❧ ✐♥❡q✉❛❧✐t② ❞✉❡ t♦
✷✳✸ ❋r♦♠ ❛t♦♠s t♦ ✇❛✈❡❧❡ts✿ t❤❡ κ✲❝♦♥♥❡❝t✐♦♥ ✽✼
❋❡✛❡r♠❛♥✲❙t❡✐♥ ❢r♦♠ ✭✷✳✾✽✮✳
||λ|f¯ sp,q||
≤ C7
∥∥∥( ∞∑
J=0
∑
M∈Zn
2Jsq|µJ,M |qχJ,M(·)
)1/q∣∣Lp∥∥∥
+ c7
∞∑
t=1
2−t(κ+s+n−
n
̺
−2ε)
∥∥∥( ∞∑
j=0
∑
m∈Zn
( ∑
M∈Ijj+t(m)
2(j+t)s|µj+t,M |χj+t,M(·)
)q
︸ ︷︷ ︸
=
∑
M∈Ijj+t(m)
2(j+t)sq|µj+t,M |qχj+t,M(·)
)1/q∣∣Lp∥∥∥
= C7||µ|f¯ sp,q||+ c7
∞∑
t=1
2−t(κ+s+n−
n
̺
−2ε)
︸ ︷︷ ︸
<∞
∥∥∥( ∞∑
J=0
∑
M∈Zn
2Jsq|µJ,M |qχJ,M(·)
)1/q∣∣Lp∥∥∥
≤ C8||µ|f¯ sp,q||,
✇❤❡r❡ 0 < 2 ε < κ+ s+ n− n
̺
❛♥❞ 0 < ̺ < min(1, p, q)✳ ❘❡❝❛❧❧✱ t❤❛t ✇❡ ❤❛✈❡ ❛❞❞✐t✐♦♥❛❧❧②
0 < ε < κ − s✳ ❋✐♥❛❧❧② ✇❡ ❝❤♦♦s❡
κ > max(s, σp,q − s). ✭✷✳✶✵✻✮
❙t❡♣ ✷✳ ❚❤❡ s❡❝♦♥❞ ♣❛rt ♦❢ ❉❡✜♥✐t✐♦♥ ✷✳✶✼ ✐s ❡❛s② t♦ s❤♦✇✳ ■t ❤♦❧❞s f¯ sp,q →֒ b¯sp,∞✳ ❙♦ ✇❡
❤❛✈❡ ❤❡r❡ t❤❡ s❛♠❡ ❝♦♥❞✐t✐♦♥ ❢♦r κ ❛s ✐♥ t❤❡ b¯✲❝❛s❡✱
κ >
n
p
− s. ✭✷✳✶✵✼✮
❇♦t❤ ✭✷✳✶✵✻✮ ❛♥❞ ✭✷✳✶✵✼✮ t♦❣❡t❤❡r ❧❡❛❞ t♦ ✭✷✳✶✵✷✮✳ ❲✐t❤ s♦♠❡ ♠♦❞✐✜❝❛t✐♦♥s ❛♥❞ ❛ s✐♠✐❧❛r
♣r♦♦❢ ✇❡ ♦❜t❛✐♥ t❤❡ s❛♠❡ r❡s✉❧t ❢♦r q =∞✳ 
■♥ ♦✉r ♥❡①t ❡①❛♠♣❧❡ ✇❡ ❝♦♥s✐❞❡r t❤❡ ❞♦✉❜❧✐♥❣ ✇❡✐❣❤t❡❞ f¯ sp,q(w)✲s♣❛❝❡✳
Pr♦♣♦s✐t✐♦♥ ✷✳✸✹✳ ▲❡t 0 < p < ∞✱ 0 < q ≤ ∞✱ s ∈ R ❛♥❞ w ❜❡ ❛ ❞♦✉❜❧✐♥❣ ✇❡✐❣❤t ✇✐t❤
❞♦✉❜❧✐♥❣ ❝♦♥st❛♥t γ✳ ❚❤❡♥ f¯ sp,q(w) ✐s ❛ κ✲s❡q✉❡♥❝❡ s♣❛❝❡ ❢♦r ❛♥② κ
κ > max(s, γ σp,q + (γ − 1)n− s, nγ
p
− s). ✭✷✳✶✵✽✮
Pr♦♦❢✳ ❲❡ r❡❝❛❧❧ t❤❡ ♥♦r♠ ❢♦r t❤❡ ✇❡✐❣❤t❡❞ f¯ sp,q(w) ❢r♦♠ ❘❡♠❛r❦ ✷✳✽∥∥λ|f¯ sp,q(w)∥∥ = ∥∥∥∥ ( ∑
j∈N0,m∈Zn
2jsq|λj,m|qχj,m(·)
)1/q ∣∣∣∣Lp(w)∥∥∥∥.
❆s ✉s✉❛❧ ✇❡ s♣❧✐t ✐♥t♦ t✇♦ ❝❛s❡s✱ J ≤ j ❛♥❞ J > j✳ ▲❡t ✜rst J ≤ j✳ ❆♥❛❧♦❣♦✉s❧② t♦ t❤❡
✉♥✇❡✐❣❤t❡❞ ❝❛s❡ ✇❡ ❤❛✈❡ ❢♦r q <∞ ❛♥❞ ε > 0
∑
m∈Zn
2jsq|λj,m|qχj,m(x) ≤ C3
j∑
J=0
2−(j−J)(κ−s−ε)q
∑
M∈Zn
2Jsq|µJ,M |q
∑
m∈Zn:M∈Ij
J
(m)
χj,m(x).
✽✽ ✷✳ ❉❡❝♦♠♣♦s✐t✐♦♥s
❲✐t❤ s✐♠✐❧❛r ❛r❣✉♠❡♥ts ✐t ❤♦❧❞s✱ t❤❛t ❢♦r ✜①❡❞ x ∈ Rn✱ j, J ∈ N0 ❛♥❞ M ∈ Zn t❤❡
s✉♠♠❛t✐♦♥
∑
χj,m(x) ♦✈❡r m ∈ Zn ✇✐t❤ M ∈ IjJ(m) ✐s ❝♦♠♣❛r❛❜❧❡ ✇✐t❤ χJ,M(x) ❛♥❞ ❝❛♥
❜❡ ❡st✐♠❛t❡❞ ❢r♦♠ ❛❜♦✈❡ ❜② t❤❡ ✇❡✐❣❤t❡❞ ♠❛①✐♠❛❧ ❢✉♥❝t✐♦♥Mw✳ ❍❡♥❝❡ ✇❡ ♦❜t❛✐♥ ❢♦r ❛♥②
̺ > 0✱
∑
m∈Zn
2jsq|λj,m|qχj,m(x) ≤ C4
j∑
J=0
2−(j−J)(κ−s−ε)q
∑
M∈Zn
Mw
(
2Js̺|µJ,M |̺χJ,M(·)
)
(x)q/̺.
✭✷✳✶✵✾✮
■♥ t❤❡ ❝❛s❡ J > j✱ t❤❡♥ ✇❡ ❤❛✈❡
2js|λj,m|χj,m(x) ≤ C2 χj,m(x)
∑
J>j
2−(J−j)(κ+s+n)
∑
M∈Ij
J
(m)
2Js|µJ,M |.
❆ss✉♠❡ 0 < ̺ < 1 ❛♥❞ x ∈ Rn ✇✐t❤ χj,m(x) = 1✱ t❤❡♥( ∑
M∈Ij
J
(m)
2Js|µJ,M |
)̺
≤
∑
M∈Ij
J
(m)
2Js̺|µJ,M |̺ · 1
w(QJ,M)
∫
Rn
χJ,M(y)w(y) dy
≤ c 2(J−j)nγ 1
w(Qj,m)
∫
Rn
∑
M∈Ij
J
(m)
2Js̺|µJ,M |̺χJ,M(y)w(y) dy
≤ c′ 2(J−j)nγMw
( ∑
M∈Ij
J
(m)
2Js̺|µJ,M |̺χJ,M(·)
)
(x),
✇❤❡r❡ ✇❡ ❤❡r❡ ✉s❡❞ ✐♥ t❤❡ s❡❝♦♥❞ ❡st✐♠❛t❡ t❤❡ ❞♦✉❜❧✐♥❣ ♣r♦♣❡rt② ✇✐t❤ ✭✷✳✾✹✮✳ ❆ss✉♠❡
❛❣❛✐♥ q <∞ ❛♥❞ ε > 0✱ ✇❡ r❡❝❡✐✈❡ ✇✐t❤ t❤✐s
2jsq|λj,m|qχj,m(x) ≤ c3
∑
J>j
2−(J−j)(κ+s+n−
nγ
̺
−ε)qMw
( ∑
M∈Ij
J
(m)
2Js̺|µJ,M |̺χJ,M(·)
)
(x)q/̺.
❙✉♠♠❛t✐♦♥ ♦✈❡r m ∈ Zn ✇✐t❤ J = j + t ②✐❡❧❞s∑
m∈Zn
2jsq|λj,m|qχj,m(x)
≤ c3
∞∑
t=1
2−t(κ+s+n−
nγ
̺
−ε)q ∑
m∈Zn
Mw
( ∑
M∈Ijj+t(m)
2(j+t)s̺|µj+t,M |̺χj+t,M(·)
)
(x)q/̺. ✭✷✳✶✶✵✮
❆s ✐♥ t❤❡ ♣r♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✷✳✸✸ ✇❡ ❞❡♥♦t❡ ❜②
gtj,m(x)
̺ :=
( ∑
M∈Ijj+t(m)
2(j+t)s|µj+t,M |χj+t,M(x)
)̺
=
∑
M∈Ijj+t(m)
(
2(j+t)s|µj+t,M |χj+t,M(x)
)̺
.
✷✳✸ ❋r♦♠ ❛t♦♠s t♦ ✇❛✈❡❧❡ts✿ t❤❡ κ✲❝♦♥♥❡❝t✐♦♥ ✽✾
❙✉♠♠❛t✐♦♥ ♦✈❡r j ✐♥ ✭✷✳✶✵✾✮ ❛♥❞ ✭✷✳✶✶✵✮ ②✐❡❧❞s∑
j∈N0
∑
m∈Zn
2jsq|λj,m|qχj,m(x)
≤ C5
∞∑
J=0
∑
M∈Zn
Mw
(
2Js̺|µJ,M |̺χJ,M(·)
)
(x)q/̺
∑
j≥J
2−(j−J)(κ−s−ε)q︸ ︷︷ ︸
<∞
+ c4
∞∑
t=1
2−t(κ+s+n−
nγ
̺
−ε)q
∞∑
j=0
∑
m∈Zn
Mw
(
gtj,m(·)̺
)
(x)q/̺,
✇✐t❤ 0 < ε < κ − s✳ ❋✐♥❛❧❧② ✇❡ ❤❛✈❡ ✇✐t❤ ❛♥ ❛❞❞✐t✐♦♥❛❧ ✉s❡ ♦❢ ❍ö❧❞❡rs ✐♥❡q✉❛❧✐t② ✭❢♦r
0 < q < 1✮ ❛♥❞ ❛♥ ❛❞❞✐t✐♦♥❛❧ ε t❤❛t
||λ|f¯ sp,q(w)|| ≤ C6
∥∥∥( ∞∑
J=0
∑
M∈Zn
Mw
(
2Js̺|µJ,M |̺χJ,M
)
(·)q/̺
)1/q∣∣Lp(w)∥∥∥
+ c6
∞∑
t=1
2−t(κ+s+n−
nγ
̺
−2ε)
∥∥∥( ∞∑
j=0
∑
m∈Zn
Mw
(
(gtj,m)
̺
)
(·)q/̺
)1/q∣∣Lp(w)∥∥∥.
❲❡ ❝❤♦♦s❡ 0 < ̺ < min(1, p, q) ❛♥❞ ✉s❡ ❈♦r♦❧❧❛r② ✷✳✸✷✱ t❤❡♥ ✇❡ ♦❜t❛✐♥
||λ|f¯ sp,q(w)||
≤ C7||µ|f¯ sp,q(w)||
+ c7
∞∑
t=1
2−t(κ+s+n−
nγ
̺
−2ε)
∥∥∥( ∞∑
j=0
∑
m∈Zn
( ∑
M∈Ijj+t(m)
2(j+t)s|µj+t,M |χj+t,M(·)
)q)1/q∣∣Lp(w)∥∥∥
= C7||µ|f¯ sp,q(w)||
+ c7
∞∑
t=1
2−t(κ+s+n−
nγ
̺
−2ε)
︸ ︷︷ ︸
<∞
∥∥∥( ∞∑
J=0
∑
M∈Zn
2Jsq|µJ,M |qχJ,M(·)
)1/q∣∣Lp(w)∥∥∥
≤ C8||µ|f¯ sp,q(w)||,
✇❤❡r❡ 0 < 2 ε < κ + s + n − nγ
̺
❛♥❞ 0 < ̺ < min(1, p, q)✳ ❋✉rt❤❡r♠♦r❡ ✇❡ st✐❧❧ ♥❡❡❞
0 < ε < κ − s✳ ❋✐♥❛❧❧② ✇❡ ❝❤♦♦s❡
κ > max(s, γ σp,q + (γ − 1)n− s). ✭✷✳✶✶✶✮
❚❤❡ s❡❝♦♥❞ ♣❛rt ♦❢ ❉❡✜♥✐t✐♦♥ ✷✳✶✼ ✐s ❡❛s② t♦ s❤♦✇✳ ■t ❤♦❧❞s f¯ sp,q(w) →֒ b¯sp,∞(w)✳ ❙♦ ✇❡
❤❛✈❡ ❤❡r❡ t❤❡ s❛♠❡ ❝♦♥❞✐t✐♦♥ ❢♦r κ ❛s ❢♦r t❤❡ b¯sp,q(w)✲s♣❛❝❡s✱
κ >
nγ
p
− s. ✭✷✳✶✶✷✮
❇♦t❤ ✭✷✳✶✶✶✮ ❛♥❞ ✭✷✳✶✶✷✮ t♦❣❡t❤❡r ❧❡❛❞ t♦ ✭✷✳✶✵✽✮✳ ❲✐t❤ s♦♠❡ ♠♦❞✐✜❝❛t✐♦♥s ❛♥❞ ❛ s✐♠✐❧❛r
♣r♦♦❢ ✇❡ ♦❜t❛✐♥ t❤❡ s❛♠❡ r❡s✉❧t ❢♦r q =∞✳ 
✾✵ ✷✳ ❉❡❝♦♠♣♦s✐t✐♦♥s
❘❡♠❛r❦ ✷✳✸✺✳ ❋✐♥❛❧❧② ✇❡ ❝♦♥s✐❞❡r ❛❣❛✐♥ ▼✉❝❦❡♥❤♦✉♣t ✇❡✐❣❤ts ❛s s♣❡❝✐❛❧ ❝❛s❡ ♦❢ ❞♦✉❜✲
❧✐♥❣ ✇❡✐❣❤ts✳ ❖♥❡ ❝❛♥ ❡①❛❝t❧② ❢♦❧❧♦✇ t❤❡ ♣r♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✷✳✸✸ ✇✐t❤ t❤❡ ▼✉❝❦❡♥❤♦✉♣t
✇❡✐❣❤t❡❞ ✈❡❝t♦r✲✈❛❧✉❡❞ ♠❛①✐♠❛❧ ✐♥❡q✉❛❧✐t② ✐♥st❡❛❞ ♦❢ t❤❡ ✉♥✇❡✐❣❤t❡❞ ✈❡❝t♦r✲✈❛❧✉❡❞ ♠❛✲
①✐♠❛❧ ✐♥❡q✉❛❧✐t② ♦❢ ❋❡✛❡r♠❛♥✲❙t❡✐♥ ❢r♦♠ ✭✷✳✾✽✮✳
▲❡t 0 < p < ∞✱ 0 < q ≤ ∞ ❛♥❞ w ∈ A∞ ✇✐t❤ rw = inf{r ≥ 1 : w ∈ Ar}✳ ❋✉rt❤❡r♠♦r❡
❧❡t 0 < ̺ < min(p/rw, q)✱ t❤❡♥ ❤♦❧❞s∥∥∥∥∥
( ∞∑
k=0
M(|gk|̺)(·)q/̺)1/q|Lp(w)
∥∥∥∥∥ ≤ c
∥∥∥∥∥
( ∞∑
k=0
|gk(·)|q
)1/q
|Lp(w)
∥∥∥∥∥, ✭✷✳✶✶✸✮
✇❤❡r❡ M st❛♥❞s ❤❡r❡ ❢♦r t❤❡ ✉s✉❛❧ ✭✉♥✇❡✐❣❤t❡❞✮ ♠❛①✐♠❛❧ ♦♣❡r❛t♦r ❢r♦♠ ✭✶✳✻✮✳ ❆ ♣r♦♦❢
♦❢ t❤✐s ✐♥t❡r❡st✐♥❣ r❡s✉❧t ♠❛② ❜❡ ❢♦✉♥❞ ✐♥ ❬❆❏✽✶❪✱ ❬❑♦❦✼✽❪✱ s❡❡ ❛❧s♦ ❬❇✉✐✽✶✱ ❚❤♠✳ ✸✳✶❪✱
❬●❈❘❞❋✽✺❪✳ ❚❤❡♥ ♦♥❡ ♦❜t❛✐♥s✱ t❤❛t f¯ sp,q(w)✱ w ∈ A∞✱ ✐s ❛ κ✲s❡q✉❡♥❝❡ s♣❛❝❡ ❢♦r ❛♥② κ
κ > max(s, σp/rw,q − s,
n rw
p
− s). ✭✷✳✶✶✹✮
❘❡♠❛r❦ ✷✳✸✻✳ ❲❡ ❤❛✈❡ s❤♦✇♥ t❤❛t t❤❡ ✭❝❧❛ss✐❝❛❧✮ s❡q✉❡♥❝❡ s♣❛❝❡s b¯sp,q ❛♥❞ f¯
s
p,q ✇✐t❤
s ∈ R ❛♥❞ 0 < p, q ≤ ∞ ✜t ✐♥t♦ t❤❡ s❝❤❡♠❡ ♦❢ κ✲s❡q✉❡♥❝❡ s♣❛❝❡s ✐♥tr♦❞✉❝❡❞ ✐♥ ❙❡❝t✐♦♥
✷✳✸✳✷✳ ▼♦r❡♦✈❡r ✇❡ ❤❛✈❡ ❡✈❡♥ ♣r♦✈❡❞ t❤❛t ❞♦✉❜❧✐♥❣ ✇❡✐❣❤t❡❞ s❡q✉❡♥❝❡ s♣❛❝❡s ♦❢ b¯✲t②♣❡
❛♥❞ f¯ ✲t②♣❡ ❛r❡ κ✲s❡q✉❡♥❝❡ s♣❛❝❡s ✐❢ κ ✐s s✉✣❝✐❡♥t❧② ❧❛r❣❡✳ ❖♥❡ ♠❛② ❛s❦ ❢♦r ♦♣t✐♠❛❧ ✭♦r
❛t ❧❡❛st s✉✣❝✐❡♥t✮ κ ✐♥ t❤❡ ❝♦♥t❡①t ♦❢ t❤✐s s♣❛❝❡s❄ ❚❤❡ ❝♦♥❞✐t✐♦♥ ✭✐✐✮ ✐s ❧♦❝❛❧✱ s✉❝❤ t❤❛t
♦♥❡ ❝❛♥ ❡①♣❡❝t t❤❛t ✇❡✐❣❤t❡❞ s♣❛❝❡s ♦❢ t②♣❡ b¯sp,q(w) ❛♥❞ f¯
s
p,q(w) ❝❛♥ ❜❡ ✐♥❝♦r♣♦r❛t❡❞ ❢♦r
✈❡r② ❣❡♥❡r❛❧ ✇❡✐❣❤ts ♦r ♠❡❛s✉r❡s✳ ❚❤❡ ✇❡✐❣❤t ♣r♦♣❡rt✐❡s ❛r❡ ♦♥❧② ✉s❡❞ ✐♥ t❤❡ ✜rst ♣❛rt ♦❢
t❤❡ ♣r♦♦❢s ♦❢ Pr♦♣♦s✐t✐♦♥ ✷✳✷✽ ♦r Pr♦♣♦s✐t✐♦♥ ✷✳✸✹✳
✷✳✹ ❲❛✈❡❧❡t ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ✾✶
✷✳✹ ❲❛✈❡❧❡t ❝❤❛r❛❝t❡r✐③❛t✐♦♥
■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ❛♣♣❧② ♦✉r ♠❛✐♥ ❚❤❡♦r❡♠ ✷✳✷✸ ❢r♦♠ t❤❡ ❧❛st s❡❝t✐♦♥ t♦ ♦❜t❛✐♥ t❤❡ ✇❛✈❡❧❡t
❝❤❛r❛❝t❡r✐③❛t✐♦♥ ❢♦r s♣❡❝✐✜❝ ❢✉♥❝t✐♦♥ s♣❛❝❡s✱ ♠♦r❡ ♣r❡❝✐s❡❧② ❢♦r ❞♦✉❜❧✐♥❣ ✇❡✐❣❤t❡❞ ❇❡s♦✈
❛♥❞ ❚r✐❡❜❡❧✲▲✐③♦r❦✐♥ s♣❛❝❡s✳
❆t ✜rst ✇❡ ❤❛✈❡ t♦ ♠♦❞✐❢② t❤❡ s❡q✉❡♥❝❡ s♣❛❝❡ ♥♦r♠ ❢r♦♠ ❉❡✜♥✐t✐♦♥ ✷✳✻ ❛ ❧✐tt❧❡ ❜✐t t♦
❣❡t t❤❡ ✒✇❛✈❡❧❡t ✈❡rs✐♦♥✏ ♦❢ t❤❡♠✳
❉❡✜♥✐t✐♦♥ ✷✳✸✼✳
✭✐✮ ▲❡t 0 < p ≤ ∞✱ 0 < q ≤ ∞✱ s ∈ R ❛♥❞ w ❜❡ ❛ ❞♦✉❜❧✐♥❣ ✇❡✐❣❤t✳ ❚❤❡♥ bsp,q(w) ✐s t❤❡
❝♦❧❧❡❝t✐♦♥ ♦❢ ❛❧❧ s❡q✉❡♥❝❡s
λ =
{
λm ∈ C, λj,Gm ∈ C : m ∈ Zn, j ∈ N0, G ∈ G∗
}
s✉❝❤ t❤❛t∥∥λ|bsp,q(w)∥∥ = ( ∑
m∈Zn
|λm|pw(Q0,m)
)1/p
+
( ∞∑
j=0
2jsq
∑
G∈G∗
( ∑
m∈Zn
|λj,Gm |pw(Qj,m)
) q
p
)1/q
✐s ✜♥✐t❡ ✭✇✐t❤ ♦❜✈✐♦✉s ♠♦❞✐✜❝❛t✐♦♥ ❢♦r p =∞ ♦r q =∞✮✳
✭✐✐✮ ▲❡t 0 < p < ∞✱ 0 < q ≤ ∞✱ s ∈ R✱ ❛♥❞ w ❜❡ ❛ ❞♦✉❜❧✐♥❣ ✇❡✐❣❤t✳ ❚❤❡♥ f sp,q(w) ✐s t❤❡
❝♦❧❧❡❝t✐♦♥ ♦❢ ❛❧❧ s❡q✉❡♥❝❡s
λ =
{
λm ∈ C, λj,Gm ∈ C : m ∈ Zn, j ∈ N0, G ∈ G∗
}
s✉❝❤ t❤❛t∥∥λ|f sp,q(w)∥∥ = ∥∥ ∑
m∈Zn
|λm|χ0,m(·)
∣∣Lp(w)∥∥+∥∥∥∥( ∑
m∈Zn,j∈N0,G∈G∗
2jsq|λj,Gm |qχj,m(·)
)1/q ∣∣∣∣Lp(w)∥∥∥∥
✐s ✜♥✐t❡ ✭✇✐t❤ ♦❜✈✐♦✉s ♠♦❞✐✜❝❛t✐♦♥ ❢♦r q =∞✮✳
❆s ❛ ❝♦♥❝❧✉s✐♦♥ ♦❢ ❚❤❡♦r❡♠ ✷✳✷✸ ✇❡ ♦❜t❛✐♥ ❛ ✇❛✈❡❧❡t ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ❢♦r t❤❡ ✉♥✇❡✐❣❤✲
t❡❞ ❇❡s♦✈ ❛♥❞ ❚r✐❡❜❡❧✲▲✐③♦r❦✐♥ s♣❛❝❡s✳
❈♦r♦❧❧❛r② ✷✳✸✽✳
✭✐✮ ▲❡t 0 < p ≤ ∞✱ 0 < q ≤ ∞✱ s ∈ R✳ ❲❡ ❛ss✉♠❡
L > max
(
s,
n
p
− s
)
. ✭✷✳✶✶✺✮
❚❤❡♥ f ∈ S ′(Rn) ❜❡❧♦♥❣s t♦ Bsp,q(Rn) ✐❢✱ ❛♥❞ ♦♥❧② ✐❢✱ ✐t ❝❛♥ ❜❡ r❡♣r❡s❡♥t❡❞ ✐♥ t❡r♠s ♦❢
L✲✇❛✈❡❧❡ts ❛s
f =
∑
m∈Zn
λmΨm +
∑
G∈G∗
∑
j∈N0
∑
m∈Zn
λj,Gm 2
−jn/2ΨjG,m, λ ∈ bsp,q, ✭✷✳✶✶✻✮
✾✷ ✷✳ ❉❡❝♦♠♣♦s✐t✐♦♥s
✉♥❝♦♥❞✐t✐♦♥❛❧ ❝♦♥✈❡r❣❡♥❝❡ ❜❡✐♥❣ ✐♥ S ′(Rn)✳ ❚❤❡ r❡♣r❡s❡♥t❛t✐♦♥ ✭✷✳✶✶✻✮ ✐s ✉♥✐q✉❡✱
λj,Gm = λ
j,G
m (f) = 2
jn/2
(
f,ΨjG,m
)
, λm = λm(f) = (f,Ψm), ✭✷✳✶✶✼✮
m ∈ Zn✱ j ∈ N0✱ G ∈ G∗✱ ❛♥❞
I : f 7→ {λm(f), λj,Gm (f)} ✭✷✳✶✶✽✮
✐s ❛♥ ✐s♦♠♦r♣❤✐❝ ♠❛♣ ♦❢ Bsp,q(R
n) ♦♥t♦ bsp,q✳
✭✐✐✮ ▲❡t 0 < p <∞✱ 0 < q ≤ ∞✱ s ∈ R✳ ❲❡ ❛ss✉♠❡
L > max
(
s,
n
p
− s, σp,q − s
)
. ✭✷✳✶✶✾✮
❚❤❡♥ f ∈ S ′(Rn) ❜❡❧♦♥❣s t♦ F sp,q(Rn) ✐❢✱ ❛♥❞ ♦♥❧② ✐❢✱ ✐t ❝❛♥ ❜❡ r❡♣r❡s❡♥t❡❞ ✐♥ t❡r♠s ♦❢
L✲✇❛✈❡❧❡ts ❛s
f =
∑
m∈Zn
λmΨm +
∑
G∈G∗
∑
j∈N0
∑
m∈Zn
λj,Gm 2
−jn/2ΨjG,m, λ ∈ f sp,q, ✭✷✳✶✷✵✮
✉♥❝♦♥❞✐t✐♦♥❛❧ ❝♦♥✈❡r❣❡♥❝❡ ❜❡✐♥❣ ✐♥ S ′(Rn)✳ ❚❤❡ r❡♣r❡s❡♥t❛t✐♦♥ ✭✷✳✶✷✵✮ ✐s ✉♥✐q✉❡✱
λj,Gm = λ
j,G
m (f) = 2
jn/2
(
f,ΨjG,m
)
, λm = λm(f) = (f,Ψm), ✭✷✳✶✷✶✮
m ∈ Zn✱ j ∈ N0✱ G ∈ G∗✱ ❛♥❞
I : f 7→ {λm(f), λj,Gm (f)} ✭✷✳✶✷✷✮
✐s ❛♥ ✐s♦♠♦r♣❤✐❝ ♠❛♣ ♦❢ F sp,q(R
n) ♦♥t♦ f sp,q✳
Pr♦♦❢✳ ❙t❡♣ ✶✳ ❙✐♥❝❡ L > max(s, n
p
−s) ✐t ❡①✐sts ❛ κ > 0 s✉❝❤ t❤❛t L > κ > max(s, n
p
−s)✳
❆s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ Pr♦♣♦s✐t✐♦♥ ✷✳✷✻ b¯sp,q ✐s ❛ κ✲s❡q✉❡♥❝❡ s♣❛❝❡ ❢♦r t❤✐s κ ❛♥❞ b
s
p,q ✐s t❤❡
✇❛✈❡❧❡t ✈❡rs✐♦♥ ♦❢ b¯sp,q✳ ▼♦r❡♦✈❡r✱ t❤❡r❡ ❡①✐sts ❛♥ L✲❛t♦♠✐❝ r❡♣r❡s❡♥t❛t✐♦♥ ❢♦r B
s
p,q(R
n)✱
❢♦r L > max(s, n
p
− s)✱ s❡❡ ❢♦r ❡①❛♠♣❧❡ ✐♥ ❬❚r✐✵✽✱ ❚❤❡♦r❡♠ ✶✳✼✱ ❙❡❝t✐♦♥ ✶✳✶✳✷✱ ♣✳✺❪ ♦r
❬❚r✐✾✼✱ ❚❤❡♦r❡♠ ✶✸✳✽❪✱ r❡s♣❡❝t✐✈❡❧②✳ ■♥ ❛❞❞✐t✐♦♥✱ Bsp,q(R
n) s❛t✐s✜❡s t❤❡ ❡ss❡♥t✐❛❧ ❡♠❜❡❞❞✐♥❣
S(Rn) →֒ Bsp,q(Rn) →֒ S ′(Rn)✱ ❝❢✳ ❘❡♠❛r❦ ✶✳✸✻ ♦r ❬❚r✐✽✸✱ ❙❡❝t✐♦♥ ✷✳✸✳✸❪✳ ❚❤✉s ❚❤❡♦r❡♠
✷✳✷✸ ②✐❡❧❞s ✉s t❤❡ ❞❡s✐r❡❞ r❡s✉❧t✳
❙t❡♣ ✷✳ ❆♥❛❧♦❣♦✉s❧② t❤❡r❡ ❡①✐sts ❛ κ s✉❝❤ t❤❛t L > κ > max(s, n
p
− s, σp,q − s) ❛♥❞ f¯ sp,q
✐s ❛ κ✲s❡q✉❡♥❝❡ s♣❛❝❡ ❢♦r t❤✐s κ✱ ❜❡❝❛✉s❡ ♦❢ Pr♦♣♦s✐t✐♦♥ ✷✳✸✸✳ ❆❞❞✐t✐♦♥❛❧❧② f sp,q ✐s t❤❡
✇❛✈❡❧❡t ✈❡rs✐♦♥ ♦❢ f¯ sp,q ❛♥❞ ✐t ❤♦❧❞s S(Rn) →֒ F sp,q(Rn) →֒ S ′(Rn)✱ ❝❢✳ ❘❡♠❛r❦ ✶✳✸✻ ♦r
❬❚r✐✽✸✱ ❙❡❝t✐♦♥ ✷✳✸✳✸❪✳ ❋✉rt❤❡r♠♦r❡ ✇❡ ❤❛✈❡ ❛❧s♦ ❛♥ L✲❛t♦♠✐❝ r❡♣r❡s❡♥t❛t✐♦♥ ❢♦r F sp,q(R
n)✱
❢♦r L > max(s, n
p
− s, σp,q − s)✱ s❡❡ ❢♦r ❡①❛♠♣❧❡ ✐♥ ❬❚r✐✵✽✱ ❚❤❡♦r❡♠ ✶✳✼✱ ❙❡❝t✐♦♥ ✶✳✶✳✷✱
♣✳✺❪ ♦r ❬❚r✐✾✼✱ ❚❤❡♦r❡♠ ✶✸✳✽❪✱ r❡s♣❡❝t✐✈❡❧②✳ ❚❤❡♥ ❚❤❡♦r❡♠ ✷✳✷✸ ②✐❡❧❞s ✉s t❤❡ L✲✇❛✈❡❧❡t
❝❤❛r❛❝t❡r✐③❛t✐♦♥ ❢♦r F sp,q(R
n)✳ 
✷✳✹ ❲❛✈❡❧❡t ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ✾✸
❘❡♠❛r❦ ✷✳✸✾✳ ❚❤❡ ❝♦♥❞✐t✐♦♥ ❢♦r L ❝♦♠❡s ♦✉t ❢r♦♠ t❤❡ ❝♦♥❞✐t✐♦♥ ❢♦r κ✳ ■❢ ♦♥❡ ❝♦♠♣❛r❡s
t❤✐s r❡s✉❧t ✇✐t❤ t❤❡ ✇❡❧❧✲❦♥♦✇♥ r❡s✉❧ts ❢♦r bsp,q ❛♥❞ f
s
p,q s♣❛❝❡s ❢r♦♠ ❬❚r✐✵✽✱ ❚❤❡♦r❡♠ ✶✳✷✵❪
❛♥❞ t❛❦❡s ❛ ❧♦♦❦ ✐♥ t❤❡ ♣r♦♦❢s ♦❢ Pr♦♣♦s✐t✐♦♥ ✷✳✷✻ ♦r Pr♦♣♦s✐t✐♦♥ ✷✳✸✸✱ r❡s♣❡❝t✐✈❡❧②✱ t❤❡♥
♦♥❡ s❡❡s t❤❛t t❤❡ ✭✐✮ ❝♦♥❞✐t✐♦♥ ❛t κ ✐s r❡❛❧❧② s❤❛r♣ ❛♥❞ ❝♦✐♥❝✐❞❡s ✇✐t❤ t❤❡ ❝♦♥❞✐t✐♦♥ ❛t
L = u ✐♥ ❬❚r✐✵✽✱ ❚❤❡♦r❡♠ ✶✳✷✵❪✳ ❇✉t t❤❡ ✭✐✐✮ ❝♦♥❞✐t✐♦♥ ❛t κ ✐s str♦♥❣❡r ❛♥❞ t❤❡r❡❢♦r❡ t❤❡
r❡s✉❧t ✐♥ ❈♦r♦❧❧❛r② ✷✳✸✽ ✐s s❧✐❣❤t❧② ✇❡❛❦❡r t❤❛♥ ✐♥ ❬❚r✐✵✽✱ ❚❤❡♦r❡♠ ✶✳✷✵❪✳ ■♥ s✉♠♠❛r② ✐t
❝❛♥ ❜❡ s❛✐❞✱ t❤❛t ❝♦♥❞✐t✐♦♥ ✭✐✮ ❛t κ ✐s s❤❛r♣ ❛♥❞ ✭♣❡r❤❛♣s✮ ♦♥❡ ❝❛♥ ✜♥❞ ♦♣t✐♠❛❧ ✈❛❧✉❡s
❢♦r κ✱ ❜✉t ✐t ✐s ♠♦r❡ t❡❝❤♥✐❝❛❧ ❛♥❞ ❤❛r❞❡r t♦ ♣r♦✈❡✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞ ❝♦♥❞✐t✐♦♥ ✭✐✐✮ ❛t
κ ✐s ❡❛s② t♦ ♣r♦✈❡✱ ❜✉t ♠❛②❜❡ t♦♦ ✇❡❛❦ t♦ ❣❡t ♦♣t✐♠❛❧ ✈❛❧✉❡s ❢♦r κ ✐♥ ❝♦♥♥❡❝t✐♦♥ ✇✐t❤
❝♦♥❞✐t✐♦♥ ✭✐✮✳ ▼❛②❜❡ ✐t ✐s s✉✐t❛❜❧❡ t♦ ❞❡❝♦✉♣❧❡ ❜♦t❤ ❝♦♥❞✐t✐♦♥s t♦ ❣❡t ♦♣t✐♠❛❧ ✈❛❧✉❡s ❢♦r
κ✳
◆❡①t ✇❡ ❣❡t ❛ ✇❛✈❡❧❡t ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ❢♦r ▼✉❝❦❡♥❤♦✉♣t ✇❡✐❣❤t❡❞ ❇❡s♦✈✲❚r✐❡❜❡❧✲
▲✐③♦r❦✐♥ s♣❛❝❡s✳ ❚❤✐s r❡s✉❧t ✐s ♥♦t ♥❡✇✱ ❢♦r ❡①❛♠♣❧❡ ♦♥❡ ❝❛♥ ✜♥❞ ✐t ✐♥ ❬❍❙✵✽❪✳ ❇✉t ❤❡r❡
✇❡ ❤❛✈❡ ❛ ♥❡✇ ❛♣♣r♦❛❝❤✳
❈♦r♦❧❧❛r② ✷✳✹✵✳ ▲❡t 0 < p < ∞✱ 0 < q ≤ ∞✱ s ∈ R ❛♥❞ w ∈ A∞ ❜❡ ❛ ✇❡✐❣❤t ✇✐t❤ rw
❣✐✈❡♥ ❜② ✭✶✳✷✻✮✳
✭✐✮ ❲❡ ❛ss✉♠❡
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n
p
,
n
p
rw − s
)
. ✭✷✳✶✷✸✮
❚❤❡♥ f ∈ S ′(Rn) ❜❡❧♦♥❣s t♦ Bsp,q(w) ✐❢✱ ❛♥❞ ♦♥❧② ✐❢✱ ✐t ❝❛♥ ❜❡ r❡♣r❡s❡♥t❡❞ ✐♥ t❡r♠s ♦❢
L✲✇❛✈❡❧❡ts ❛s
f =
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λmΨm +
∑
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∑
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∑
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−jn/2ΨjG,m, λ ∈ bsp,q(w), ✭✷✳✶✷✹✮
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f,ΨjG,m
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, λm = λm(f) = (f,Ψm), ✭✷✳✶✷✺✮
m ∈ Zn✱ j ∈ N0✱ G ∈ G∗✱ ❛♥❞
I : f 7→ {λm(f), λj,Gm (f)} ✭✷✳✶✷✻✮
✐s ❛♥ ✐s♦♠♦r♣❤✐❝ ♠❛♣ ♦❢ Bsp,q(w) ♦♥t♦ b
s
p,q(w)✳
✭✐✐✮ ❲❡ ❛ss✉♠❡
L > max(s, σp/rw,q − s,
n
p
rw − s). ✭✷✳✶✷✼✮
❚❤❡♥ f ∈ S ′(Rn) ❜❡❧♦♥❣s t♦ F sp,q(w) ✐❢✱ ❛♥❞ ♦♥❧② ✐❢✱ ✐t ❝❛♥ ❜❡ r❡♣r❡s❡♥t❡❞ ✐♥ t❡r♠s ♦❢
L✲✇❛✈❡❧❡ts ❛s
f =
∑
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λmΨm +
∑
G∈G∗
∑
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∑
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λj,Gm 2
−jn/2ΨjG,m, λ ∈ f sp,q(w), ✭✷✳✶✷✽✮
✾✹ ✷✳ ❉❡❝♦♠♣♦s✐t✐♦♥s
✉♥❝♦♥❞✐t✐♦♥❛❧ ❝♦♥✈❡r❣❡♥❝❡ ❜❡✐♥❣ ✐♥ S ′(Rn)✳ ❚❤❡ r❡♣r❡s❡♥t❛t✐♦♥ ✭✷✳✶✷✽✮ ✐s ✉♥✐q✉❡✱
λj,Gm = λ
j,G
m (f) = 2
jn/2
(
f,ΨjG,m
)
, λm = λm(f) = (f,Ψm), ✭✷✳✶✷✾✮
m ∈ Zn✱ j ∈ N0✱ G ∈ G∗✱ ❛♥❞
I : f 7→ {λm(f), λj,Gm (f)} ✭✷✳✶✸✵✮
✐s ❛♥ ✐s♦♠♦r♣❤✐❝ ♠❛♣ ♦❢ F sp,q(w) ♦♥t♦ f
s
p,q(w)✳
Pr♦♦❢✳ ❙t❡♣ ✶✳ ❙✐♥❝❡ L > max(s + n
p
, n
p
rw − s) ✐t ❡①✐sts ❛ κ > 0 s✉❝❤ t❤❛t L > κ >
max(s+ n
p
, n
p
rw−s)✳ ❚❤❡♥ b¯sp,q(w) ✐s ❛ κ✲s❡q✉❡♥❝❡ s♣❛❝❡ ❢♦r t❤✐s κ ❝♦♥❝❡r♥✐♥❣ Pr♦♣♦s✐t✐♦♥
✷✳✷✼✳ ■t ❤♦❧❞s t❤❛t S(Rn) →֒ Bsp,q(w) →֒ S ′(Rn)✱ s❡❡ ❬❇✉✐✽✷✱ ❚❤♠✳ ✷✳✹❪✱ ❛♥❞ bsp,q(w) ✐s t❤❡
✇❛✈❡❧❡t ✈❡rs✐♦♥ ♦❢ b¯sp,q(w)✳ ▼♦r❡♦✈❡r t❤❡r❡ ❡①✐sts ❛♥ L✲❛t♦♠✐❝ r❡♣r❡s❡♥t❛t✐♦♥ ❢♦r B
s
p,q(w)✱
s✐♥❝❡ ✭✷✳✶✷✸✮ ✐♠♣❧✐❡s L > max(s, σp/rw−s)✱ ❝❢✳ ❬❍❙✵✽✱ Pr♦♣♦s✐t✐♦♥ ✶✳✶✷❪ ♦r ❬❍P✵✽✱ ❚❤❡♦r❡♠
✸✳✶✵❪✳ ❚❤✉s ❚❤❡♦r❡♠ ✷✳✷✸ ②✐❡❧❞s ✉s t❤❡ ❞❡s✐r❡❞ r❡s✉❧t✳
❙t❡♣ ✷✳ ❆♥❛❧♦❣♦✉s❧② t❤❡r❡ ❡①✐sts ❛ κ s✉❝❤ t❤❛t L > κ > max(s, σp/rw,q − s, np rw − s) ❛♥❞
f¯ sp,q(w) ✐s ❛ κ✲s❡q✉❡♥❝❡ s♣❛❝❡ ❢♦r t❤✐s κ✱ s❡❡ ❘❡♠❛r❦ ✷✳✸✺✳ ■t ❤♦❧❞s ❛❧s♦ t❤❛t S(Rn) →֒
F sp,q(w) →֒ S ′(Rn)✱ s❡❡ ❬❇✉✐✽✷✱ ❚❤♠✳ ✷✳✹❪✱ ❛♥❞ f sp,q(w) ✐s t❤❡ r❡❧❛t❡❞ ✇❛✈❡❧❡t ✈❡rs✐♦♥ ♦❢
f¯ sp,q(w)✳ ❋✉rt❤❡r♠♦r❡ ✇❡ ❤❛✈❡ ❛❧s♦ ❛♥ L✲❛t♦♠✐❝ r❡♣r❡s❡♥t❛t✐♦♥ ❢♦r F
s
p,q(w)✱ s✐♥❝❡ L >
max(s, σp/rw,q − s, n rwp − s)✱ ❝❢✳ ❬❍P✵✽✱ ❚❤❡♦r❡♠ ✸✳✶✵❪✳ ❚❤❡♥ ❚❤❡♦r❡♠ ✷✳✷✸ ②✐❡❧❞s ✉s t❤❡
L✲✇❛✈❡❧❡t ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ❢♦r F sp,q(w)✳ 
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❈♦r♦❧❧❛r② ✷✳✹✶✳ ▲❡t 0 < p < ∞✱ 0 < q ≤ ∞✱ s ∈ R ❛♥❞ w ❜❡ ❛ ❞♦✉❜❧✐♥❣ ✇❡✐❣❤t ✇✐t❤
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✭✐✮ ❲❡ ❛ss✉♠❡
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c γ − s
)
, ✭✷✳✶✸✶✮
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√
n)⌋+ 2 ✐s t❤❡ s❛♠❡ ❛s ✐♥ Pr♦♣♦s✐t✐♦♥ ✶✳✷✸✳
❚❤❡♥ f ∈ S ′(Rn) ❜❡❧♦♥❣s t♦ Bsp,q(w) ✐❢✱ ❛♥❞ ♦♥❧② ✐❢✱ ✐t ❝❛♥ ❜❡ r❡♣r❡s❡♥t❡❞ ✐♥ t❡r♠s ♦❢
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−jn/2ΨjG,m, λ ∈ bsp,q(w), ✭✷✳✶✸✷✮
✉♥❝♦♥❞✐t✐♦♥❛❧ ❝♦♥✈❡r❣❡♥❝❡ ❜❡✐♥❣ ✐♥ S ′(Rn)✳ ❚❤❡ r❡♣r❡s❡♥t❛t✐♦♥ ✭✷✳✶✸✷✮ ✐s ✉♥✐q✉❡✱
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f,ΨjG,m
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, λm = λm(f) = (f,Ψm), ✭✷✳✶✸✸✮
m ∈ Zn✱ j ∈ N0✱ G ∈ G∗✱ ❛♥❞
I : f 7→ {λm(f), λj,Gm (f)} ✭✷✳✶✸✹✮
✐s ❛♥ ✐s♦♠♦r♣❤✐❝ ♠❛♣ ♦❢ Bsp,q(w) ♦♥t♦ b
s
p,q(w)✳
✷✳✹ ❲❛✈❡❧❡t ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ✾✺
✭✐✐✮ ❲❡ ❛ss✉♠❡
L > max(s, γ σp,q + (γ − 1)n− s, n
min(p, q)
c γ − s), ✭✷✳✶✸✺✮
✇❤❡r❡ c = ⌊log2(
√
n)⌋+ 2 ✐s t❤❡ s❛♠❡ ❛s ✐♥ Pr♦♣♦s✐t✐♦♥ ✶✳✷✸✳
❚❤❡♥ f ∈ S ′(Rn) ❜❡❧♦♥❣s t♦ F sp,q(w) ✐❢✱ ❛♥❞ ♦♥❧② ✐❢✱ ✐t ❝❛♥ ❜❡ r❡♣r❡s❡♥t❡❞ ✐♥ t❡r♠s ♦❢
L✲✇❛✈❡❧❡ts ❛s
f =
∑
m∈Zn
λmΨm +
∑
G∈G∗
∑
j∈N0
∑
m∈Zn
λj,Gm 2
−jn/2ΨjG,m, λ ∈ f sp,q(w), ✭✷✳✶✸✻✮
✉♥❝♦♥❞✐t✐♦♥❛❧ ❝♦♥✈❡r❣❡♥❝❡ ❜❡✐♥❣ ✐♥ S ′(Rn)✳ ❚❤❡ r❡♣r❡s❡♥t❛t✐♦♥ ✭✷✳✶✸✻✮ ✐s ✉♥✐q✉❡✱
λj,Gm = λ
j,G
m (f) = 2
jn/2
(
f,ΨjG,m
)
, λm = λm(f) = (f,Ψm), ✭✷✳✶✸✼✮
m ∈ Zn✱ j ∈ N0✱ G ∈ G∗✱ ❛♥❞
I : f 7→ {λm(f), λj,Gm (f)} ✭✷✳✶✸✽✮
✐s ❛♥ ✐s♦♠♦r♣❤✐❝ ♠❛♣ ♦❢ F sp,q(w) ♦♥t♦ f
s
p,q(w)✳
Pr♦♦❢✳ ❙t❡♣ ✶✳ ❙✐♥❝❡ L > max(s + n
p
, n
p
c γ − s) ≥ max(s + n
p
, nγ
p
− s) ✐t ❡①✐sts ❛ κ > 0
s✉❝❤ t❤❛t L > κ > max(s + n
p
, nγ
p
− s)✳ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ Pr♦♣♦s✐t✐♦♥ ✷✳✷✽ b¯sp,q(w) ✐s
❛ κ✲s❡q✉❡♥❝❡ s♣❛❝❡ ❢♦r t❤✐s κ ❛♥❞ bsp,q(w) ✐s t❤❡ ✇❛✈❡❧❡t ✈❡rs✐♦♥ ♦❢ b¯
s
p,q(w)✳ ❖♥ t❤❡ ♦t❤❡r
s✐❞❡ ✇❡ ❤❛✈❡ t❤❡ ❡ss❡♥t✐❛❧ ❡♠❜❡❞❞✐♥❣ S(Rn) →֒ Bsp,q(w) →֒ S ′(Rn)✱ s❡❡ Pr♦♣♦s✐t✐♦♥ ✶✳✹✹✳
■t ❤♦❧❞s t❤❛t L > max(s+ n
p
, n
p
c γ − s) ≥ max(s+ n
p
, n
p
β − s) ≥ max(s, n(β−1)
p
+ σp − s)✱
✇❤❡r❡ β ✐s t❤❡ ❞♦✉❜❧✐♥❣ ❝♦♥st❛♥t ❝♦♥❝❡r♥✐♥❣ ❜❛❧❧s✱ s❡❡ ❙❡❝t✐♦♥ ✶✳✷✳✸✳ ❍❡♥❝❡✱ t❤❡r❡ ❡①✐sts ❛♥
L✲❛t♦♠✐❝ r❡♣r❡s❡♥t❛t✐♦♥ ❢♦r Bsp,q(w)✱ ❝❢✳ Pr♦♣♦s✐t✐♦♥ ✷✳✶✶ ✭✐✮ ♦r s❡❡ ✐♥ ❬❍❙✶✹✱ Pr♦♣♦s✐t✐♦♥
✷✳✷✶✱ ♣✳ ✶✵❪ ♦r ❬❇♦✇✵✺✱ ❚❤❡♦r❡♠ ✺✳✶✵❪✱ r❡s♣❡❝t✐✈❡❧②✳ ❚❤✉s ❚❤❡♦r❡♠ ✷✳✷✸ ②✐❡❧❞s ✉s t❤❡
✇❛✈❡❧❡t ✐s♦♠♦r♣❤✐s♠ ❢♦r ❞♦✉❜❧✐♥❣ ✇❡✐❣❤t❡❞ ❇❡s♦✈ s♣❛❝❡s Bsp,q(w)✳
❙t❡♣ ✷✳ ❆♥❛❧♦❣♦✉s❧② t❤❡r❡ ❡①✐sts ❛ κ s✉❝❤ t❤❛t L > κ > max(s, γ σp,q+(γ−1)n−s, nγp −s)✱
s✐♥❝❡ L > max(s, γ σp,q+(γ−1)n−s, nmin(p,q) cγ−s) ≥ max(s, γ σp,q+(γ−1)n−s, np γ−s)✳
❚❤✉s f¯ sp,q(w) ✐s ❛ κ✲s❡q✉❡♥❝❡ s♣❛❝❡ ❢♦r t❤✐s κ✱ s❡❡ Pr♦♣♦s✐t✐♦♥ ✷✳✸✸✱ ❛♥❞ f
s
p,q(w) ✐s t❤❡
r❡❧❛t❡❞ ✇❛✈❡❧❡t ✈❡rs✐♦♥ ♦❢ f¯ sp,q(w)✳ ❋✉rt❤❡r♠♦r❡ ✇❡ ❤❛✈❡ ❛❧s♦ t❤❡ ❡ss❡♥t✐❛❧ ❡♠❜❡❞❞✐♥❣
S(Rn) →֒ F sp,q(w) →֒ S ′(Rn)✱ s❡❡ Pr♦♣♦s✐t✐♦♥ ✶✳✹✹✱ ❛♥❞ ❛♥ L✲❛t♦♠✐❝ r❡♣r❡s❡♥t❛t✐♦♥ ❢♦r
F sp,q(w)✱ s✐♥❝❡ L > max(s, γ σp,q+(γ− 1)n− s, nmin(p,q) c γ− s) ≥ max(s, γ σp,q+(γ− 1)n−
s, n
min(p,q)
β − s) ≥ max(s, γ σp,q + (γ − 1)n− s, n(β−1)p + σp,q − s)✱ ❝❢✳ Pr♦♣♦s✐t✐♦♥ ✷✳✶✶ ✭✐✐✮
♦r s❡❡ ✐♥ ❬❇❍✵✻✱ ❚❤❡♦r❡♠ ✺✳✶✶❪✳ ❚❤❡♥ ❚❤❡♦r❡♠ ✷✳✷✸ ②✐❡❧❞s ✉s ✭✐✐✮✳ 
❘❡♠❛r❦ ✷✳✹✷✳ ❖♥ t❤❡ ♦♥❡ s✐❞❡ t❤❡ ❝♦♥❞✐t✐♦♥ ❢♦r L ❝♦♠❡s ♦✉t ❢r♦♠ t❤❡ ❝♦♥❞✐t✐♦♥ ❢♦r κ ❛♥❞
♦♥ t❤❡ ♦t❤❡r s✐❞❡ ✐t ❝♦♠❡s ♦✉t ❢r♦♠ t❤❡ ❝♦♥❞✐t✐♦♥ ❢♦r L = K ✐♥ t❤❡ ❛t♦♠✐❝ r❡♣r❡s❡♥t❛t✐♦♥✳
❖♥❡ ❝❛♥ s❧✐❣❤t❧② ♦♣t✐♠✐③❡ t❤❡ ❝♦♥❞✐t✐♦♥ ❢♦r L ✐♥ ❝♦r♦❧❧❛r② ✷✳✹✶ ❜② ✉s✐♥❣ ❜♦t❤ ❞♦✉❜❧✐♥❣
❝♦♥st❛♥ts γ ✭❝♦♥❝❡r♥✐♥❣ ❝✉❜❡s✮ ❛♥❞ β ✭❝♦♥❝❡r♥✐♥❣ ❜❛❧❧s✮✱ t❤❡♥ ✭✷✳✶✸✶✮ ❝❛♥ ❜❡ r❡♣❧❛❝❡❞ ❜②
L > max
(
s+
n
p
,
n
p
γ − s, n(β − 1)
p
+ σp − s
)
✾✻ ✷✳ ❉❡❝♦♠♣♦s✐t✐♦♥s
❛♥❞ ✭✷✳✶✸✺✮ ❝❛♥ ❜❡ r❡♣❧❛❝❡❞ ❜②
L > max(s, γ σp,q + (γ − 1)n− s, n
p
γ − s, n(β − 1)
p
+ σp,q − s).
❖♥ t❤❡ ♦t❤❡r ❤❛♥❞ ✭✷✳✶✸✺✮ ❝❛♥ ❛❧s♦ ❜❡ r❡♣❧❛❝❡❞ ❜②
L > max(s, c γ σp,q + (c γ − 1)n− s, n
p
γ − s).
❇✉t ✐❢ ♦♥❡ ❛s❦ ❢♦r ♦♣t✐♠❛❧ ✈❛❧✉❡s ❢♦r L✱ t❤❡♥ t❤❡ t❤❡♦r② ♦❢ κ✲s❡q✉❡♥❝❡ s♣❛❝❡s ✐s ♥♦t t❤❡
❜❡st ❝❤♦✐❝❡✳ ■♥ t❤✐s ❝❛s❡ ✐t ✐s t❤❡ ❜❡st ✇❛② t♦ ♣r♦✈❡ t❤❡ ✇❛✈❡❧❡t ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ❞✐r❡❝t❧②✳
✸ ❈♦♥t✐♥✉♦✉s ❛♥❞ ❝♦♠♣❛❝t ❡♠❜❡❞❞✐♥❣s
❚❤❡ ❛✐♠ ♦❢ t❤✐s ❈❤❛♣t❡r ✐s t♦ st✉❞② ♥❡❝❡ss❛r② ❛♥❞ s✉✣❝✐❡♥t ❝♦♥❞✐t✐♦♥s ❢♦r ❝♦♥t✐♥✉♦✉s ❛♥❞
❝♦♠♣❛❝t ❡♠❜❡❞❞✐♥❣s ❢♦r ❞♦✉❜❧✐♥❣ ✇❡✐❣❤t❡❞ ❇❡s♦✈ s♣❛❝❡s Bsp,q(w)✳ ❲❡ ❢♦❧❧♦✇ t❤❡ ❛♣♣r♦❛❝❤
❢r♦♠ t❤❡ s❡r✐❡s ♦❢ ♣❛♣❡rs ❬❍❙✵✽✱ ❍❙✶✶❛✱ ❍❙✶✶❜❪ ❜②❍❛r♦s❦❡ ❛♥❞ ❙❦r③②♣❝③❛❦✳ ❚❤❡r❡❢♦r❡
✇❡ ❛♣♣❧② t❤❡ ✇❛✈❡❧❡t ❝❤❛r❛❝t❡r✐③❛t✐♦♥✱ ✇❤✐❝❤ ✇❡ ♣r♦✈❡❞ ✐♥ t❤❡ ❧❛st ❝❤❛♣t❡r✳ ❚❤✐s ❛❧❧♦✇s ✉s
t♦ tr❛♥s❢♦r♠ t❤❡ ♣r♦❜❧❡♠ ❢r♦♠ t❤❡ ❢✉♥❝t✐♦♥ s♣❛❝❡s t♦ t❤❡ s✐♠♣❧❡r ❝♦♥t❡①t ♦❢ t❤❡ s❡q✉❡♥❝❡
s♣❛❝❡s✳ ❆❞❞✐t✐♦♥❛❧❧② ✇❡ ✉s❡ ❛ r❡s✉❧t ❢♦r ❣❡♥❡r❛❧ ✇❡✐❣❤t❡❞ s❡q✉❡♥❝❡ s♣❛❝❡s ❢r♦♠ t❤❡ ♣❛♣❡r
❬❑▲❙❙✵✻❜✱ ❚❤♠✳ ✸✳✶❪ ❜② ❑ü❤♥ ▲❡♦♣♦❧❞ ❙✐❝❦❡❧ ❛♥❞ ❙❦r③②♣❝③❛❦✳
✸✳✶ ❊♠❜❡❞❞✐♥❣s ♦❢ ❣❡♥❡r❛❧ ✇❡✐❣❤t❡❞ s❡q✉❡♥❝❡ s♣❛❝❡s
❇❡❢♦r❡ ✇❡ ❝♦♠❡ t♦ st❛t❡ ♦✉r ❡♠❜❡❞❞✐♥❣ r❡s✉❧ts✱ ✇❡ ✐♥tr♦❞✉❝❡ ❛ ♥♦t❛t✐♦♥ ❢♦r s❡q✉❡♥❝❡
s♣❛❝❡s✱ ✇❤✐❝❤ ✐s ✉s❡❞ ✐♥ t❤❡ ♣❛♣❡r ❬❑▲❙❙✵✻❜❪✳
❉❡✜♥✐t✐♦♥ ✸✳✶✳ ▲❡t ξ = (ξj)j ❛♥❞ w = (wj,m)j,m ❜❡ s❡q✉❡♥❝❡s ♦❢ ♣♦s✐t✐✈❡ ♥✉♠❜❡rs✳ ❚❤❡♥
ℓq(ξjℓp(w)) ✐s t❤❡ ❝♦❧❧❡❝t✐♦♥ ♦❢ ❛❧❧ s❡q✉❡♥❝❡s
λ =
{
λj,m ∈ C : j ∈ N0,m ∈ Zn
}
s✉❝❤ t❤❛t ∥∥λ|ℓq(ξjℓp(w))∥∥ = ( ∞∑
j=0
ξqj
( ∑
m∈Zn
|λj,mwj,m|p
) q
p
)1/q
✭✸✳✶✮
✐s ✜♥✐t❡ ✭✇✐t❤ t❤❡ ✉s✉❛❧ ♠♦❞✐✜❝❛t✐♦♥s ❢♦r p =∞ ♦r q =∞✮✳
❘❡♠❛r❦ ✸✳✷✳ ❆t ✜rst ✇❡ ❛❞❛♣t ♦✉r s❡q✉❡♥❝❡ s♣❛❝❡s bsp,q(w) ✇✐t❤ w ❞♦✉❜❧✐♥❣ t♦ t❤✐s
❞❡s❝r✐♣t✐♦♥✳ ▲❡t λ =
(
λj,Gm
)
j,G,m
⊂ C✱ s ∈ R✱ 0 < p < ∞✱ ❛♥❞ ❛ss✉♠❡ 0 < q < ∞ ❢♦r
❝♦♥✈❡♥✐❡♥❝❡✳ ❚❤❡♥∥∥λ|bsp,q(w)∥∥ = ( ∑
m∈Zn
|λm|pw(Q0,m)
)1/p
+
( ∞∑
j=0
2jsq
∑
G∈G∗
( ∑
m∈Zn
|λj,Gm |pw(Qj,m)
) q
p
)1/q
∼
( ∞∑
j=0
ξqj
( ∑
m∈Zn
|λ˜j,m|p|wj,m|p
) q
p
)1/q
=
∥∥∥λ˜|ℓq(ξjℓp(w˜))∥∥∥ ✭✸✳✷✮
✇✐t❤ λ˜ =
(
λ˜j,m
)
j,m
∈ C✱ ξ = (ξj)j = (2js)j ❛♥❞ w˜ = (wj,m)j,m✱ wj,m = w(Qj,m)1/p✱ j ∈ N0✱
m ∈ Zn✳ ◆♦t❡ t❤❛t ✐❢ w ✐s ❞♦✉❜❧✐♥❣✱ t❤❡♥ 0 < w(B) < ∞ ❢♦r ❛❧❧ ❜❛❧❧s B✱ ❝❢✳ Pr♦♣♦s✐t✐♦♥
✶✳✷✺✳ ❚❤❡r❡❢♦r❡ ξ = (ξj)j ❛♥❞ w˜ = (wj,m)j,m ❛r❡ s❡q✉❡♥❝❡s ♦❢ ♣♦s✐t✐✈❡ ♥✉♠❜❡rs✳
✾✽ ✸✳ ❈♦♥t✐♥✉♦✉s ❛♥❞ ❝♦♠♣❛❝t ❡♠❜❡❞❞✐♥❣s
❘❡♠❛r❦ ✸✳✸✳ ▲❡t ξ(k) =
(
ξ
(k)
j
)
j
❛♥❞ w(k) =
(
w
(k)
j,m
)
j,m
✱ k = 1, 2✱ ❜❡ s❡q✉❡♥❝❡s ♦❢ ♣♦s✐t✐✈❡
♥✉♠❜❡rs✳ ❖♥❡ ❝❛♥ ❡❛s✐❧② ✈❡r✐❢② t❤❛t
ℓq1(ξ
(1)
j ℓp1(w
(1))) →֒ ℓq2(ξ(2)j ℓp2(w(2)))
❤♦❧❞s ✐❢✱ ❛♥❞ ♦♥❧② ✐❢✱
ℓq1(
ξ
(1)
j
ξ
(2)
j
ℓp1(
w(1)
w(2)
)) →֒ ℓq2(ℓp2).
❙♦ ✐t ✐s s✉✣❝✐❡♥t t♦ ❝♦♥s✐❞❡r ✉♥✇❡✐❣❤t❡❞ t❛r❣❡t s♣❛❝❡s✳
❈♦r♦❧❧❛r② ✸✳✹✳ ▲❡t −∞ < s2 ≤ s1 < ∞✱ 0 < p1, p2 < ∞✱ 0 < q1, q2 ≤ ∞ ❛♥❞ ❧❡t w1, w2
❜❡ ❞♦✉❜❧✐♥❣ ✇❡✐❣❤ts✳ ❲❡ ♣✉t
1
p∗
:=
(
1
p2
− 1
p1
)
+
,
1
q∗
:=
(
1
q2
− 1
q1
)
+
. ✭✸✳✸✮
✭✐✮ ❚❤❡ ❡♠❜❡❞❞✐♥❣ bs1p1,q1(w1) →֒ bs2p2,q2(w2) ✐s ❝♦♥t✐♥✉♦✉s ✐❢✱ ❛♥❞ ♦♥❧② ✐❢✱{
2−j(s1−s2)
∥∥{w1(Qj,m)−1/p1w2(Qj,m)1/p2)}m |ℓp∗∥∥}j ∈ ℓq∗ . ✭✸✳✹✮
✭✐✐✮ ❚❤❡ ❡♠❜❡❞❞✐♥❣ bs1p1,q1(w1) →֒ bs2p2,q2(w2) ✐s ❝♦♠♣❛❝t ✐❢✱ ❛♥❞ ♦♥❧② ✐❢✱ ✭✸✳✹✮ ❤♦❧❞s ❛♥❞✱ ✐♥
❛❞❞✐t✐♦♥✱
lim
j→∞
2−j(s1−s2)
∥∥{w1(Qj,m)−1/p1w2(Qj,m)1/p2)}m |ℓp∗∥∥ = 0 ✐❢ q∗ =∞ ✭✸✳✺✮
❛♥❞
lim
|m|→∞
w1(Qj,m)
1/p1w2(Qj,m)
−1/p2 =∞ ❢♦r ❛❧❧ j ∈ N0 ✐❢ p∗ =∞. ✭✸✳✻✮
Pr♦♦❢✳ ▲❡t bskpk,qk(wk) = ℓqk(ξ
(k)
j ℓpk(w
(k))) ✇✐t❤ ξ(k)j = 2
jsk ❛♥❞ w(k) =
(
w
(k)
j,m
)
j,m
✱ w(k)j,m =
wk(Qj,m)
1/pk ✱ k = 1, 2✱ ❜❡ ❣✐✈❡♥✳ ❲❡ ❛♣♣❧② ❬❑▲❙❙✵✻❜✱ ❚❤♠✳ ✸✳✶❪ ❛♥❞ ♦❜t❛✐♥ t❤❛t
ℓq1(ξ
(1)
j ℓp1(w
(1))) = bs1p1,q1(w1) →֒ bs2p2,q2(w2) = ℓq2(ξ(2)j ℓp2(w(2))) ✭✸✳✼✮
✐s ❝♦♥t✐♥✉♦✉s ✐❢✱ ❛♥❞ ♦♥❧② ✐❢✱ {
ξ
(2)
j
ξ
(1)
j
∥∥∥∥∥
{
w
(2)
j,m
w
(1)
j,m
}
m
|ℓp∗
∥∥∥∥∥
}
j
∈ ℓq∗ , ✭✸✳✽✮
✇❤✐❝❤ ❝♦✐♥❝✐❞❡s ✇✐t❤ ✭✸✳✹✮✳ ▼♦r❡♦✈❡r ✭✸✳✼✮ ✐s ❝♦♠♣❛❝t ✐❢✱ ❛♥❞ ♦♥❧② ✐❢✱ ✭✸✳✽✮ ❤♦❧❞s ❛♥❞✱ ✐♥
❛❞❞✐t✐♦♥✱
lim
j→∞
ξ
(2)
j
ξ
(1)
j
∥∥∥∥∥
{
w
(2)
j,m
w
(1)
j,m
}
m
|ℓp∗
∥∥∥∥∥ = 0 ✐❢ q∗ =∞
❛♥❞
lim
|m|→∞
w
(1)
j,m
w
(2)
j,m
=∞ ❢♦r ❛❧❧ j ∈ N0 ✐❢ p∗ =∞,
✇❤✐❝❤ ❝♦✐♥❝✐❞❡s ✇✐t❤ ✭✸✳✹✮✱ ✭✸✳✺✮ ❛♥❞ ✭✸✳✻✮✳ 
✸✳✷ ❚❤❡ ♠❛✐♥ ❡♠❜❡❞❞✐♥❣ r❡s✉❧t ✾✾
✸✳✷ ❚❤❡ ♠❛✐♥ ❡♠❜❡❞❞✐♥❣ r❡s✉❧t
❆t ✜rst ✇❡ ✇r✐t❡ ❞♦✇♥ t❤❡ ❣❡♥❡r❛❧ r❡s✉❧t ❢♦r ❞♦✉❜❧✐♥❣ ✇❡✐❣❤t❡❞ ❡♠❜❡❞❞✐♥❣s✳ ▲❛t❡r ✇❡
❞✐s❝✉ss t✇♦ s♣❡❝✐❛❧ ❝❛s❡s ♦❢ ❡♠❜❡❞❞✐♥❣s✳ ❍❡r❡ ✇❡ ❢♦❧❧♦✇ t❤❡ ❛♣♣r♦❛❝❤ ❢r♦♠ ❬❍❙✶✶❛❪✳
❚❤❡♦r❡♠ ✸✳✺✳ ▲❡t −∞ < s2 ≤ s1 < ∞✱ 0 < p1, p2 ≤ ∞✱ 0 < q1, q2 ≤ ∞ ❛♥❞ ❧❡t w1, w2
❜❡ ❞♦✉❜❧✐♥❣ ✇❡✐❣❤ts✳
✭✐✮ ❚❤❡ ❡♠❜❡❞❞✐♥❣ Bs1p1,q1(w1) →֒ Bs2p2,q2(w2) ✐s ❝♦♥t✐♥✉♦✉s ✐❢✱ ❛♥❞ ♦♥❧② ✐❢✱{
2−j(s1−s2)
∥∥{w1(Qj,m)−1/p1w2(Qj,m)1/p2)}m |ℓp∗∥∥}j ∈ ℓq∗ , ✭✸✳✾✮
✇❤❡r❡ p∗ ❛♥❞ q∗ ❛r❡ ❣✐✈❡♥ ❜② ✭✸✳✸✮✳
✭✐✐✮ ❚❤❡ ❡♠❜❡❞❞✐♥❣ Bs1p1,q1(w1) →֒ Bs2p2,q2(w2) ✐s ❝♦♠♣❛❝t ✐❢✱ ❛♥❞ ♦♥❧② ✐❢✱ ✭✸✳✾✮ ❤♦❧❞s ❛♥❞✱ ✐♥
❛❞❞✐t✐♦♥✱
lim
j→∞
2−j(s1−s2)
∥∥{w1(Qj,m)−1/p1w2(Qj,m)1/p2}m |ℓp∗∥∥ = 0 ✐❢ q∗ =∞ ✭✸✳✶✵✮
❛♥❞
lim
|m|→∞
w1(Qj,m)
1/p1w2(Qj,m)
−1/p2 =∞ ❢♦r ❛❧❧ j ∈ N0 ✐❢ p∗ =∞, ✭✸✳✶✶✮
✇❤❡r❡ p∗ ❛♥❞ q∗ ❛r❡ ❣✐✈❡♥ ❜② ✭✸✳✸✮✳
Pr♦♦❢✳ ■t ❢♦❧❧♦✇s ❢r♦♠ ❚❤❡♦r❡♠ ✷✳✹✶ t❤❛t ✇❡ ❤❛✈❡ ✐s♦♠♦r♣❤✐❝ ♠❛♣s T ❜❡t✇❡❡♥ Bs1p1,q1(w1)
❛♥❞ bs1p1,q1(w1) ❛♥❞ S ❜❡t✇❡❡♥ B
s2
p2,q2
(w1) ❛♥❞ bs2p2,q2(w2)✳ ▼♦r❡♦✈❡r ❈♦r♦❧❧❛r② ✸✳✹ ②✐❡❧❞s✱ t❤❛t
t❤❡ ❡♠❜❡❞❞✐♥❣ bs1p1,q1(w1) →֒ bs2p2,q2(w2) ✐s ❝♦♥t✐♥✉♦✉s ✐❢✱ ❛♥❞ ♦♥❧② ✐❢✱ ✭✸✳✾✮ ❤♦❧❞s✱ ❛♥❞ t❤❡
❡♠❜❡❞❞✐♥❣ bs1p1,q1(w1) →֒ bs2p2,q2(w2) ✐s ❝♦♠♣❛❝t ✐❢✱ ❛♥❞ ♦♥❧② ✐❢✱ ✭✸✳✾✮✱ ✭✸✳✶✵✮ ❛♥❞ ✭✸✳✶✶✮ ❤♦❧❞s✳
❈♦♥s❡q✉❡♥t❧② ✇❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♠♠✉t❛t✐✈❡ ❞✐❛❣r❛♠s
Bs1p1,q1(w1)
T−−−→ bs1p1,q1(w1)
Id
y yid
Bs2p2,q2(w2)
S←−−− bs2p2,q2(w2)
❛♥❞
bs1p1,q1(w1)
T−1−−−→ Bs1p1,q1(w1)
id
y yId
bs2p2,q2(w2)
S−1←−−− Bs2p2,q2(w2) .
❇❡❝❛✉s❡ ♦❢ t❤❡ t✇♦ ✐s♦♠♦r♣❤✐❝ ♠❛♣s T ❛♥❞ S ✇❡ ❣❡t t❤❡ s❛♠❡ ❝♦♥❞✐t✐♦♥s ❢♦r t❤❡ ❢✉♥❝t✐♦♥
s♣❛❝❡ ❡♠❜❡❞❞✐♥❣s Bs1p1,q1(w1) →֒ Bs2p2,q2(w2)✳ 
❘❡♠❛r❦ ✸✳✻✳ ■♥ ✈✐❡✇ ♦❢ ✇❤❛t ✇❡ s❛✐❞ ✐♥ t❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢ ❙❡❝t✐♦♥ ✶✳✸✳✷ ✇❡ ♦❜t❛✐♥ t❤❡
✉♥✇❡✐❣❤t❡❞ ❇❡s♦✈ s♣❛❝❡s ✐❢ p1 = p2 = ∞✳ ❲❡ ❡①❝❧✉❞❡ t❤✐s ❝❛s❡ ✐♥ t❤❡ s❡q✉❡❧✱ s✐♥❝❡ t❤❡
✉♥✇❡✐❣❤t❡❞ s✐t✉❛t✐♦♥ ✐s ✇❡❧❧✲❦♥♦✇♥ ❛❧r❡❛❞②✳
❊①❛♠♣❧❡ ✸✳✼✳ ❋♦r w1 ≡ w2 ≡ 1 ✇❡ ❤❛✈❡ w1(Qj,m) = w2(Qj,m) = 2−jn✳ ❚❤✉s ✇❡ ❣❡t ✐♥
✭✸✳✾✮
2−j(s1−s2)||
{
2
jn
p1
− jn
p2
}
m
|ℓp∗ || = 2−j(s1−
n
p1
)+j(s2− np2 )|| {1}m |ℓp∗ ||.
✶✵✵ ✸✳ ❈♦♥t✐♥✉♦✉s ❛♥❞ ❝♦♠♣❛❝t ❡♠❜❡❞❞✐♥❣s
❚❤❡♥ ||1|ℓp∗ || <∞ ✐♠♠❡❞✐❛t❡❧② ✐♠♣❧✐❡s p∗ =∞✱ t❤❛t ✐s p1 ≤ p2✳ ❲❡ s❡t
δ := s1 − n
p1
− s2 + n
p2
✭✸✳✶✷✮
❛s t❤❡ ❞✐✛❡r❡♥❝❡ ♦❢ t❤❡ ❞✐✛❡r❡♥t✐❛❧ ❞✐♠❡♥s✐♦♥s✱ ❛s ✉s✉❛❧✳ ❚❤❡♥ ✐t r❡♠❛✐♥s t♦ ❝♦♥s✐❞❡r{
2−jδ
}
ν
∈ ℓq∗ ✳ ❋♦r q∗ = ∞✱ ✐✳❡✳✱ q1 ≤ q2✱ ✇❡ ♥❡❡❞ δ ≥ 0✳ ❖t❤❡r✇✐s❡✱ ❢♦r q1 > q2✱ δ > 0 ✐s
r❡q✉✐r❡❞✳ ❆❧t♦❣❡t❤❡r t❤❡ ❡♠❜❡❞❞✐♥❣ Bs1p1,q1 →֒ Bs2p2,q2 ✐s ❝♦♥t✐♥✉♦✉s ✐❢✱ ❛♥❞ ♦♥❧② ✐❢✱
p1 ≤ p2, s2 ≤ s1,
δ ≥ 0, ✐❢ q1 ≤ q2,δ > 0, ✐❢ q1 > q2.
▼♦r❡♦✈❡r t❤❡ ❡♠❜❡❞❞✐♥❣ ✐s ♥❡✈❡r ❝♦♠♣❛❝t✱ s✐♥❝❡ ✭✸✳✶✶✮ ❢♦r ❛❧❧ j ∈ N0 ❢❛✐❧❡❞✳ ❚❤✐s ✐s ❛
❣❡♥❡r❛❧✐③❛t✐♦♥ ♦❢ ❬❚r✐✽✸✱ ❚❤❡♦r❡♠ ✷✳✼✳✶✱ ♣✳ ✶✷✾❪✳
❚❤❡♦r❡♠ ✸✳✺ ✐s s❤❛r♣ ❛♥❞ ♦♣t✐♠❛❧ ✐♥ ✈✐❡✇ ♦❢ t❤❡ ❡♠❜❡❞❞✐♥❣s✳ ❇✉t t❤❡ ❝♦♥❞✐t✐♦♥s ✭✸✳✾✮✱
✭✸✳✶✵✮ ❛♥❞ ✭✸✳✶✶✮ ❛r❡ ✈❡r② t❡❝❤♥✐❝❛❧ ❛♥❞ ❞✐✣❝✉❧t t♦ ♣r♦✈❡✳ ❚❤❡r❡❢♦r❡ ✇❡ ❛s❦ ♥♦✇ ❢♦r s✐♠♣❧❡r
s✉✣❝✐❡♥t ♦r ♥❡❝❡ss❛r② ❝♦♥❞✐t✐♦♥s✳
■♥ t❤❡ ❧✐t❡r❛t✉r❡ ♠❛✐♥❧② t✇♦ s♣❡❝✐❛❧ ❝❛s❡s ♦❢ ✇❡✐❣❤t❡❞ ❡♠❜❡❞❞✐♥❣s ❛r❡ ♦❢ ❢✉rt❤❡r ✐♥t❡✲
r❡st✳ ❋✐rst❧②✱ ✇❤❡♥ ♦♥❧② t❤❡ s♦✉r❝❡ s♣❛❝❡ ✐s ✇❡✐❣❤t❡❞ ❛♥❞ t❤❡ t❛r❣❡t s♣❛❝❡ ✐s ✉♥✇❡✐❣❤t❡❞✱
✐✳❡✳✱ ✇❡ ❝♦♥s✐❞❡r ❡♠❜❡❞❞✐♥❣s ♦❢ t②♣❡
Bs1p1,q1(R
n, w) →֒ Bs2p2,q2(Rn), ✭✸✳✶✸✮
✇❤❡r❡ w ✐s ❞♦✉❜❧✐♥❣ ❛♥❞ t❤❡ ♣❛r❛♠❡t❡rs ❛r❡ ❣✐✈❡♥ ❜②
−∞ < s2 ≤ s1 <∞, 0 < p1 <∞, 0 < p2 ≤ ∞, 0 < q1, q2 ≤ ∞.
❆s ♠❡♥t✐♦♥❡❞ ❛❜♦✈❡✱ ✇❡ ❛ss✉♠❡ t❤❛t p1 <∞✱ s✐♥❝❡ ♦t❤❡r✇✐s❡ ✇❡ ❤❛✈❡ Bs1p1,q1(w) = Bs1p1,q1
❛♥❞ ✇❡ ❛rr✐✈❡ ✐♥ t❤❡ ✉♥✇❡✐❣❤t❡❞ s✐t✉❛t✐♦♥ ✇❤✐❝❤ ✐s ❛❧r❡❛❞② ✇❡❧❧✲❦♥♦✇♥✳ ❙❡❝♦♥❞❧②✱ ✇❡
❝♦♥s✐❞❡r t❤❡ s♦✲❝❛❧❧❡❞ ✒❞♦✉❜❧❡✲✇❡✐❣❤t❡❞✏ s✐t✉❛t✐♦♥✱ ✇❤❡r❡ ❜♦t❤ s♣❛❝❡s ❛r❡ ✇❡✐❣❤t❡❞ ✐♥ t❤❡
s❛♠❡ ✇❛②✱ ✐✳❡✳ w1 = w2 = w✳ ❚❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ s❡tt✐♥❣ ✐s t♦ ❝♦♥s✐❞❡r ❡♠❜❡❞❞✐♥❣s ♦❢ t②♣❡
Bs1p1,q1(R
n, w) →֒ Bs2p2,q2(Rn, w), ✭✸✳✶✹✮
✇✐t❤
−∞ < s2 ≤ s1 <∞, 0 < p1, p2 <∞, 0 < q1, q2 ≤ ∞
❛♥❞ w ❞♦✉❜❧✐♥❣✳
❇❡❢♦r❡ ✇❡ ✇r✐t❡ ❞♦✇♥ t❤❡ ❛ss♦❝✐❛t❡❞ r❡s✉❧ts✱ ✇❡ ✐♥s❡rt ❛ s❤♦rt ♣r❡♣❛r❛t✐♦♥✳ ■♥ ✈✐❡✇
♦❢ ❚❤❡♦r❡♠ ✸✳✺ ✇❡ ❤❛✈❡ t♦ ❝❤❡❝❦ t❤❡ t❤r❡❡ ❝♦♥❞✐t✐♦♥s ✭✸✳✾✮✱ ✭✸✳✶✵✮ ❛♥❞ ✭✸✳✶✶✮✳ ■♥ ✭✸✳✾✮
❛♥❞ ✭✸✳✶✵✮ ✇❡ ❤❛✈❡ t♦ ❝♦♥s✐❞❡r ❡①♣r❡ss✐♦♥s ♦❢ t②♣❡ w1(Qj,m)−1/p1w2(Qj,m)1/p2 ✳ ■♥ ❝❛s❡ ♦❢
✭✸✳✶✸✮ t❤✐s r❡❛❞s ❛s 2−jn/p2w(Qj,m)−1/p1 ❛♥❞ ✐♥ ❝❛s❡ ♦❢ ✭✸✳✶✹✮ t❤❛t ❡q✉❛❧s w(Qj,m)
1
p2
− 1
p1 ✳
❋♦r p∗ = ∞✱ ✐✳❡✳✱ p1 ≤ p2✱ ✇❡ ❣❡t t❤❡r❡ ❢♦r ❜♦t❤ ❝❛s❡s ❡①♣r❡ss✐♦♥s ♦❢ t②♣❡ w(Qj,m)κ ✇✐t❤
κ < 0✱ ✇❤❡r❡ ✐♥ ❝❛s❡ ♦❢ ✭✸✳✶✹✮ ✇❡ ❡①❝❧✉❞❡ p1 = p2✱ ❜❡❝❛✉s❡ t❤✐s ✐s tr✐✈✐❛❧✱ s❡❡ ❈♦r♦❧❧❛r②
✸✳✷ ❚❤❡ ♠❛✐♥ ❡♠❜❡❞❞✐♥❣ r❡s✉❧t ✶✵✶
✸✳✶✷ ❜❡❧♦✇✳ ❋✉rt❤❡r♠♦r❡ ✇❡ ❣❡t ✐♥ ✭✸✳✶✶✮ ❢♦r ❜♦t❤ ❝❛s❡s ❡①♣r❡ss✐♦♥s ♦❢ t②♣❡ w(Qj,m)λ ✇✐t❤
λ > 0✱ ✐❢ p∗ =∞✱ ✇❤❡r❡ ✇❡ ❤❡r❡ ❡①❝❧✉❞❡ p1 = p2 ❛❣❛✐♥ ✐♥ ❝❛s❡ ♦❢ ✭✸✳✶✹✮✳
▲❡t j ∈ N0 ❛♥❞ l ∈ Zn ❜❡ ✜①❡❞✳ ❆ss✉♠❡ m ∈ Zn s✉❝❤ t❤❛t Qj,m ∩ Q0,l 6= ∅✳ ◆♦t❡ t❤❛t
t❤❡r❡ ❡①✐st ∼ 2jn s✉❝❤ ❝✉❜❡s Qj,m✳ ❲❡ ❜❧♦✇ t❤❡ ❧✐tt❧❡ ❝✉❜❡ Qj,m α✲t✐♠❡s ✉♣ ✉♥t✐❧ ✇❡ ❝♦✈❡r
t❤❡ ❝✉❜❡ Q0,l✱ ✐✳❡✳ Q0,l ⊂ 2α ·Qj,m✳ ■t ✐s s✉✣❝✐❡♥t t♦ ❝❤♦♦s❡ α = j+1✳ ▲❡t w ❜❡ ❛ ❞♦✉❜❧✐♥❣
✇❡✐❣❤t✳ ❚❤❡♥ ✇❡ ♦❜t❛✐♥ ✈✐❛ (j + 1)✲t✐♠❡s ❛♣♣❧✐❝❛t✐♦♥ ♦❢ t❤❡ ❞♦✉❜❧✐♥❣ ♣r♦♣❡rt② ✭✶✳✹✵✮ ❢♦r
✜①❡❞ j ∈ N0 ❛♥❞ l ∈ Zn
w(Q0,l) ≤ 2(j+1)nγ w(Qj,m) ∀ m ∈ Zn ✇✐t❤ Qj,m ∩Q0,l 6= ∅. ✭✸✳✶✺✮
❙♦✱ ❢♦r ❛♥② κ < 0 ✇❡ ❤❛✈❡
w(Qj,m)
κ ≤ 2−(j+1)nγκ w(Q0,l)κ ∀ m ∈ Zn ✇✐t❤ Qj,m ∩Q0,l 6= ∅.
❚❤❡♥
|| {w(Qj,m)κ}m |ℓ∞|| = sup
m∈Zn
w(Qj,m)
κ
≤ sup
l∈Zn
max
m∈Zn:
Qj,m∩Q0,l 6=∅
w(Qj,m)
κ
≤ 2−(j+1)nγκ sup
l∈Zn
max
m∈Zn:
Qj,m∩Q0,l 6=∅
w(Q0,l)
κ
≤ c 2−jnγκ sup
l∈Zn
w(Q0,l)
κ
≤ c 2−jnγκ
(
inf
l∈Zn
w(Q0,l)
)κ
✭✸✳✶✻✮
❢♦r ❛♥② κ < 0✱ j ∈ N0✳ ▼♦r❡♦✈❡r✱ ❢♦r ❛♥② λ > 0✱ ✇❡ ❤❛✈❡ ❜② ✭✸✳✶✺✮ ❢♦r j ∈ N0 ❛♥❞ l ∈ Zn
w(Qj,m)
λ ≥ 2−(j+1)nγλw(Q0,l)λ ∀ m ∈ Zn ✇✐t❤ Qj,m ∩Q0,l 6= ∅.
❚❤✐s ❧❡❛❞s t♦
lim
|m|→∞
w(Qj,m)
λ =∞ ❢♦r ❛❧❧ j ∈ N0, ✐❢✱ ❛♥❞ ♦♥❧② ✐❢✱ lim|l|→∞w(Q0,l) =∞, ✭✸✳✶✼✮
✇❤❡r❡ λ > 0 ✐s ✜①❡❞✳ ❚❤❡ ♥❡❝❡ss✐t② ✐s ❝❧❡❛r ✇✐t❤ j = 0 ❛♥❞ t❤❡ s✉✣❝✐❡♥❝② ❢♦❧❧♦✇s ❢r♦♠ t❤❡
❛❜♦✈❡ ❡st✐♠❛t❡✳ ❆❧t♦❣❡t❤❡r ❢♦r ❡♠❜❡❞❞✐♥❣s ♦❢ t②♣❡ ✭✸✳✶✸✮ ❛♥❞ ✭✸✳✶✹✮ ✇❡ ❤❛✈❡ t♦ r❡q✉✐r❡
❝♦♥❞✐t✐♦♥s
inf
l∈Zn
w(Q0,l) ≥ c > 0 ✭✸✳✶✽✮
❛♥❞
lim
|l|→∞
w(Q0,l) =∞ ✭✸✳✶✾✮
✐❢ p∗ =∞✳ ❋♦r p∗ <∞ ✇❡ ❝♦♥s✐❞❡r t❤❡ ❡♠❜❡❞❞✐♥❣s ✭✸✳✶✸✮ ❛♥❞ ✭✸✳✶✹✮ s❡♣❛r❛t❡❧②✳ ❲❡ st❛rt
✇✐t❤ t❤❡ ✒❞♦✉❜❧❡✲✇❡✐❣❤t❡❞✏ s✐t✉❛t✐♦♥✳ ❲❤❡♥ p∗ <∞✱ ✐✳❡✳✱ p1 > p2✱ ✇❡ ❤❛✈❡ 0 < 1p2 − 1p1 =
✶✵✷ ✸✳ ❈♦♥t✐♥✉♦✉s ❛♥❞ ❝♦♠♣❛❝t ❡♠❜❡❞❞✐♥❣s
1
p∗
✳ ❋♦r ❛♥② ✜①❡❞ j ∈ N0 ✇❡ ♦❜t❛✐♥
∥∥∥{w(Qj,m) 1p2− 1p1}
m
|ℓp∗
∥∥∥ = (∑
m∈Zn
w(Qj,m)
1
p∗
p∗
) 1
p∗
=
(∑
m∈Zn
w(Qj,m)
) 1
p∗
=
(∑
m∈Zn
∫
Qj,m
w(y) dy
) 1
p∗
=
(∫
Rn
w(y) dy
) 1
p∗
.
❙♦ ✇❡ ❤❛✈❡ t♦ ❞❡♠❛♥❞ ❢♦r ♦✉r ✇❡✐❣❤t t❤❛t
∫
Rn
w(y) dy < ∞✳ ❇✉t t❤✐s ✐s ✐♠♣♦ss✐❜❧❡ ❢♦r
❛ ❞♦✉❜❧✐♥❣ ✇❡✐❣❤t✱ r❡❝❛❧❧ Pr♦♣♦s✐t✐♦♥ ✶✳✷✺✳ ❙♦ t❤❡ s✐t✉❛t✐♦♥ p∗ < ∞ ❞♦❡s ♥♦t ❛♣♣❡❛r ✐♥
✭✸✳✶✹✮✱ ✉♥❧✐❦❡ ✐♥ ❝❛s❡ ♦❢ ✭✸✳✶✸✮✳ ❍❡r❡ ✇❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡st✐♠❛t❡
||{w(Qj,m)−1/p1}m |ℓp∗ || = ( ∑
m∈Zn
w(Qj,m)
− p∗
p1
)1/p∗
≤
(∑
l∈Zn
∑
m∈Zn:
Qj,m∩Q0,l 6=∅
w(Qj,m)
− p∗
p1
)1/p∗
≤
(∑
l∈Zn
2
−(j+1)nγ(− p∗
p1
)
w(Q0,l)
− p∗
p1
∑
m∈Zn:
Qj,m∩Q0,l 6=∅
1
︸ ︷︷ ︸
∼2jn
)1/p∗
≤ c 2j nγp1 +j np∗
(∑
l∈Zn
w(Q0,l)
− p∗
p1
)1/p∗
= c 2
j nγ
p1
+j n
p∗ ||{w(Q0,l)−1/p1}l |ℓp∗ ||,
✇❤❡r❡ ✇❡ ✉s❡ ✭✸✳✶✺✮ ❛❣❛✐♥✳ ❚❤❡r❡❢♦r❡ t❤❡ ❝♦♥❞✐t✐♦♥
||{w(Q0,l)−1/p1}l |ℓp∗ || <∞ ✭✸✳✷✵✮
✐s ♥❡❝❡ss❛r② ❢♦r ❡♠❜❡❞❞✐♥❣s ♦❢ t②♣❡ ✭✸✳✶✸✮ ✐❢ p∗ < ∞✳ ◆♦t❡ t❤❛t ✐♥ t❤✐s ❝❛s❡ ❝♦♥❞✐t✐♦♥
✭✸✳✶✶✮ ✐♥ ❚❤❡♦r❡♠ ✸✳✺ ❞✐s❛♣♣❡❛rs✳
✸✳✸ ❚❤❡ ❖♥❡✲✇❡✐❣❤t❡❞ s✐t✉❛t✐♦♥ ✶✵✸
✸✳✸ ❚❤❡ ❖♥❡✲✇❡✐❣❤t❡❞ s✐t✉❛t✐♦♥
❆t ✜rst ✇❡ r❡❝❛❧❧ t❤❡ s❡tt✐♥❣ ❢♦r t❤❡ ♦♥❡✲✇❡✐❣❤t❡❞ s✐t✉❛t✐♦♥✳ ❲❡ r❡❣❛r❞ ❡♠❜❡❞❞✐♥❣s ♦❢ t②♣❡
Bs1p1,q1(R
n, w) →֒ Bs2p2,q2(Rn),
✇❤❡r❡ w ✐s ❞♦✉❜❧✐♥❣ ❛♥❞ t❤❡ ♣❛r❛♠❡t❡rs ❛r❡ ❣✐✈❡♥ ❜②
−∞ < s2 ≤ s1 <∞, 0 < p1 <∞, 0 < p2 ≤ ∞, 0 < q1, q2 ≤ ∞. ✭✸✳✷✶✮
❚❤❡ ❛❜♦✈❡ ❝♦♥s✐❞❡r❛t✐♦♥s ②✐❡❧❞ ✉s t❤r❡❡ ♥❡❝❡ss❛r② ❝♦♥❞✐t✐♦♥s✳ ■❢ p∗ =∞ t❤❡ ❝♦♥❞✐t✐♦♥s
inf
l∈Zn
w(Q0,l) ≥ c > 0 ✭✸✳✷✷✮
❛♥❞
lim
|l|→∞
w(Q0,l) =∞ ✭✸✳✷✸✮
❛r❡ ❡ss❡♥t✐❛❧ ❛♥❞ ✐❢ p∗ <∞ ✇❡ ♥❡❡❞
||{w(Q0,l)−1/p1}l |ℓp∗ || <∞. ✭✸✳✷✹✮
❘❡❝❛❧❧ t❤❛t δ ✐s t❤❡ ❞✐✛❡r❡♥❝❡ ♦❢ t❤❡ ❞✐✛❡r❡♥t✐❛❧ ❞✐♠❡♥s✐♦♥s
δ = s1 − n
p1
− s2 + n
p2
.
❲❡ st❛rt ✇✐t❤ p∗ =∞✳
❈♦r♦❧❧❛r② ✸✳✽✳ ▲❡t t❤❡ ♣❛r❛♠❡t❡rs ❜❡ ❣✐✈❡♥ ❜② ✭✸✳✷✶✮ ✇✐t❤ p1 ≤ p2✳ ▲❡t w ❜❡ ❛ ❞♦✉❜❧✐♥❣
✇❡✐❣❤t ✇✐t❤ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❞♦✉❜❧✐♥❣ ❝♦♥st❛♥t γ✳
✭✐✮ ❚❤❡♥ t❤❡ ❡♠❜❡❞❞✐♥❣ Bs1p1,q1(w) →֒ Bs2p2,q2 ✐s ❝♦♥t✐♥✉♦✉s✱ ✐❢
✭❛✮ inf
l∈Zn
w(Q0,l) ≥ c > 0, ✭✸✳✷✺✮
✭❜✮
δ > np1 (γ − 1), ✐❢ q∗ <∞,δ ≥ n
p1
(γ − 1), ✐❢ q∗ =∞.
✭✸✳✷✻✮
❈♦♥✈❡rs❡❧②✱ ✐❢ t❤❡ ❡♠❜❡❞❞✐♥❣ Bs1p1,q1(w) →֒ Bs2p2,q2 ✐s ❝♦♥t✐♥✉♦✉s✱ t❤❡♥
✭❛✮ inf
l∈Zn
w(Q0,l) ≥ c > 0, ✭✸✳✷✼✮
✭❜✮ δ ≥ 0. ✭✸✳✷✽✮
✭✐✐✮ ❚❤❡ ❡♠❜❡❞❞✐♥❣ Bs1p1,q1(w) →֒ Bs2p2,q2 ✐s ❝♦♠♣❛❝t✱ ✐❢
✭❛✮ inf
l∈Zn
w(Q0,l) ≥ c > 0, ✭✸✳✷✾✮
✭❜✮ lim
|l|→∞
w(Q0,l) =∞, ✭✸✳✸✵✮
✭❝✮ δ >
n
p1
(γ − 1). ✭✸✳✸✶✮
✶✵✹ ✸✳ ❈♦♥t✐♥✉♦✉s ❛♥❞ ❝♦♠♣❛❝t ❡♠❜❡❞❞✐♥❣s
❈♦♥✈❡rs❡❧②✱ ✐❢ t❤❡ ❡♠❜❡❞❞✐♥❣ Bs1p1,q1(w) →֒ Bs2p2,q2 ✐s ❝♦♠♣❛❝t✱ t❤❡♥
✭❛✮ inf
l∈Zn
w(Q0,l) ≥ c > 0, ✭✸✳✸✷✮
✭❜✮ lim
|l|→∞
w(Q0,l) =∞, ✭✸✳✸✸✮
✭❝✮ δ ≥ 0. ✭✸✳✸✹✮
✭✐✐✐✮ ■❢ δ < 0 ♦r δ = 0 ❛♥❞ q∗ <∞✱ t❤❡♥ Bs1p1,q1(w) ✐s ♥♦t ❡♠❜❡❞❞❡❞ ✐♥ Bs2p2,q2✳
Pr♦♦❢✳ ❙t❡♣ ✶✳ ❲❡ st❛rt ✇✐t❤ ✭✐✐✐✮✳ ❋♦r ❛♥② j ∈ N0 ✐t ❤♦❧❞s
w(Q0,l) ≥ 2jn min
m∈Zn:
Qj,m⊂Q0,l
w(Qj,m), l ∈ Zn.
❚❤❡♥ ♦♥❡ ♦❜t❛✐♥s
||{w(Q0,l)−1/p1}l |ℓ∞|| ≤ 2−jn/p1 ||{w(Qj,m)−1/p1}m |ℓ∞||, j ∈ N0.
❚❤✉s ∥∥∥{2−j(s1−s2)−j np2 ||{w(Qj,m)−1/p1}m |ℓ∞||}j
∣∣∣ℓq∗∥∥∥
≥
∥∥∥{2−jδ||{w(Q0,l)−1/p1}l |ℓ∞||}j
∣∣∣ℓq∗∥∥∥
= ||{w(Q0,l)−1/p1}l |ℓ∞||∥∥∥{2−jδ}j
∣∣∣ℓq∗∥∥∥ =∞
✐❢ δ < 0 ♦r δ = 0 ❛♥❞ q∗ <∞✳ ❚❤✐s t♦❣❡t❤❡r ✇✐t❤ ❚❤❡♦r❡♠ ✸✳✺ ②✐❡❧❞s ✉s ✭✐✐✐✮✳
❙t❡♣ ✷✳ ▲❡t ✭✸✳✷✺✮ ❛♥❞ ✭✸✳✷✻✮ ❜❡ s❛t✐s✜❡❞✳ ❚❤✉s ✭✸✳✾✮ ✭✇✐t❤ w1 = w✱ w2 = 1✮ ❝❛♥ ❜❡
r❡❞✉❝❡❞ ❜② ✉s✐♥❣ ✭✸✳✶✻✮✱ ✇✐t❤ κ = −1/p1✱ t♦
2−j(s1−s2)
∥∥{w1(Qj,m)−1/p1w2(Qj,m)1/p2)}m |ℓ∞∥∥
≤ c 2−j(s1−s2+ np2−nγp1 )
(
inf
l∈Zn
w(Q0,l)
)−1/p1
= c 2
−j(δ− n
p1
(γ−1))
(
inf
l∈Zn
w(Q0,l)
)−1/p1
.
❙♦ t❤❡ ❝♦♥t✐♥✉✐t② ♦❢ t❤❡ ❡♠❜❡❞❞✐♥❣ ❢♦❧❧♦✇s ❢r♦♠ ❚❤❡♦r❡♠ ✸✳✺ ✭✐✮ ✐♥ ✈✐❡✇ ♦❢ ✭✸✳✷✺✮ ❛♥❞
✭✸✳✷✻✮✳ ▼♦r❡♦✈❡r✱ ✐❢ ❛❞❞✐t✐♦♥❛❧❧② ✭✸✳✸✵✮ ❛♥❞ ✭✸✳✸✶✮ ❤♦❧❞✱ t❤❡ ❝♦♠♣❛❝t♥❡ss ♦❢ t❤❡ ❡♠❜❡❞❞✐♥❣
❢♦❧❧♦✇s ❢r♦♠ ❚❤❡♦r❡♠ ✸✳✺ ✭✐✐✮ ❛♥❞ t❤❡ ❛❜♦✈❡ ❡st✐♠❛t❡✱ ✇❤❡r❡ ✭✸✳✸✵✮ ②✐❡❧❞s ✉s ✭✸✳✶✼✮ ❛♥❞
✭✸✳✸✶✮ t♦❣❡t❤❡r ✇✐t❤ ✭✸✳✷✾✮ ❡♥s✉r❡ ✭✸✳✶✼✮✳
❙t❡♣ ✸✳ ■❢ ✭✸✳✷✼✮ ❞♦❡s ♥♦t ❤♦❧❞✱ t❤❡♥ ||{w(Qj,m)−1/p1}m |ℓ∞|| ❢❛✐❧s ❢♦r j = 0✳ ❚❤✉s t❤❡r❡ ✐s
♥♦ ❡♠❜❡❞❞✐♥❣ ✭✐♥❞❡♣❡♥❞❡♥t ♦❢ δ✮ ✐♥ ✈✐❡✇ ♦❢ ✭✸✳✾✮✳ ❙✐♠✐❧❛r❧②✱ ✐❢ ✭✸✳✸✸✮ ❞♦❡s ♥♦t ❤♦❧❞✱ t❤❡♥
t❤❡ ❡♠❜❡❞❞✐♥❣ ❝❛♥♥♦t ❜❡ ❝♦♠♣❛❝t ✐♥ ✈✐❡✇ ♦❢ ✭✸✳✶✶✮ ❛♥❞ ✭✸✳✶✼✮ ✇✐t❤ λ = 1/p1✳ ❚❤❡ r❡st
♦❢ ✭✐✮ ❛♥❞ ✭✐✐✮ ❢♦❧❧♦✇s ❢r♦♠ st❡♣ ✶✳ 
✸✳✸ ❚❤❡ ❖♥❡✲✇❡✐❣❤t❡❞ s✐t✉❛t✐♦♥ ✶✵✺
❘❡♠❛r❦ ✸✳✾✳ ❚❤❡r❡ r❡♠❛✐♥s ❛ ❣❛♣ ❢♦r
0 < δ ≤ n
p1
(γ − 1).
❚❤✐s ✐s ♥♦t s✉r♣r✐s✐♥❣✱ ❜❡❝❛✉s❡ ❝♦♥❞✐t✐♦♥s ❛s ✭✸✳✷✺✮ ❛♥❞ ✭✸✳✸✵✮ ❛r❡ ❣❡♥❡r❛❧ ❢❡❛t✉r❡s ♦❢ w✳
■t ♠❛❦❡s s❡♥s❡✱ t❤❛t ✇❡ ♥❡❡❞ ♠♦r❡ ✐♥❢♦r♠❛t✐♦♥ ❛❜♦✉t t❤❡ ✇❡✐❣❤t✱ t❤❛♥ r❡✢❡❝t❡❞ ❜② γ ❛♥❞
✭✸✳✷✺✮ ♦r ✭✸✳✸✵✮ ♦♥❧②✱ t♦ ❣❡t ❛ ❢✉❧❧ ❝❤❛r❛❝t❡r✐③❛t✐♦♥✱ r❡s♣❡❝t✐✈❡❧②✳
❚❤❡ s✐t✉❛t✐♦♥ ✇✐t❤ p∗ <∞ ✐s s✐♠✐❧❛r✳
❈♦r♦❧❧❛r② ✸✳✶✵✳ ▲❡t t❤❡ ♣❛r❛♠❡t❡rs ❜❡ ❣✐✈❡♥ ❜② ✭✸✳✷✶✮ ✇✐t❤ p1 > p2✳ ▲❡t w ❜❡ ❛ ❞♦✉❜❧✐♥❣
✇❡✐❣❤t ✇✐t❤ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❞♦✉❜❧✐♥❣ ❝♦♥st❛♥t γ✳
✭✐✮ ❚❤❡♥ t❤❡ ❡♠❜❡❞❞✐♥❣ Bs1p1,q1(w) →֒ Bs2p2,q2 ✐s ❝♦♥t✐♥✉♦✉s✱ ✐❢
✭❛✮ ||{w(Q0,l)−1/p1}l |ℓp∗ || <∞, ✭✸✳✸✺✮
✭❜✮
δ > np∗ + np1 (γ − 1), ✐❢ q∗ <∞,δ ≥ n
p∗
+ n
p1
(γ − 1), ✐❢ q∗ =∞.
✭✸✳✸✻✮
❈♦♥✈❡rs❡❧②✱ ✐❢ t❤❡ ❡♠❜❡❞❞✐♥❣ Bs1p1,q1(w) →֒ Bs2p2,q2 ✐s ❝♦♥t✐♥✉♦✉s✱ t❤❡♥
✭❛✮ ||{w(Q0,l)−1/p1}l |ℓp∗ || <∞, ✭✸✳✸✼✮
✭❜✮ δ ≥ n
p∗
. ✭✸✳✸✽✮
✭✐✐✮ ❚❤❡ ❡♠❜❡❞❞✐♥❣ Bs1p1,q1(w) →֒ Bs2p2,q2 ✐s ❝♦♠♣❛❝t✱ ✐❢
✭❛✮ ||{w(Q0,l)−1/p1}l |ℓp∗ || <∞, ✭✸✳✸✾✮
✭❜✮ δ >
n
p∗
+
n
p1
(γ − 1). ✭✸✳✹✵✮
❈♦♥✈❡rs❡❧②✱ ✐❢ t❤❡ ❡♠❜❡❞❞✐♥❣ Bs1p1,q1(w) →֒ Bs2p2,q2 ✐s ❝♦♠♣❛❝t✱ t❤❡♥
✭❛✮ ||{w(Q0,l)−1/p1}l |ℓp∗ || <∞, ✭✸✳✹✶✮
✭❜✮ δ ≥ n
p∗
. ✭✸✳✹✷✮
✭✐✐✐✮ ■❢ δ < n
p∗
♦r δ = n
p∗
❛♥❞ q∗ <∞✱ t❤❡♥ Bs1p1,q1(w) ✐s ♥♦t ❡♠❜❡❞❞❡❞ ✐♥ Bs2p2,q2✳
Pr♦♦❢✳ ❚❤❡ ♣r♦♦❢ ✇♦r❦s s✐♠✐❧❛r t♦ t❤❡ ♣r♦♦❢ ♦❢ ❈♦r♦❧❧❛r② ✸✳✽✳
❙t❡♣ ✶✳ ❋♦r ❛♥② j ∈ N0 ✐t ❤♦❧❞s
w(Q0,l) ≥ 2jn min
m∈Zn:Qj,m⊂Q0,l
w(Qj,m), l ∈ Zn.
❚❤❡♥ ♦♥❡ ♦❜t❛✐♥s
||{w(Q0,l)−1/p1}l |ℓp∗ || ≤ c 2−jn/p1−jn/p∗ ||{w(Qj,m)−1/p1}m |ℓp∗ ||, j ∈ N0.
✶✵✻ ✸✳ ❈♦♥t✐♥✉♦✉s ❛♥❞ ❝♦♠♣❛❝t ❡♠❜❡❞❞✐♥❣s
❚❤✉s ∥∥∥{2−j(s1−s2)−j np2 ||{w(Qj,m)−1/p1}m |ℓp∗ ||}j
∣∣∣ℓq∗∥∥∥
≥ c
∥∥∥{2−jδ+j np∗ ||{w(Q0,l)−1/p1}l |ℓp∗ ||}j
∣∣∣ℓq∗∥∥∥
= c ||{w(Q0,l)−1/p1}l |ℓp∗ ||∥∥∥{2−j(δ− np∗ )}j
∣∣∣ℓq∗∥∥∥ =∞
✐❢ δ < n
p∗
♦r δ = n
p∗
❛♥❞ q∗ <∞✳ ❚❤✐s t♦❣❡t❤❡r ✇✐t❤ ❚❤❡♦r❡♠ ✸✳✺ ②✐❡❧❞s ✉s ✭✐✐✐✮✳
❙t❡♣ ✷✳ ▲❡t ✭✸✳✸✺✮ ❛♥❞ ✭✸✳✸✻✮ ❜❡ s❛t✐s✜❡❞✳ ❚❤❡♥
2−j(s1−s2) 2−jn/p2
∥∥{w(Qj,m)−1/p1}m |ℓp∗∥∥
≤ c 2−j(s1−s2+n/p2−nγp1 − np∗ )||{w(Q0,l)−1/p1}l |ℓp∗ ||
= c 2
−j(δ− n
p∗
− n
p1
(γ−1))||{w(Q0,l)−1/p1}l |ℓp∗ ||
✐s ✜♥✐t❡✳ ❚❤✉s t❤❡ ❡♠❜❡❞❞✐♥❣ Bs1p1,q1(w) →֒ Bs2p2,q2 ✐s ❝♦♥t✐♥✉♦✉s ❝♦♥❝❡r♥✐♥❣ ❚❤❡♦r❡♠ ✸✳✺
✭✐✮✳ ▼♦r❡♦✈❡r t❤❡ ❡♠❜❡❞❞✐♥❣ ✐s ❡✈❡♥ ❝♦♠♣❛❝t✱ ✐❢ ✭✸✳✹✵✮ ❤♦❧❞s ✐♥st❡❛❞ ♦❢ ✭✸✳✸✻✮✳ ◆♦t❡✱ t❤❛t
❝♦♥❞✐t✐♦♥ ✭✸✳✶✶✮ ❤❛s ♥♦ ♠❡❛♥✐♥❣ ❤❡r❡✳
❙t❡♣ ✸✳ ❖❜✈✐♦✉s❧② t❤❡r❡ ✐s ♥♦ ❡♠❜❡❞❞✐♥❣ ✭✐♥❞❡♣❡♥❞❡♥t ♦❢ δ✮✱ ✐❢ ✭✸✳✸✼✮ ♦r ✭✸✳✹✶✮ ❞♦ ♥♦t
❤♦❧❞ ✐♥ ✈✐❡✇ ♦❢ ✭✸✳✾✮✱ r❡s♣❡❝t✐✈❡❧②✳ ❆❧s♦ ✐❢ ✭✸✳✸✽✮ ♦r ✭✸✳✹✷✮ ❞♦❡s ♥♦t ❤♦❧❞s✱ s❡❡ st❡♣ ✶✳✱
r❡s♣❡❝t✐✈❡❧②✳ 
✸✳✹ ❚❤❡ ❉♦✉❜❧❡✲✇❡✐❣❤t❡❞ s✐t✉❛t✐♦♥ ✶✵✼
✸✳✹ ❚❤❡ ❉♦✉❜❧❡✲✇❡✐❣❤t❡❞ s✐t✉❛t✐♦♥
❚❤❡ s❡tt✐♥❣ ❢♦r t❤❡ ❞♦✉❜❧❡✲✇❡✐❣❤t❡❞ s✐t✉❛t✐♦♥ ✐s t❤❡ ❢♦❧❧♦✇✐♥❣✳ ❲❡ r❡❣❛r❞ ❡♠❜❡❞❞✐♥❣s ♦❢
t②♣❡
Bs1p1,q1(R
n, w) →֒ Bs2p2,q2(Rn, w),
✇❤❡r❡ w ✐s ❞♦✉❜❧✐♥❣ ❛♥❞ t❤❡ ♣❛r❛♠❡t❡rs ❛r❡ ❣✐✈❡♥ ❜②
−∞ < s2 ≤ s1 <∞, 0 < p1, p2 <∞, 0 < q1, q2 ≤ ∞. ✭✸✳✹✸✮
❚❤❡ ❝♦♥s✐❞❡r❛t✐♦♥s ✐♥ ❙❡❝t✐♦♥ ✸✳✷ s❤♦✇✱ t❤❛t t❤❡ ❝♦♥❞✐t✐♦♥s
inf
x∈Qn
w(Q0,x) ≥ c > 0
❛♥❞
lim
|x|→∞
w(Q0,x) =∞
❛r❡ ❡ss❡♥t✐❛❧✳ ❋✉rt❤❡r♠♦r❡ ✇❡ ♣r♦✈❡❞ t❤❡r❡✱ t❤❛t ♦♥❧② t❤❡ ❝❛s❡ p∗ = ∞✱ ✐✳❡✳✱ p1 ≤ p2✱ ✐s
✐♥t❡r❡st✐♥❣✳ ❘❡❝❛❧❧ t❤❛t
δ = s1 − n
p1
− s2 + n
p2
❤❛s ✐ts ✉s✉❛❧ ♠❡❛♥✐♥❣✳
❈♦r♦❧❧❛r② ✸✳✶✶✳ ▲❡t t❤❡ ♣❛r❛♠❡t❡rs ❜❡ ❣✐✈❡♥ ❜② ✭✸✳✹✸✮ ✇✐t❤ p1 < p2✳ ▲❡t w ❜❡ ❛ ❞♦✉❜❧✐♥❣
✇❡✐❣❤t ✇✐t❤ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❞♦✉❜❧✐♥❣ ❝♦♥st❛♥t γ✳
✭✐✮ ❚❤❡♥ t❤❡ ❡♠❜❡❞❞✐♥❣ Bs1p1,q1(w) →֒ Bs2p2,q2(w) ✐s ❝♦♥t✐♥✉♦✉s✱ ✐❢
✭❛✮ inf
l∈Zn
w(Q0,l) ≥ c > 0, ✭✸✳✹✹✮
✭❜✮
δ > n(γ − 1)( 1p1 − 1p2 ), ✐❢ q∗ <∞,δ ≥ n(γ − 1)( 1
p1
− 1
p2
), ✐❢ q∗ =∞.
✭✸✳✹✺✮
❈♦♥✈❡rs❡❧②✱ ✐❢ t❤❡ ❡♠❜❡❞❞✐♥❣ Bs1p1,q1(w) →֒ Bs2p2,q2(w) ✐s ❝♦♥t✐♥✉♦✉s✱ t❤❡♥
✭❛✮ inf
l∈Zn
w(Q0,l) ≥ c > 0, ✭✸✳✹✻✮
✭❜✮ δ ≥ 0. ✭✸✳✹✼✮
✭✐✐✮ ❚❤❡ ❡♠❜❡❞❞✐♥❣ Bs1p1,q1(w) →֒ Bs2p2,q2(w) ✐s ❝♦♠♣❛❝t✱ ✐❢
✭❛✮ inf
l∈Zn
w(Q0,l) ≥ c > 0, ✭✸✳✹✽✮
✭❜✮ lim
|l|→∞
w(Q0,l) =∞, ✭✸✳✹✾✮
✭❝✮ δ > n(γ − 1)( 1
p1
− 1
p2
). ✭✸✳✺✵✮
✶✵✽ ✸✳ ❈♦♥t✐♥✉♦✉s ❛♥❞ ❝♦♠♣❛❝t ❡♠❜❡❞❞✐♥❣s
❈♦♥✈❡rs❡❧②✱ ✐❢ t❤❡ ❡♠❜❡❞❞✐♥❣ Bs1p1,q1(w) →֒ Bs2p2,q2 ✐s ❝♦♠♣❛❝t✱ t❤❡♥
✭❛✮ inf
l∈Zn
w(Q0,l) ≥ c > 0, ✭✸✳✺✶✮
✭❜✮ lim
|l|→∞
w(Q0,l) =∞, ✭✸✳✺✷✮
✭❝✮ δ ≥ 0. ✭✸✳✺✸✮
✭✐✐✐✮ ■❢ δ < 0 ♦r δ = 0 ❛♥❞ q∗ <∞✱ t❤❡♥ Bs1p1,q1(w) ✐s ♥♦t ❡♠❜❡❞❞❡❞ ✐♥ Bs2p2,q2✳
Pr♦♦❢✳ ❚❤❡ ♣r♦♦❢ ✐s ❝♦♠♣❧❡t❡❧② ♣❛r❛❧❧❡❧ t♦ t❤❡ ♣r♦♦❢ ♦❢ ❈♦r♦❧❧❛r② ✸✳✽✱ ✇❤❡r❡ ✇❡ ❛♣♣❧②
✭✸✳✶✻✮ ✇✐t❤ κ = 1
p2
− 1
p1
< 0 ❛♥❞ ✭✸✳✶✼✮ ✇✐t❤ λ = 1
p1
− 1
p2
✳ 
❈♦r♦❧❧❛r② ✸✳✶✷✳ ▲❡t t❤❡ ♣❛r❛♠❡t❡rs ❜❡ ❣✐✈❡♥ ❜② ✭✸✳✹✸✮ ✇✐t❤ p1 = p2✳ ▲❡t w ❜❡ ❛ ❞♦✉❜✲
❧✐♥❣ ✇❡✐❣❤t ✇✐t❤ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❞♦✉❜❧✐♥❣ ❝♦♥st❛♥t γ✳ ❚❤❡♥ t❤❡ ❡♠❜❡❞❞✐♥❣ Bs1p1,q1(w) →֒
Bs2p2,q2(w) ✐s ❝♦♥t✐♥✉♦✉s ✐❢✱ ❛♥❞ ♦♥❧② ✐❢✱s1 − s2 > 0, ✐❢ q∗ <∞,s1 − s2 ≥ 0, ✐❢ q∗ =∞.
❚❤❡ ❡♠❜❡❞❞✐♥❣ Bs1p1,q1(w) →֒ Bs2p2,q2(w) ✐s ♥❡✈❡r ❝♦♠♣❛❝t✳
Pr♦♦❢✳ ❈♦r♦❧❧❛r② ✸✳✶✷ ❢♦❧❧♦✇s ✐♠♠❡❞✐❛t❡❧② ❢r♦♠ ❚❤❡♦r❡♠ ✸✳✺✳ 
❘❡♠❛r❦ ✸✳✶✸✳ ❚❤✐s r❡s✉❧t ✐s ❛❧r❡❛❞② ✇❡❧❧✲❦♥♦✇♥ ❢♦r ▼✉❝❦❡♥❤♦✉♣t ✇❡✐❣❤ts✱ s❡❡ ❬❍❙✵✽✱
❍❙✶✶❛❪✳ ■t ✐s ♥❛t✉r❛❧ t♦ ❡①t❡♥❞ t❤✐s t♦ ❞♦✉❜❧✐♥❣ ✇❡✐❣❤ts✱ s✐♥❝❡ t❤❡r❡ ✐s ♥♦ ❞✐r❡❝t ✐♥✢✉❡♥❝❡
♦❢ t❤❡ ✇❡✐❣❤t t❤❡r❡✳
✹ ❆♥ ❛♣♣❧✐❝❛t✐♦♥✿ ❊♥✈❡❧♦♣❡s
■♥ t❤✐s s❡❝t✐♦♥ ✇❡ t❛❧❦ ❛❜♦✉t ❣r♦✇t❤ ❡♥✈❡❧♦♣❡ ❢✉♥❝t✐♦♥s ✐♥ ❞♦✉❜❧✐♥❣ ✇❡✐❣❤t❡❞ ❇❡s♦✈✲
❚r✐❡❜❡❧✲▲✐③♦r❦✐♥ s♣❛❝❡s ❛s ❛♥ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ ♦✉r ❛t♦♠✐❝ ❞❡❝♦♠♣♦s✐t✐♦♥ ❢r♦♠ Pr♦♣♦s✐t✐♦♥
✷✳✶✶ ❛♥❞ t❤❡ ❡♠❜❡❞❞✐♥❣ r❡s✉❧t ❢r♦♠ ❚❤❡♦r❡♠ ✸✳✺✳ ❚❤❡ ❝♦♥❝❡♣t ♦❢ ❡♥✈❡❧♦♣❡s ✇❛s ✐♥tr♦❞✉❝❡❞
❛♥❞ ✜rst st✉❞✐❡❞ ✐♥ ❬❚r✐✵✶✱ ❙❡❝t✳ ✶✷❪✱ ❬❍❛r✵✷❪✳ ❋♦r ❞❡t❛✐❧❡❞ ✐♥❢♦r♠❛t✐♦♥ ❛❜♦✉t ❡♥✈❡❧♦♣❡s
❛♥❞ t❤❡ ♣r♦♦❢s ❢♦r t❤❡ ❜❛s✐❝ ♣r♦♣❡rt✐❡s ✇❡ r❡❢❡r t♦ t❤❡ ❜♦♦❦ ❢r♦♠ ❍❛r♦s❦❡✱ ❬❍❛r✵✼❪✳
❲❡ st❛rt ✇✐t❤ s♦♠❡ ♣r❡❧✐♠✐♥❛r✐❡s✳ ▲❡t ❢♦r s♦♠❡ ♠❡❛s✉r❛❜❧❡ ❢✉♥❝t✐♦♥ f : Rn → C✱ ✜♥✐t❡
❛✳❡✳✱ ✐ts ♥♦♥✲✐♥❝r❡❛s✐♥❣ r❡❛rr❛♥❣❡♠❡♥t f ∗ ❜❡ ❞❡✜♥❡❞ ❛s ✉s✉❛❧✱
f ∗(t) := inf{s > 0 : |{x ∈ Rn : |f(x)| > s}| ≤ t}, t ≥ 0.
❋♦r ❢✉rt❤❡r ❞❡t❛✐❧s ❛❜♦✉t t❤❡ ♥♦♥✲✐♥❝r❡❛s✐♥❣ r❡❛rr❛♥❣❡♠❡♥t f ∗ ✇❡ r❡❢❡r t♦ ❬❇❙✽✽✱ ❈❤✳ ✷✱
❙❡❝t✳ ✶❪✱ ❬❉▲✾✸✱ ❈❤✳ ✷✱ ➓✷❪ ❛♥❞ ❬❊❊✵✹✱ ❈❤✳ ✸❪✱ ❢♦r ✐♥st❛♥❝❡✳
❉❡✜♥✐t✐♦♥ ✹✳✶✳ ▲❡t X ❜❡ ❛ q✉❛s✐✲♥♦r♠❡❞ ❢✉♥❝t✐♦♥ s♣❛❝❡ ♦♥ Rn✳
❚❤❡ ❣r♦✇t❤ ❡♥✈❡❧♦♣❡ ❢✉♥❝t✐♦♥ EX
G
: (0,∞)→ [0,∞] ♦❢ X ✐s ❞❡✜♥❡❞ ❜②
EX
G
(t) = sup
f∈X,||f |X||≤1
f ∗(t), t > 0. ✭✹✳✶✮
❘❡♠❛r❦ ✹✳✷✳ ❲❡ ♣✉t EX
G
(τ) :=∞ ✐❢ {f ∗(τ) : ||f |X|| ≤ 1} ✐s ♥♦t ❜♦✉♥❞❡❞ ❢r♦♠ ❛❜♦✈❡ ❢♦r
s♦♠❡ τ > 0✳ ◆♦t❡ t❤❛t ✐t ❝❛✉s❡s s♦♠❡ ♣r♦❜❧❡♠s ✇❤❡♥ t❛❦✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t t❤❛t ✇❡ s❤❛❧❧
❛❧✇❛②s ❞❡❛❧ ✇✐t❤ ❡q✉✐✈❛❧❡♥t ✭q✉❛s✐✲✮ ♥♦r♠s ✐♥ t❤❡ ✉♥❞❡r❧②✐♥❣ ❢✉♥❝t✐♦♥ s♣❛❝❡✳ ❆ss✉♠❡ ✇❡
❤❛✈❡ t✇♦ ❞✐✛❡r❡♥t✱ ❜✉t ❡q✉✐✈❛❧❡♥t ✭q✉❛s✐✲✮ ♥♦r♠s || · |X||1 ❛♥❞ || · |X||2 ✐♥ X✳ ❚❤❡♥ t❤❡r❡
❡①✐sts ❢♦r ❡✈❡r② ❢✉♥❝t✐♦♥ f ∈ X ✇✐t❤ ||f |X||1 ≤ 1 ✱ f 6= 0✱ ❛ ❢✉♥❝t✐♦♥ gf := cf ✱ ✇❤❡r❡
c = ||f |X||1/||f |X||2 ❛♥❞ ✐t ❤♦❧❞s ||gf |X||2 ≤ 1✳ ❋r♦♠ t❤❡ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ♥♦♥✲✐♥❝r❡❛s✐♥❣
r❡❛rr❛♥❣❡♠❡♥t r❡s✉❧ts g∗f = c f
∗✱ s❡❡ ❬❇❙✽✽✱ ❈❤✳ ✷✱ ❙❡❝t✳ ✶✱ Pr♦♣✳ ✶✳✼❪✳
◆♦✇ ✇❡ ❜✉✐❧❞ ♦♥ t❤❡ ♦♥❡ ❤❛♥❞ t❤❡ ❣r♦✇t❤ ❡♥✈❡❧♦♣❡ ❢✉♥❝t✐♦♥ ✇✐t❤ || · |X||1 ❛♥❞ ♦♥ t❤❡
♦t❤❡r ❤❛♥❞ ✇✐t❤ || · |X||2✳ ❚❤✐s ❧❡❛❞s t♦ t✇♦ ❞✐✛❡r❡♥t✱ ❜✉t ❡q✉✐✈❛❧❡♥t ❡①♣r❡ss✐♦♥s ❢♦r EXG ✳
❚❤❡r❡❢♦r❡ ✐t ✐s ❛ ♠❛tt❡r ♦❢ ❡q✉✐✈❛❧❡♥❝❡ ❝❧❛ss❡s ♦❢ ❣r♦✇t❤ ❡♥✈❡❧♦♣❡ ❢✉♥❝t✐♦♥s✱ ✇❤❡r❡ ✇❡
❝❤♦♦s❡ ♦♥❡ r❡♣r❡s❡♥t❛t✐✈❡
EX
G
(t) ∼ sup
||f |X||≤1
f ∗(t), t > 0.
✶✶✵ ✹✳ ❆♥ ❛♣♣❧✐❝❛t✐♦♥✿ ❊♥✈❡❧♦♣❡s
❍♦✇❡✈❡r ✇❡ ❞♦ ♥♦t ✇❛♥t t♦ ❞✐st✐♥❣✉✐s❤ ❜❡t✇❡❡♥ r❡♣r❡s❡♥t❛t✐✈❡ ❛♥❞ ❡q✉✐✈❛❧❡♥❝❡ ❝❧❛ss ✐♥
t❤❡ s❡q✉❡❧✳
❋✉rt❤❡r♠♦r❡✱ ❜② ✭✹✳✶✮ t❤❡ ❣r♦✇t❤ ❡♥✈❡❧♦♣❡ ❢✉♥❝t✐♦♥ EX
G
(t) ✐s ❞❡✜♥❡❞ ❢♦r ❛❧❧ ✈❛❧✉❡s t > 0✱
❜✉t ✐t ✐s ♦❢ ♣❛rt✐❝✉❧❛r ✐♥t❡r❡st t♦ ❝♦♥s✐❞❡r t❤✐s ❢✉♥❝t✐♦♥ ❢♦r s♠❛❧❧ t > 0✱ s❛②✱ 0 < t < 1✱
❜❡❝❛✉s❡ t❤❡r❡ ❛❝❝✉♠✉❧❛t❡ t❤❡ s✐♥❣✉❧❛r✐t✐❡s t❤r♦✉❣❤ t❤❡ ♥♦♥✲✐♥❝r❡❛s✐♥❣ r❡❛rr❛♥❣❡♠❡♥t✳
❚❤✐s ❧♦❝❛❧ ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ✐s r❡✐♥❢♦r❝❡❞ ❜② t❤❡ s♦✲❝❛❧❧❡❞ ✐♥❞❡① uX
G
✱ ✇❤✐❝❤ ❣✐✈❡s ❛ ✜♥❡r
♠❡❛s✉r❡ ♦❢ t❤❡ ✭❧♦❝❛❧✮ ✐♥t❡❣r❛❜✐❧✐t② ♦❢ ❢✉♥❝t✐♦♥s ❜❡❧♦♥❣✐♥❣ t♦ X✳ ❚❤❡ ❡①❛❝t ❞❡✜♥✐t✐♦♥ ♦❢
t❤✐s ✐♥❞❡① uX
G
✐s ✈❡r② t❡❝❤♥✐❝❛❧ ❛♥❞ ♥♦t ✐♠♣♦rt❛♥t ❢♦r t❤✐s ✇♦r❦✱ s✐♥❝❡ ✇❡ ♦♥❧② ❧♦♦❦ ❢♦r t❤❡
❣r♦✇t❤ ❡♥✈❡❧♦♣❡ ❢✉♥❝t✐♦♥ EX
G
(t) ❤❡r❡✳ ❇♦t❤ t♦❣❡t❤❡r✱ t❤❡ ❣r♦✇t❤ ❡♥✈❡❧♦♣❡ ❢✉♥❝t✐♦♥ EX
G
(t)
❛♥❞ t❤❡ ✐♥❞❡① uX
G
❛r❡ ❝❛❧❧❡❞ t❤❡ ❣r♦✇t❤ ❡♥✈❡❧♦♣❡ E
G
(X) =
(
EX
G
(·), uX
G
)
❢♦r t❤❡ ❢✉♥❝t✐♦♥
s♣❛❝❡ X✳ ❋♦r ❞❡t❛✐❧❡❞ ✐♥❢♦r♠❛t✐♦♥ ❛❜♦✉t t❤❡ ✐♥❞❡① uX
G
❛♥❞ t❤❡ ❣r♦✇t❤ ❡♥✈❡❧♦♣❡ E
G
(X) ✇❡
r❡❢❡r t♦ t❤❡ ❜♦♦❦ ❬❍❛r✵✼✱ ❈❤✳ ✹❪ ❜② ❍❛r♦s❦❡✳
■♥ ❝♦♥tr❛st t♦ t❤❡ ❧♦❝❛❧ ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ✐t t✉r♥❡❞ ♦✉t✱ t❤❛t s♦♠❡t✐♠❡s ❛❧s♦ t❤❡ ❣❧♦❜❛❧
❜❡❤❛✈✐♦r ♦❢ t❤❡ ❣r♦✇t❤ ❡♥✈❡❧♦♣❡ ❢✉♥❝t✐♦♥ EX
G
(t) ❢♦r t→∞ ✐s ♦❢ ✐♥t❡r❡st✳ ❇✉t ✐♥ t❤✐s ✇♦r❦
✇❡ ♦♥❧② ❧♦♦❦ ❢♦r t❤❡ ❧♦❝❛❧ ❝❤❛r❛❝t❡r✐③❛t✐♦♥✳
❚❤❡ ❝❧❛ss✐❝❛❧ ❡①❛♠♣❧❡ ❢♦r ❣r♦✇t❤ ❡♥✈❡❧♦♣❡s ✐s t❤❡ ▲♦r❡♥t③ s♣❛❝❡ Lp,q✳
❉❡✜♥✐t✐♦♥ ✹✳✸✳ ▲❡t 0 < p, q ≤ ∞✳ ❚❤❡ ▲♦r❡♥t③ s♣❛❝❡ Lp,q = Lp,q(Rn) ❝♦♥s✐sts ♦❢ ❛❧❧
♠❡❛s✉r❛❜❧❡ ❢✉♥❝t✐♦♥s f ❢♦r ✇❤✐❝❤
||f |Lp,q|| :=

(∞∫
0
[
t
1
pf ∗(t)
]q
dt
t
)1/q
, 0 < q <∞,
sup
0<t<∞
t
1
pf ∗(t), q =∞,
✭✹✳✷✮
✐s ✜♥✐t❡✳
❘❡♠❛r❦ ✹✳✹✳ ❚❤✐s ❞❡✜♥✐t✐♦♥ ✐s ✇❡❧❧✲❦♥♦✇♥ ❛♥❞ ❝❛♥ ❜❡ ❢♦✉♥❞✱ ❢♦r ✐♥st❛♥❝❡✱ ✐♥ ❬❇❙✽✽✱ ❈❤✳
✹✱ ♣✳ ✷✶✻❪✳ ❖❜✈✐♦✉s❧②✱ Lp,p = Lp ❛♥❞ L∞,q = {0}✱ 0 < q < ∞✱ ❝♦♥t❛✐♥s ♦♥❧② t❤❡ ③❡r♦
❢✉♥❝t✐♦♥✳ ■♥ ❛❞❞✐t✐♦♥✱ L∞,∞ = L∞ t❤❡ ❝❧❛ss✐❝❛❧ ▲❡❜❡s❣✉❡ s♣❛❝❡✳ ▼♦r❡♦✈❡r✱ ✐t ❤♦❧❞s
Lp,q →֒ Lp,r ✐❢✱ ❛♥❞ ♦♥❧② ✐❢✱ q ≤ r. ✭✹✳✸✮
◆♦t❡ t❤❛t ✭✹✳✷✮ ❞♦ ♥♦t ❣✐✈❡ ❛ ♥♦r♠ ✐♥ ❛♥② ❝❛s❡✱ ♥♦t ❡✈❡♥ ❢♦r p, q ≥ 1✳ ❍♦✇❡✈❡r✱ r❡♣❧❛❝✐♥❣
t❤❡ ♥♦♥✲✐♥❝r❡❛s✐♥❣ r❡❛rr❛♥❣❡♠❡♥t f ∗ ✐♥ ✭✹✳✷✮ ❜② ✐ts ♠❛①✐♠❛❧ ❢✉♥❝t✐♦♥ f ∗∗✱ ❣✐✈❡♥ ❜②
f ∗∗(t) =
1
t
t∫
0
f ∗(s) ds, t > 0, ✭✹✳✹✮
♦♥❡ ♦❜t❛✐♥s ❢♦r 1 < p < ∞✱ 1 ≤ q ≤ ∞✱ ❛ ♥♦r♠✱ s❡❡ ❬❇❙✽✽✱ ❈❤✳ ✹✱ ❚❤♠✳ ✹✳✻❪✳ ❚❤❡
❡ss❡♥t✐❛❧ ❛❞✈❛♥t❛❣❡ ♦❢ t❤❡ ♠❛①✐♠❛❧ ❢✉♥❝t✐♦♥ f ∗∗ ✐s t❤❛t ✐t ♣♦ss❡ss❡s ❛ ❝❡rt❛✐♥ s✉❜✲❛❞❞✐t✐✈✐t②
♣r♦♣❡rt②✱
(f + g)∗∗(t) ≤ f ∗∗(t) + g∗∗(t), t > 0,
✶✶✶
❝❢✳ ❬❇❙✽✽✱ ❈❤✳ ✷✱ ✭✸✳✶✵✮❪✳ ▼♦r❡♦✈❡r✱ ❢♦r 1 < p ≤ ∞ ❛♥❞ 1 ≤ q ≤ ∞✱ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣
❡①♣r❡ss✐♦♥s ✭✹✳✷✮ ✇✐t❤ f ∗ ❛♥❞ f ∗∗✱ r❡s♣❡❝t✐✈❡❧②✱ ❛r❡ ❡q✉✐✈❛❧❡♥t❀ ❝❢✳ ❬❇❙✽✽✱ ❈❤✳ ✹✱ ▲❡♠♠❛
✹✳✺❪✳
❋♦r t❤❡ ▲♦r❡♥t③ s♣❛❝❡ Lp,q ✇❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❣r♦✇t❤ ❡♥✈❡❧♦♣❡ ❢✉♥❝t✐♦♥✳
Pr♦♣♦s✐t✐♦♥ ✹✳✺✳ ▲❡t 0 < p <∞✱ 0 < q ≤ ∞✳ ❚❤❡♥
ELp,q
G
(t) ∼ t− 1p , t→ 0. ✭✹✳✺✮
Pr♦♦❢✳ ❬❍❛r✵✼✱ Pr♦♣✳ ✸✳✶✷❪✳ 
❘❡♠❛r❦ ✹✳✻✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ✐t ✐s ❦♥♦✇♥ t❤❛t
E
G
(Lp,q) =
(
t−
1
p , q
)
,
❝❢✳ ❬❍❛r✵✼✱ ❚❤♠✳ ✹✳✼❪✳ ❍❡♥❝❡✱ t❤✐s ❧❡❛❞s t♦ ❡①♣r❡ss✐♦♥s ♦❢ t②♣❡ ǫ∫
0
[
t
1
pf ∗(t)
]v dt
t
1/v ≤ c||f |Lp,q||
✐❢✱ ❛♥❞ ♦♥❧② ✐❢✱ v ≥ q = uLp,q
G
✳ ❍❡r❡ ♦♥❡ ♦❜s❡r✈❡s ✈❡r② ✇❡❧❧ t❤❛t t❤❡ ✐♥❞❡① uX
G
❣✐✈❡s ❛ ✜♥❡r
❧♦❝❛❧ ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ❛♥❞ t❤❡r❡ ✐s s♦♠❡ ❝♦♥♥❡❝t✐♦♥ t♦ ❛ ▲♦r❡♥t③ s♣❛❝❡ ❡♠❜❡❞❞✐♥❣✳
▲❡t ✉s ❝♦❧❧❡❝t s♦♠❡ ❜❛s✐❝ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ❣r♦✇t❤ ❡♥✈❡❧♦♣❡ ❢✉♥❝t✐♦♥✳
Pr♦♣♦s✐t✐♦♥ ✹✳✼✳ ▲❡t X,X1, X2 ❜❡ s♦♠❡ ❢✉♥❝t✐♦♥ s♣❛❝❡s ♦♥ Rn✳
✭✐✮ EX
G
✐s ♠♦♥♦t♦♥✐❝❛❧❧② ❞❡❝r❡❛s✐♥❣ ❛♥❞ r✐❣❤t✲❝♦♥t✐♥✉♦✉s✱ (EX
G
)∗ = EX
G
✳
✭✐✐✮ ❲❡ ❤❛✈❡ X →֒ L∞ ✐❢✱ ❛♥❞ ♦♥❧② ✐❢✱ EXG (·) ✐s ❜♦✉♥❞❡❞✳
✭✐✐✐✮ ■❢ X1 →֒ X2 t❤❡♥ t❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t c > 0 s✉❝❤ t❤❛t ❢♦r ❛❧❧ t > 0
EX1
G
(t) ≤ c EX2
G
(t). ✭✹✳✻✮
❋♦r ❛ ♣r♦♦❢ ✇❡ r❡❢❡r t♦ ❬❍❛r✵✼✱ Pr♦♣✳ ✸✳✹❪✳
❘❡♠❛r❦ ✹✳✽✳ ❋♦r r❡❛rr❛♥❣❡♠❡♥t✲✐♥✈❛r✐❛♥t ❇❛♥❛❝❤ ❢✉♥❝t✐♦♥ s♣❛❝❡s X ✇✐t❤ ❢✉♥❞❛♠❡♥t❛❧
❢✉♥❝t✐♦♥ ϕX ✐t ✐s ♣r♦✈❡❞ ✐♥ ❬❍❛r✵✼✱ ❙❡❝t✳ ✸✳✸❪ t❤❛t
EX
G
(t) ∼ 1
ϕX(t)
= ||χAt |X||−1, t > 0,
✇❤❡r❡ At ⊂ Rn ✇✐t❤ |At| = t✳ ❋♦r ♠♦r❡ ✐♥❢♦r♠❛t✐♦♥ ❛❜♦✉t r❡❛rr❛♥❣❡♠❡♥t✲✐♥✈❛r✐❛♥t ❢✉♥❝✲
t✐♦♥ s♣❛❝❡s ❛♥❞ t❤❡ ❝♦♥❝❡♣t ♦❢ t❤❡ ❢✉♥❞❛♠❡♥t❛❧ ❢✉♥❝t✐♦♥ ϕX ✇❡ r❡❢❡r t♦ ❬❍❛r✵✼✱ ❙❡❝t✳ ✸✳✸❪
♦r ❬❇❙✽✽✱ ❈❤✳ ✷❪✱ r❡s♣❡❝t✐✈❡❧②✳
✶✶✷ ✹✳ ❆♥ ❛♣♣❧✐❝❛t✐♦♥✿ ❊♥✈❡❧♦♣❡s
■♥ t❤❡ ❝❧❛ss✐❝❛❧ ✭✉♥✇❡✐❣❤t❡❞✮ ❇❡s♦✈ ❛♥❞ ❚r✐❡❜❡❧✲▲✐③♦r❦✐♥ s♣❛❝❡s ✇❡ ❤❛✈❡ t❤✐s r❡s✉❧t✳
Pr♦♣♦s✐t✐♦♥ ✹✳✾✳ ▲❡t 0 < p <∞✱ 0 < q ≤ ∞ ❛♥❞ σp = n(1p − 1)+ < s < np ✳ ❚❤❡♥
EBsp,q
G
(t) ∼ EF sp,q
G
(t) ∼ t− 1p+ sn ✭✹✳✼✮
❘❡♠❛r❦ ✹✳✶✵✳ ❚❤❡ ❝♦♥❞✐t✐♦♥ t♦ s ❝♦♠❡s ❢r♦♠ t❤❡ ❢❛❝t✱ t❤❛t t❤❡ ❝♦♥❝❡♣t ♦❢ ❣r♦✇t❤
❡♥✈❡❧♦♣❡s ♠❛❦❡s ♦♥❧② s❡♥s❡ ❢♦r r❡❣✉❧❛r ❞✐str✐❜✉t✐♦♥s ❛♥❞ ✉♥❜♦✉♥❞❡❞ ❣r♦✇t❤ ❡♥✈❡❧♦♣❡
❢✉♥❝t✐♦♥s✱ ✇❤❡r❡ t❤❡ ❜♦r❞❡r❧✐♥❡ s✐t✉❛t✐♦♥s ❛r❡ ♥♦t ❝♦♥s✐❞❡r❡❞ ❤❡r❡✳ ❋♦r t❤❡ ✉♥✇❡✐❣❤t❡❞
❇❡s♦✈ ❛♥❞ ❚r✐❡❜❡❧✲▲✐③♦r❦✐♥ s♣❛❝❡s ❛r❡ ❛❧s♦ t❤❡ ❣r♦✇t❤ ❡♥✈❡❧♦♣❡s ❦♥♦✇♥✱ t❤❛t ✐s✱
E
G
(Bsp,q) =
(
t−
1
p
+ s
n , q
)
❛♥❞
E
G
(F sp,q) =
(
t−
1
p
+ s
n , p
)
.
Pr♦♦❢s ♦❢ t❤✐s ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ ❬❍❛r✵✼✱ ❚❤♠✳ ✽✳✶❪ ♦r ❬❚r✐✵✶✱ ❚❤♠✳ ✶✺✳✷❪✳ ▼♦r❡♦✈❡r✱ t❤❡r❡
♦♥❡ ❝❛♥ ❛❧s♦ ✜♥❞ s♦♠❡ r❡s✉❧ts ❢♦r t❤❡ ❜♦r❞❡r❧✐♥❡ s✐t✉❛t✐♦♥s✳
◆♦✇ ✇❡ ✇❛♥t t♦ ❝❤❛r❛❝t❡r✐③❡ t❤❡ s✐♥❣✉❧❛r✐t② ❜❡❤❛✈✐♦r ♦❢ Asp,q(w)✱ ✇❤❡r❡ w ✐s ❞♦✉❜❧✐♥❣✳
❆s ❛❧r❡❛❞② ♠❡♥t✐♦♥❡❞ t❤❡ ❝♦♥❝❡♣t ♦❢ ❣r♦✇t❤ ❡♥✈❡❧♦♣❡s ♠❛❦❡s ♦♥❧② s❡♥s❡ ❢♦r r❡❣✉❧❛r ❞✐str✐✲
❜✉t✐♦♥s✱ ✐✳❡✳ ✇❡ ♥❡❡❞ ❛ ❝♦♥❞✐t✐♦♥ Asp,q(w) ⊂ Lloc1 ❢♦r ♦✉r ❢✉♥❝t✐♦♥ s♣❛❝❡s✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞
✇❡ ❛❧r❡❛❞② ❦♥♦✇✱ t❤❛t ✇❡ ❤❛✈❡ ♥♦ s✐♥❣✉❧❛r✐t② ❜❡❤❛✈✐♦r ✐♥ t❤❡ s❡♥s❡ ♦❢ ❣r♦✇t❤ ❡♥✈❡❧♦♣❡✱
t❤❛t ✐s EX
G
(t) ✐s ❜♦✉♥❞❡❞✱ ✐❢ Asp,q(w) →֒ L∞✳ ❚❤❡ ❜♦r❞❡r❧✐♥❡ s✐t✉❛t✐♦♥s ✇❡ ❞♦ ♥♦t ❝♦♥s✐❞❡r
❤❡r❡✳ ❙♦ ❛s ❛ ♣r❡♣❛r❛t✐♦♥ ✇❡ r❡❝❡✐✈❡ ❈♦r♦❧❧❛r② ✹✳✶✶✳
❈♦r♦❧❧❛r② ✹✳✶✶✳ ▲❡t 0 < p <∞✱ 0 < q ≤ ∞✱ s ∈ R ❛♥❞ w ✐s ❞♦✉❜❧✐♥❣ ✇✐t❤
inf
l∈Zn
w(Q0,l) ≥ cw > 0. ✭✹✳✽✮
✭✐✮ ▲❡t s− n
p
(γ − 1) > σp✳ ❚❤❡♥
Asp,q(w) ⊂ Lloc1 . ✭✹✳✾✮
✭✐✐✮ ▲❡t s > n
p
γ✳ ❚❤❡♥
Asp,q(w) →֒ L∞. ✭✹✳✶✵✮
Pr♦♦❢✳ ❚❤❡ ❡①t❡♥s✐♦♥ t♦ t❤❡ F ✲s♣❛❝❡s ✐s ❛ ❞✐r❡❝t ❝♦♥s❡q✉❡♥❝❡ ♦❢ ✭✶✳✻✸✮✱ s♦ ✐t ✐s s✉✣❝✐❡♥t
t♦ ❝♦♥s✐❞❡r B✲s♣❛❝❡s✳ ❲❡ ✉s❡ ❈♦r♦❧❧❛r② ✸✳✽ ✭✐✮ ✇✐t❤ p1 = p2 = p✱ q1 = q2 = q✱ s1 = s ❛♥❞
s2 = s − np (γ − 1)✳ ❚❤❡♥ p∗ = ∞✱ q∗ = ∞ ❛♥❞ δ = np (γ − 1)✳ ❚❤✉s ✭✹✳✽✮ ✐♠♣❧✐❡s t❤❡
❡♠❜❡❞❞✐♥❣
Bsp,q(w) →֒ B
s−n
p
(γ−1)
p,q . ✭✹✳✶✶✮
✶✶✸
▼♦r❡♦✈❡r ✇❡ ❤❛✈❡
B
s−n
p
(γ−1)
p,q ⊂ Lloc1 ✐❢ s−
n
p
(γ − 1) > σp,
❝❢✳ ✭✶✳✺✷✮ ✐♥ ❘❡♠❛r❦ ✶✳✸✻✳ ❚❤✐s ❝♦♠♣❧❡t❡s ✭✐✮✳ ❖t❤❡r✇✐s❡ ✐t ❤♦❧❞s
B
s−n
p
(γ−1)
p,q →֒ L∞ ✐❢ s− n
p
(γ − 1) > n
p
,
s❡❡ ❬❊❚✾✻✱ ✷✳✸✳✸✳ ✭✐✐✐✮❪ ♦r ❬❍❛r✵✼✱ Pr♦♣✳ ✼✳✶✸ ✭✼✳✹✷✮❪✱ r❡s♣❡❝t✐✈❡❧②✳ ❚❤✐s ❝♦♠♣❧❡t❡s ✭✐✐✮✳ 
❘❡♠❛r❦ ✹✳✶✷✳ ■♥ ✈✐❡✇ ♦❢ t❤✐s ❝♦r♦❧❧❛r② ✐t ♠❛❦❡s ♦♥❧② s❡♥s❡ t♦ ❝♦♥s✐❞❡r ❣r♦✇t❤ ❡♥✈❡❧♦♣❡s
❢♦r ♣❛r❛♠❡t❡rs
0 < p <∞, 0 < q ≤ ∞, σp + n
p
(γ − 1) < s < n
p
γ; ✭✹✳✶✷✮
❜♦r❞❡r❧✐♥❡ s✐t✉❛t✐♦♥s ❛r❡ st✐❧❧ ♦✉t ♦❢ t❤❡ ❢r❛♠❡✳ ❋✉rt❤❡r♠♦r❡ ✇❡ ❤❛✈❡ t❤❡ r❡str✐❝t✐♦♥ ✭✹✳✽✮
❢♦r ♦✉r ✇❡✐❣❤t✳ ■❢ ♦♥❡ ❝♦♠♣❛r❡s t❤✐s ✇✐t❤ ✇❡❧❧ ❦♥♦✇♥ r❡s✉❧ts ❢♦r ▼✉❝❦❡♥❤♦✉♣t ✇❡✐❣❤ts✱
t❤❡♥ ✇❡ ❤❛✈❡ t❤❡r❡ s✐♠✐❧❛r ❝♦♥❞✐t✐♦♥s✱ s❡❡ ❬❙❦❛✶✵✱ ▲❡♠♠❛ ✹✳✻✱ ❇❡♠✳ ✹✳✼❪ ♦r ❬❍❛r✶✵✱ Pr♦♣✳
✹✳✸❪✳
❲❡ st❛rt ✇✐t❤ t❤❡ ❡st✐♠❛t❡ ❢r♦♠ ❛❜♦✈❡✳
Pr♦♣♦s✐t✐♦♥ ✹✳✶✸✳ ▲❡t 0 < p <∞✱ 0 < q ≤ ∞✱ s ∈ R ❛♥❞ w ❜❡ ❞♦✉❜❧✐♥❣✳
❲❡ ❛ss✉♠❡
σp +
n
p
(γ − 1) < s < n
p
γ ❛♥❞ inf
l∈Zn
w(Q0,l) ≥ cw > 0.
❚❤❡♥
EAsp,q(w)
G
(t) ≤ c t− γp+ sn , t→ 0. ✭✹✳✶✸✮
Pr♦♦❢✳ ❏✉st ❛s ✐♥ t❤❡ ♣r♦♦❢ ♦❢ ❈♦r♦❧❧❛r② ✹✳✶✶✱ ✇❡ ✉s❡ t❤❡ ❡♠❜❡❞❞✐♥❣ ❢r♦♠ ❈♦r♦❧❧❛r② ✸✳✽
✭✐✮ ✇✐t❤ p1 = p2 = p✱ q1 = q2 = q✱ s1 = s ❛♥❞ s2 = s − np (γ − 1)✳ ❚❤❡♥ p∗ = ∞✱ q∗ = ∞
❛♥❞ δ = n
p
(γ − 1) ❛❣❛✐♥ ❛♥❞ ✐♥ ✈✐❡✇ ♦❢ ♦✉r ❛ss✉♠♣t✐♦♥s ✐s σp < s2 = s − np (γ − 1) < np ✳
❚❤✉s ✐t ❢♦❧❧♦✇s ❢r♦♠ t❤❡ r❡s✉❧ts ♦❢ t❤❡ ✉♥✇❡✐❣❤t❡❞ ❝❛s❡✱ s❡❡ Pr♦♣♦s✐t✐♦♥ ✹✳✾✱ ❛♥❞ ♣r♦♣❡rt②
✭✹✳✻✮ ♦❢ t❤❡ ❣r♦✇t❤ ❡♥✈❡❧♦♣❡ ❢✉♥❝t✐♦♥s
EBsp,q(w)
G
(t)
✭✹✳✻✮,✭✹✳✶✶✮
≤ c1 EB
s−np (γ−1)
p,q
G
(t)
✭✹✳✼✮
≤ c2 t−
1
p
+ 1
n
(s−n
p
(γ−1)) = c2 t
− γ
p
+ s
n , t→ 0.
❚❤❡ F ✲s♣❛❝❡ r❡s✉❧t ❢♦❧❧♦✇s ✐♠♠❡❞✐❛t❡❧② ❢r♦♠ t❤❡ ❡♠❜❡❞❞✐♥❣ ✭✶✳✻✸✮✱ t❤❡♥
EF sp,q(w)
G
(t)
✭✹✳✻✮,✭✶✳✻✸✮
≤ c1 EB
s
p,∞(w)
G
(t) ≤ c2 t−
γ
p
+ s
n , t→ 0.

◆♦✇ ✇❡ ❞❡❛❧ ✇✐t❤ t❤❡ ❡st✐♠❛t❡ ❢r♦♠ ❜❡❧♦✇✳
✶✶✹ ✹✳ ❆♥ ❛♣♣❧✐❝❛t✐♦♥✿ ❊♥✈❡❧♦♣❡s
Pr♦♣♦s✐t✐♦♥ ✹✳✶✹✳ ▲❡t 0 < p <∞✱ 0 < q ≤ ∞✱ s ∈ R ❛♥❞ w ❜❡ ❞♦✉❜❧✐♥❣✳
❲❡ ❛ss✉♠❡
σp +
n
p
(γ − 1) < s < n
p
γ ❛♥❞ inf
l∈Zn
w(Q0,l) ≥ cw > 0.
❚❤❡♥
EAsp,q(w)
G
(t) ≥ c t− 1p+ sn sup
x0∈Rn,t∼2−jn
(w(B(x0, 2−j))
|B(x0, 2−j)|
)−1/p
, t→ 0. ✭✹✳✶✹✮
Pr♦♦❢✳ ❆s ✉s✉❛❧ ❢♦r t❤❡ ♣r♦♦❢ ♦❢ t❤❡ ❡st✐♠❛t❡ ❢r♦♠ ❜❡❧♦✇ ✇❡ ❝♦♥str✉❝t s♣❡❝✐❛❧ ❢✉♥❝t✐♦♥s
fj,x0 ∈ Bsp,q(w) ✇✐t❤ ||fj,x0 |Bsp,q(w)|| ∼ 1 s✉❝❤ t❤❛t
EBsp,q(w)
G
(2−jn) ≥ c sup
x0
f ∗j,x0(2
−jn), j ∈ N.
▲❡t ❢♦r x0 ∈ Rn✱ j ∈ N✱
fj,x0(x) := λj,x0aj,x0(x), x ∈ Rn, ✭✹✳✶✺✮
✇✐t❤
λj,x0 := 2
−j(s−n
p
)
(w(B(x0, 2−j))
|B(x0, 2−j)|
)−1/p
❛♥❞ aj,x0(x) := ψ(2
j(x− x0)),
✇❤❡r❡ ψ ∈ C∞0 (Rn) ✐s ❣✐✈❡♥ ❜②
ψ(x) =
e
− 1
1−|x|2 , ✐❢ |x| < 1,
0, ✐❢ |x| ≥ 1.
❲❡ ♦❜s❡r✈❡ t❤❛t t❤❡ aj,x0 ✱ j ∈ N ✭✇✐t❤♦✉t ❧♦ss ♦❢ ❣❡♥❡r❛❧✐t② s❤♦✉❧❞ j ≥ 2✮✱ ❛r❡ s♣❡❝✐❛❧
❛t♦♠s ❛❝❝♦r❞✐♥❣ t♦ ❉❡✜♥✐t✐♦♥ ✷✳✶ ✇✐t❤ d = 4✱ K > s ❛♥❞ L = 0✱ s✐♥❝❡ supp aj,x0 ⊂
B(x0, 2−j) ⊂ 4Qj,2j−2⌊x0⌋✱
|Dαaj,x0(x)| ≤ 2j|α|, |α| ≤ K
✭✉♣ t♦ ❛ ❝♦♥st❛♥t ❞❡♣❡♥❞✐♥❣ ♦♥ ψ✮ ❛♥❞ ♦✉r ❛ss✉♠♣t✐♦♥ ♦♥ s ✐♠♣❧✐❡s t❤❛t ✇❡ ❞♦ ♥♦t ♥❡❡❞
♠♦♠❡♥t ❝♦♥❞✐t✐♦♥s✱ s❡❡ ✭✷✳✶✺✮✳ ❚❤❡♥ fj,x0(x) = λj,x0aj,x0 ✐s ❛ s♣❡❝✐❛❧ ❛t♦♠✐❝ ❞❡❝♦♠♣♦s✐t✐♦♥
❛♥❞ ✇❡ ♦❜t❛✐♥ ❢♦r t❤❡ ♥♦r♠
||fj,x0 |Bsp,q(w)|| ≤ c ||λ|b¯sp,q(w)|| ∼ λj,x02jsw(B(x0, 2−j))1/p = 1.
❚❤✉s ♦✉r ❢✉♥❝t✐♦♥s fj,x0 ✱ j ∈ N✱ x0 ∈ Rn✱ ❛r❡ ❛❞♠✐tt❡❞ t♦ t❤❡ ❝♦♠♣❡t✐t✐♦♥ ✐♥ t❤❡ s✉♣r❡♠✉♠
♦❢ EBsp,q(w)
G
✳
❋✉rt❤❡r♠♦r❡ ❢♦r j ∈ N ✇❡ ❤❛✈❡
µf
j,x0
(c′ 2−jsw(B(x0, 2−j))−1/p)
= |{x ∈ Rn : |2−jsw(B(x0, 2−j))−1/pψ(2j(x− x0))| > c′ 2−jsw(B(x0, 2−j))−1/p}|
≥ c |B(x0, 2−j)| = c′′ 2−jn. ✭✹✳✶✻✮
✶✶✺
❚❤❡♥
f ∗j,x0(c
′′ 2−jn) = inf{s > 0 : µf
j,x0
(s) ≤ c 2−jn}
✭✹✳✶✻✮
≥ c′ 2−jsw(B(x0, 2−j))−1/p, ✭✹✳✶✼✮
s✐♥❝❡ µf
j,x0
✐s ♠♦♥♦t♦♥✐❝❛❧❧② ❞❡❝r❡❛s✐♥❣✳
▲❡t 0 < t < 1 ✜①❡❞✱ t❤❡♥ t❤❡r❡ ❡①✐sts ❛ j0 ∈ N s✉❝❤ t❤❛t t ∼ 2−j0n✳ ❚❤✉s
EBsp,q(w)
G
(t) ≥ sup
j∈N,x0∈Rn
f ∗j,x0(t)
≥ c sup
x0∈Rn,t∼2−jn
f ∗j,x0(t)
✭✹✳✶✼✮
≥ c t− 1p+ sn sup
x0∈Rn,t∼2−jn
(w(B(x0, 2−j))
|B(x0, 2−j)|
)−1/p
❏✉st ❛s ✐♥ t❤❡ ♣r♦♦❢ ♦❢ ❈♦r♦❧❧❛r② ✹✳✶✶ ❛♥❞ Pr♦♣♦s✐t✐♦♥ ✹✳✶✸ ❢♦❧❧♦✇s t❤❡ ❛ss❡rt✐♦♥ ❢♦r t❤❡
F−s♣❛❝❡ ✇✐t❤ ❡♠❜❡❞❞✐♥❣ ✭✶✳✻✸✮ ❛♥❞ ♣r♦♣❡rt② ✭✹✳✻✮
EF sp,q(w)
G
(t)
✭✹✳✻✮,✭✶✳✻✸✮
≥ c1 E
Bs
p,min(p,q)
(w)
G
(t)
≥ c2 t−
1
p
+ s
n sup
x0∈Rn,t∼2−jn
(w(B(x0, 2−j))
|B(x0, 2−j)|
)−1/p
, t→ 0.

❘❡♠❛r❦ ✹✳✶✺✳ ■❢ ♦♥❡ ✉s❡s t❤❡ ❛♣♣r♦❛❝❤ ❢r♦♠ t❤❡ ♣r♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✹✳✶✷✳ ✐♥ ❬❍❛r✶✵❪✱
♦♥❡ ❝❛♥ r❡✜♥❡ t❤❡ r❡s✉❧t ✭✹✳✶✹✮ ❛ ❧✐tt❧❡ ❜✐t ❜②
EBsp,q(w)
G
(t) ≥ c sup
x0∈Rn
⌊
1
n
| log t|⌋∑
j=1
2−j(s−
n
p
)q′
(w(B(x0, 2−j))
|B(x0, 2−j)|
)−q′
p

1/q′
, t→ 0 ✭✹✳✶✽✮
✭✇✐t❤ ✉s✉❛❧ ♠♦❞✐✜❝❛t✐♦♥ ✐❢ q′ =∞✮✳
◆♦✇ ✇❡ ❜r✐❡✢② ❞✐s❝✉ss t❤❡ ❝♦♠♣❛t✐❜✐❧✐t② ♦❢ ✭✹✳✶✸✮ ❛♥❞ ✭✹✳✶✹✮✳ ▲❡t x0 ∈ Rn ❛♥❞ ν ∈ N✳ ❲❡
❛♣♣❧② t❤❡ ❞♦✉❜❧✐♥❣ ♣r♦♣❡rt② r❡s♣❡❝t✐✈❡ ❝✉❜❡s ✭✶✳✹✵✮ t♦❣❡t❤❡r ✇✐t❤ ✭✹✳✽✮✱ t❤❡♥
w(Qν,m) ≥ w(Q0,l)2−νnγ ≥ cw 2−νnγ
❛♥❞ ❝♦♥s❡q✉❡♥t❧②
sup
x0∈Rn
sup
Qν,m∋x0
(w(Qν,m)
|Qν,m|
)−1/p
≤ c 2νn (γ−1)p ,
✇❤❡r❡ c ✐s ✐♥❞❡♣❡♥❞❡♥t ♦❢ ν ∈ N ❛♥❞ x0 ∈ Rn✳ ▼♦r❡♦✈❡r ❧❡t t ∼ 2−νn✳ ❚❤✉s ✇❡ ❤❛✈❡
t−
1
p
+ s
n sup
x0∈Rn,t∼2−νn
(w(B(x0, 2−ν))
|B(x0, 2−ν)|
)−1/p
∼ t− 1p+ sn sup
x0∈Rn
sup
Qν,m∋x0,t∼2−νn
(w(Qν,m)
|Qν,m|
)−1/p
≤ c t− γp+ sn
❙♦ ✭✹✳✶✸✮ ❛♥❞ ✭✹✳✶✹✮ ❞♦ ♥♦t ❝♦♥tr❛❞✐❝t ❡❛❝❤ ♦t❤❡r✳ ❚❤❡ ❝♦♠♣❛t✐❜✐❧✐t② ♦❢ ✭✹✳✶✸✮ ❛♥❞ ✭✹✳✶✽✮
❝❛♥ ❜❡ s❤♦✇♥ ✐♥ t❤❡ s❛♠❡ ✇❛②✳
✶✶✻ ✹✳ ❆♥ ❛♣♣❧✐❝❛t✐♦♥✿ ❊♥✈❡❧♦♣❡s
❘❡♠❛r❦ ✹✳✶✻✳ ■♥ ❬❍❛r✶✵❪ ♦♥❡ ✜♥❞s s✐♠✐❧❛r r❡s✉❧ts ❢♦r ❜♦t❤ ❡st✐♠❛t❡s ❢r♦♠ ❛❜♦✈❡ ❛♥❞
❢r♦♠ ❜❡❧♦✇ ❢♦r EAsp,q(w)
G
(t)✱ t→ 0✱ ✐❢ w ∈ A∞✱ s❡❡ ❬❍❛r✶✵✱ Pr♦♣✳ ✹✳✸✳✱ Pr♦♣✳ ✹✳✶✷✳ ❛♥❞ ❘❡♠✳
✹✳✶✹✳❪✳ ❚❤✐s ✐s ♥♦t s✉r♣r✐s✐♥❣✱ s✐♥❝❡ ✇❡ ❞♦ ♥♦t ✉s❡ ✇❡✐❣❤t✲s♣❡❝✐✜❝ ♣r♦♣❡rt✐❡s ❡①❝❡♣t ❢♦r t❤❡
❡♠❜❡❞❞✐♥❣ ✭✹✳✶✶✮ ♦r ✭✸✳✾✮✱ r❡s♣❡❝t✐✈❡❧②✱ ❛♥❞ t❤❡ ❛t♦♠✐❝ ❞❡❝♦♠♣♦s✐t✐♦♥ ❢r♦♠ Pr♦♣♦s✐t✐♦♥
✭✷✳✶✶✮ ✇✐t❤ γ ♦r β ✐♥st❡❛❞ ♦❢ rw✱ r❡s♣❡❝t✐✈❡❧②✳
❋✉rt❤❡r♠♦r❡ s✐♠✐❧❛r t♦ t❤❡ ▼✉❝❦❡♥❤♦✉♣t ✇❡✐❣❤ts ♦♥❡ ❝♦✉❧❞ ✐♥tr♦❞✉❝❡ t❤❡ s♦✲❝❛❧❧❡❞ s❡t ♦❢
s✐♥❣✉❧❛r✐t✐❡s Ssing(w) = S0(w) ∪ S∞(w)✱ ✇❤❡r❡ S0(w) ❛♥❞ S∞(w) ❛r❡ ❣✐✈❡♥ ❜②
S0(w) =
{
x0 ∈ Rn : inf
Qν,m∋x0
w(Qν,m)
|Qν,m| = 0
}
,
S∞(w) =
{
x0 ∈ Rn : sup
Qν,m∋x0
w(Qν,m)
|Qν,m| =∞
}
.
■♥ ❝❛s❡ ♦❢ w ∈ A∞ ✇❡ ❦♥♦✇✱ t❤❛t |Ssing(w)| = 0✱ s❡❡ ❬❍❙✶✶❛✱ Pr♦♣✳ ✹✳✺✳❪✳ ❆♥ ❡①t❡♥s✐♦♥ t♦
|Ssing(w)| = 0✱ ✐✳❡✳ Ssing(w) ✐s ♥♦t ❞❡♥s❡ ✐♥ Rn✱ ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ ❬❍❙✶✻❪✳ ■♥ ❝❛s❡ ♦❢ ❞♦✉❜❧✐♥❣
✇❡✐❣❤ts t❤❡r❡ ❡①✐sts ♥♦ st❛t❡♠❡♥t ②❡t✳ ❚❤❡♥✱ ✐❢ S0(w) 6= ∅✱ ✭✹✳✶✽✮ ❝❛♥ ❜❡ r❡♣❧❛❝❡❞ ❜②
EBsp,q(w)
G
(t) ≥ c sup
x0∈S0(w)
⌊
1
n
| log t|⌋∑
j=1
2−j(s−
n
p
)q′
(w(B(x0, 2−j))
|B(x0, 2−j)|
)−q′
p

1/q′
, t→ 0
❛♥❞ ✭✹✳✶✹✮ ❝❛♥ ❜❡ r❡♣❧❛❝❡❞ ❜②
EAsp,q(w)
G
(t) ≥ c t− 1p+ sn sup
x0∈S0(w)
sup
Qν,m∋x0,t∼2−νn
(w(Qν,m)
|Qν,m|
)−1/p
t→ 0,
r❡s♣❡❝t✐✈❡❧②✳
❊①❛♠♣❧❡ ✹✳✶✼✳ ■♥ t❤❡ ✉♥✇❡✐❣❤t❡❞ ❝❛s❡ ❢♦r w ≡ 1 ✇❡ ❤❛✈❡ γ = 1 ❛♥❞ t❤❡ s✉♣r❡♠✉♠ ✐♥
✭✹✳✶✹✮ ✈❛♥✐s❤❡s✳ ❚❤✉s ✭✹✳✶✹✮ ❛♥❞ ✭✹✳✶✸✮ t♦❣❡t❤❡r ❝♦✐♥❝✐❞❡ ✇✐t❤ t❤❡ ✉♥✇❡✐❣❤t❡❞ r❡s✉❧t ✭✹✳✼✮✳
❇✐❜❧✐♦❣r❛♣❤②
❬❆❏✽✶❪ ❑❡♥♥❡t❤ ❋✳ ❆♥❞❡rs❡♥ ❛♥❞ ❘✉ss❡❧ ❚✳ ❏♦❤♥✳ ❲❡✐❣❤t❡❞ ✐♥❡q✉❛❧✐t✐❡s ❢♦r ✈❡❝t♦r✲
✈❛❧✉❡❞ ♠❛①✐♠❛❧ ❢✉♥❝t✐♦♥s ❛♥❞ s✐♥❣✉❧❛r ✐♥t❡❣r❛❧s✳ ❙t✉❞✐❛ ▼❛t❤✳✱ ✻✾✭✶✮✿✶✾✕✸✶✱
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Lp(R
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❝♦♥❞✐t✐♦♥✳ ■③✈✳ ❆❦❛❞✳ ◆❛✉❦ ❙❙❙❘ ❙❡r✳ ▼❛t✳✱ ✺✶✭✸✮✿✻✻✻✕✻✼✺✱ ✶✾✽✼✳ ❊♥❣❧✳
tr❛♥s❧❛t✐♦♥ ✐♥✿ ▼❛t❤✳ ❯❙❙❘✲■③✈✳ ✸✵ ✭✶✾✽✽✮✱ ♥♦✳ ✸✱ ✻✷✾✕✻✸✽✳
❬❲✐❦✽✾❪ ■♥❣❡♠❛r ❲✐❦✳ ❖♥ ▼✉❝❦❡♥❤♦✉♣t✬s ❝❧❛ss❡s ♦❢ ✇❡✐❣❤t ❢✉♥❝t✐♦♥s✳ ❙t✉❞✐❛ ▼❛t❤✳✱
✾✹✭✸✮✿✷✹✺✕✷✺✺✱ ✶✾✽✾✳
❇■❇▲■❖●❘❆P❍❨ ✶✷✸
❬❲♦❥✾✼❪ Pr③❡♠②s➟❛✇ ❲♦❥t❛s③❝③②❦✳ ❆ ♠❛t❤❡♠❛t✐❝❛❧ ✐♥tr♦❞✉❝t✐♦♥ t♦ ✇❛✈❡❧❡ts✱ ✈♦❧✉✲
♠❡ ✸✼ ♦❢ ▲♦♥❞♦♥ ▼❛t❤❡♠❛t✐❝❛❧ ❙♦❝✐❡t② ❙t✉❞❡♥t ❚❡①ts✳ ❈❛♠❜r✐❞❣❡ ❯♥✐✈❡rs✐t②
Pr❡ss✱ ❈❛♠❜r✐❞❣❡✱ ✶✾✾✼✳
❬❲♦❥✶✶❪ ❆❣♥✐❡s③❦❛ ❲♦❥❝✐❡❝❤♦✇s❦❛✳ ▲♦❝❛❧ ♠❡❛♥s ❛♥❞ ✇❛✈❡❧❡ts ✐♥ ❢✉♥❝t✐♦♥ s♣❛❝❡s ✇✐t❤
❧♦❝❛❧ ▼✉❝❦❡♥❤♦✉♣t ✇❡✐❣❤ts✳ ■♥ ❋✉♥❝t✐♦♥ s♣❛❝❡s ■❳✱ ✈♦❧✉♠❡ ✾✷ ♦❢ ❇❛♥❛❝❤
❈❡♥t❡r P✉❜❧✳✱ ♣❛❣❡s ✸✾✾✕✹✶✷✳ P♦❧✐s❤ ❆❝❛❞✳ ❙❝✐✳ ■♥st✳ ▼❛t❤✳✱ ❲❛rs❛✇✱ ✷✵✶✶✳
❬❲♦❥✶✷❛❪ ❆❣♥✐❡s③❦❛ ❲♦❥❝✐❡❝❤♦✇s❦❛✳ ▼✉❧t✐❞✐♠❡♥t✐♦♥❛❧ ✇❛✈❡❧❡t ❜❛s❡s ✐♥ ✇❡✐❣❤t❡❞ ❇❡✲
s♦✈ ❛♥❞ ❚r✐❡❜❡❧✲▲✐③♦r❦✐♥ s♣❛❝❡s✳ P❤❉ t❤❡s✐s✱ ❆❞❛♠✲▼✐❝❦✐❡✇✐❝③✲❯♥✐✈❡rs✐t②
P♦③♥❛➠✱ P♦❧❛♥❞✱ ✷✵✶✷✳
❬❲♦❥✶✷❜❪ ❆❣♥✐❡s③❦❛ ❲♦❥❝✐❡❝❤♦✇s❦❛✳ ❆ r❡♠❛r❦ ♦♥ ✇❛✈❡❧❡t ❜❛s❡s ✐♥ ✇❡✐❣❤t❡❞ Lp s♣❛❝❡s✳
❏✳ ❋✉♥❝t✳ ❙♣❛❝❡s ❆♣♣❧✳✱ ♣❛❣❡s ❆rt✳ ■❉ ✸✷✽✸✶✵✱ ✶✵✱ ✷✵✶✷✳
❬❨♦s✽✵❪ ❑ôs❛❦✉ ❨♦s✐❞❛✳ ❋✉♥❝t✐♦♥❛❧ ❛♥❛❧②s✐s✱ ✈♦❧✉♠❡ ✶✷✸ ♦❢ ●r✉♥❞❧❡❤r❡♥ ❞❡r
▼❛t❤❡♠❛t✐s❝❤❡♥ ❲✐ss❡♥s❝❤❛❢t❡♥ ❬❋✉♥❞❛♠❡♥t❛❧ Pr✐♥❝✐♣❧❡s ♦❢ ▼❛t❤❡♠❛t✐❝❛❧
❙❝✐❡♥❝❡s❪✳ ❙♣r✐♥❣❡r✲❱❡r❧❛❣✱ ❇❡r❧✐♥✲◆❡✇ ❨♦r❦✱ s✐①t❤ ❡❞✐t✐♦♥✱ ✶✾✽✵✳

❚❛❜❡❧❧❛r✐s❝❤❡r ▲❡❜❡♥s❧❛✉❢
P❡rsö♥❧✐❝❤❡ ❉❛t❡♥
◆❛♠❡✿ P❤✐❧✐♣♣ ❙❦❛♥❞❡r❛
●❡❜✉rts❞❛t✉♠✿ ✶✻✳ ◆♦✈❡♠❜❡r ✶✾✽✹
●❡❜✉rts♦rt✿ ●r❡✐❢s✇❛❧❞
❙t❛❛ts❛♥❣❡❤ör✐❣❦❡✐t✿ ❞❡✉ts❝❤
❊♠❛✐❧✿ ♣❤✐❧✐♣♣✳s❦❛♥❞❡r❛❅✉♥✐✲❥❡♥❛✳❞❡
❇❡r✉❢❧✐❝❤❡r ❲❡r❞❡❣❛♥❣
✵✹✴✷✵✶✵✕✵✾✴✷✵✶✻✿ ✇✐ss❡♥s❝❤❛❢t❧✐❝❤❡ ❍✐❧❢s❦r❛❢t ❛♠ ▼❛t❤❡♠❛t✐s❝❤❡♥ ■♥st✐t✉t
❞❡r ❋r✐❡❞r✐❝❤✲❙❝❤✐❧❧❡r✲❯♥✐✈❡rs✐tät ❏❡♥❛
✵✹✴✷✵✶✸✕✵✷✴✷✵✶✹✿ ✇✐ss❡♥s❝❤❛❢t❧✐❝❤❡r ▼✐t❛r❜❡✐t❡r ❛♥
❞❡r ❋r✐❡❞r✐❝❤✲❙❝❤✐❧❧❡r✲❯♥✐✈❡rs✐tät ❏❡♥❛
✵✹✴✷✵✶✵✕✵✸✴✷✵✶✸✿ ❙t✐♣❡♥❞✐❛t ❞❡r ●r❛❞✉✐❡rt❡♥❢ör❞❡r✉♥❣
❞❡r ❋r✐❡❞r✐❝❤✲❙❝❤✐❧❧❡r✲❯♥✐✈❡rs✐tät ❏❡♥❛
❇✐❧❞✉♥❣s✇❡❣
s❡✐t ✵✹✴✷✵✶✵✿ Pr♦♠♦t✐♦♥sst✉❞✐✉♠✱
❋r✐❡❞r✐❝❤✲❙❝❤✐❧❧❡r✲❯♥✐✈❡rs✐tät ❏❡♥❛✱
❇❡tr❡✉❡r✐♥✿ Pr♦❢✳ ❉r✳ ❉♦r♦t❤❡❡ ❉✳ ❍❛r♦s❦❡
✶✵✴✷✵✵✺ ✲ ✵✶✴✷✵✶✵✿ ❙t✉❞✐✉♠ ❞❡r ▼❛t❤❡♠❛t✐❦ ♠✐t ◆❡❜❡♥❢❛❝❤ ■♥❢♦r♠❛t✐❦✱
❋r✐❡❞r✐❝❤✲❙❝❤✐❧❧❡r✲❯♥✐✈❡rs✐tät ❏❡♥❛✱
❉✐♣❧♦♠ ✵✶✴✷✵✶✵
✶✵✴✷✵✵✹ ✲ ✵✾✴✷✵✵✺✿ ❙t✉❞✐✉♠ ▼❛t❤❡♠❛t✐❦ ✉♥❞ ■♥❢♦r♠❛t✐❦ ▲❡❤r❛♠t ❛♥ ●②♠♥❛s✐❡♥✱
❋r✐❡❞r✐❝❤✲❙❝❤✐❧❧❡r✲❯♥✐✈❡rs✐tät ❏❡♥❛
✶✾✾✾ ✲ ✷✵✵✸✿ ♠❛t❤❡♠❛t✐s❝❤✲♥❛t✉r✇✐ss❡♥s❝❤❛❢t❧✐❝❤❡ ❙♣❡③✐❛❧❦❧❛ss❡
❛♥ ❞❡r ●♦❡t❤❡s❝❤✉❧❡ ■❧♠❡♥❛✉✱ ❆❜✐t✉r ✷✵✵✸

❊❤r❡♥✇ört❧✐❝❤❡ ❊r❦❧är✉♥❣
❍✐❡r♠✐t ❡r❦❧är❡ ✐❝❤✱ ❞❛ss
• ♠✐r ❞✐❡ Pr♦♠♦t✐♦♥s♦r❞♥✉♥❣ ❞❡r ❋❛❦✉❧tät ❢ür ▼❛t❤❡♠❛t✐❦ ✉♥❞ ■♥❢♦r♠❛t✐❦ ❞❡r ❋r✐❡❞r✐❝❤✲
❙❝❤✐❧❧❡r✲❯♥✐✈❡rs✐tät ❏❡♥❛ ❜❡❦❛♥♥t ✐st✱
• ✐❝❤ ❞✐❡ ❉✐ss❡rt❛t✐♦♥ s❡❧❜st ❛♥❣❡❢❡rt✐❣t ❤❛❜❡✱ ❦❡✐♥❡ ❚❡①t❛❜s❝❤♥✐tt❡ ♦❞❡r ❊r❣❡❜♥✐ss❡
❡✐♥❡s ❉r✐tt❡♥ ♦❞❡r ❡✐❣❡♥❡ Prü❢✉♥❣s❛r❜❡✐t❡♥ ♦❤♥❡ ❑❡♥♥③❡✐❝❤♥✉♥❣ ü❜❡r♥♦♠♠❡♥ ✉♥❞
❛❧❧❡ ✈♦♥ ♠✐r ❜❡♥✉t③t❡♥ ❍✐❧❢s♠✐tt❡❧✱ ♣❡rsö♥❧✐❝❤❡ ▼✐tt❡✐❧✉♥❣❡♥ ✉♥❞ ◗✉❡❧❧❡♥ ✐♥ ♠❡✐♥❡r
❆r❜❡✐t ❛♥❣❡❣❡❜❡♥ ❤❛❜❡✱
• ✐❝❤ ❞✐❡ ❍✐❧❢❡ ❡✐♥❡s Pr♦♠♦t✐♦♥s❜❡r❛t❡rs ♥✐❝❤t ✐♥ ❆♥s♣r✉❝❤ ❣❡♥♦♠♠❡♥ ❤❛❜❡ ✉♥❞ ❞❛ss
❉r✐tt❡ ✇❡❞❡r ✉♥♠✐tt❡❧❜❛r ♥♦❝❤ ♠✐tt❡❧❜❛r ❣❡❧❞✇❡rt❡ ▲❡✐st✉♥❣❡♥ ✈♦♥ ♠✐r ❢ür ❆r❜❡✐t❡♥
❡r❤❛❧t❡♥ ❤❛❜❡♥✱ ❞✐❡ ✐♠ ❩✉s❛♠♠❡♥❤❛♥❣ ♠✐t ❞❡♠ ■♥❤❛❧t ❞❡r ✈♦r❣❡❧❡❣t❡♥ ❉✐ss❡rt❛t✐♦♥
st❡❤❡♥✱
• ✐❝❤ ❞✐❡ ❉✐ss❡rt❛t✐♦♥ ♥♦❝❤ ♥✐❝❤t ❛❧s Prü❢✉♥❣s❛r❜❡✐t ❢ür ❡✐♥❡ st❛❛t❧✐❝❤❡ ♦❞❡r ❛♥❞❡r❡
✇✐ss❡♥s❝❤❛❢t❧✐❝❤❡ Prü❢✉♥❣ ❡✐♥❣❡r❡✐❝❤t ❤❛❜❡✱
• ✐❝❤ ❞✐❡ ❣❧❡✐❝❤❡✱ ❡✐♥❡ ✐♥ ✇❡s❡♥t❧✐❝❤❡♥ ❚❡✐❧❡♥ ä❤♥❧✐❝❤❡ ♦❞❡r ❡✐♥❡ ❛♥❞❡r❡ ❆❜❤❛♥❞❧✉♥❣
♥✐❝❤t ❜❡✐ ❡✐♥❡r ❛♥❞❡r❡♥ ❍♦❝❤s❝❤✉❧❡ ❛❧s ❉✐ss❡rt❛t✐♦♥ ❡✐♥❣❡r❡✐❝❤t ❤❛❜❡✳
❖rt✱ ❉❛t✉♠ ❯♥t❡rs❝❤r✐❢t
